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ʂʦʥʬʝʨʝʥʮʠʷ PIRT ð ʵʪʦ ʤʝʞʜʫʥʘʨʦʜʥʦʝ ʥʘʫʯʥʦʝ ʤʝʨʦʧʨʠʷʪʠʝ, ʢʦʪʦʨʦʝ ʚʧʝʨʚʳʝ 

ʙʳʣʦ ʦʨʛʘʥʠʟʦʚʘʥʦ ʚ 1988 ʛʦʜʫ ʚ ʀʤʧʝʨʩʢʦʤ ʢʦʣʣʝʜʞʝ ʃʦʥʜʦʥʘ, ʘ ʩ 2003 ʛʦʜʘ ʧʨʦʚʦʜʠʪʩʷ 

ʨʘʟ ʚ ʜʚʘ ʛʦʜʘ ʚ ʄɻʊʋ ʠʤ. ʅ.ʕ. ɹʘʫʤʘʥʘ ʚ ʄʦʩʢʚʝ. ʂʦʥʬʝʨʝʥʮʠʷ ʧʦʩʚʷʱʝʥʘ ʩʣʝʜʫʶʱʠʤ 
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ʩʪʚʘ, ʄʝʞʜʫʥʘʨʦʜʥʦʛʦ ʦʙʱʝʩʪʚʘ ʦʙʱʝʡ ʪʝʦʨʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦʩʪʠ ʠ ʛʨʘʚʠʪʘʮʠʠ, ʂʘʣʴʢʫʪʪ-

ʩʢʦʛʦ ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ ʦʙʱʝʩʪʚʘ. 
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Abstract. The paper comprises a generalized solution to non-linear PDEs, mainly interpre-

tated in the gravitation field equation [1]. The author shows that gamma matrices (Spinors) 

are embedded within Christoffel symbols. This approach is usable for calculating geodesic 

as: ɜÃ ςʌÍÃ )ȾЍ ρÈ, for a weak quantum gravitation field. Hence, it con-

cludes the followings: (a) 24 mathematical terms of second-order, as an integral part of 

Ricci tensor; and (b) unification of all space-time geometries [3, 4].  

Keywords: quantum gravity, general relativity, clifford algebra, ricci tensor, ricci flow, 

geodesic 

Introduction.  Absolute Unified Mathematics of Quantum Gravitation, AUM, is 

developed to offer a complete solution to the following existing problems. These 

includes: (i) quantum gravity and general relativity; (ii) singularity and dark ener-

gy; and (iii) many more. Its key objective is to incorporate Spin (gamma matrices) 

within Christoffel Symbols, as discussed in the next section. This is of uttermost 

relevance for analyzing the Spin-Dynamics of the gravitational field. Scientifically, 

it discloses 24 second-order partial derivative terms (Quantum Gravitational 

Waves), as an integral part of Ricci tensor.  

Methods and materials; results. To derive the embedded quantum fields 

within Christoffel, ɜȟ , I started with a covariant differentiation, ɳ, of a funda-

mental tensor, Ç , as shown in equation (2) [1]. These equations are acquainted 

with first order covariant derivatives of gamma matrices, ɾ and ɾ . According to 

the Clifford Algebra, these matrices are also referred as the basis vectors of funda-

mental tensor, Ç . These basis vectors, ɾ and ɾ , are fundamentally known by 

equation; Ç  [2]. 

    ᶯɾɾ ɾᶯɾ  ᶯɾ ɾ ɾ ᶯɾ  Ç ɜ Çɜ   (1) 

The first order covariant derivatives, ɳ, ,ɳ ᶯ , of these fundamental tensors, 

ñ Ç , Ç , Ç,ò, are derived like equation (1). Further, I derived a torsion-free 

Christoffel symbols of second kind, ɜ . This was pursued by substituting the par-

tial derivatives of fundamental tensors, , , , into the well-known equa-

tion of ɜ  Ç    [1]. With further simplification, I have 

discovered equation (2) [3, 4].  
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Using equations (3), I calculated geodesic for a weak quantum gravity, as 

shown by equation (3). As a result, it illustrates ñenergy-momentum relationò with-

in geodesic. Hence, validating equation (2). Additionally, the Christoffel symbols: 

ɜȟ  , ɜȟ  , 
ȟ

 , 
ȟ

 , ɜɜ  , and ɜ ɜ; given in equation (4) are also de-

rived using equation (2), respectively [3, 4].  

Conclusion. In this framework, I have concluded the root characteristics of 

Quantum Gravitation. These are elucidated through quantum fields of skew-

symmetric, ñò and ñ ò, and symmetric, ñò, na-

ture. These fields are found embedded within Ricci curvature tensor, ñ2ò based 

on equations (2) and (4) [3, 4].  
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ɸʥʥʦʪʘʮʠʷ. ʄʝʪʦʜ ʅʠʢʠʬʦʨʦʚʘ ð ʋʚʘʨʦʚʘ ð ʧʨʦʩʪʦʡ, ʥʦ ʵʣʝʛʘʥʪʥʳʡ ʠ ʤʦʱʥʳʡ 

ʤʝʪʦʜ ʨʝʰʝʥʠʷ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ ʦʙʦʙʱʝʥʥʦʛʦ ʛʠʧʝʨ-

ʛʝʦʤʝʪʨʠʯʝʩʢʦʛʦ ʪʠʧʘ. ɺ ʧʨʦʰʣʦʤ ʦʥ ʠʩʧʦʣʴʟʦʚʘʣʩʷ ʜʣʷ ʨʝʰʝʥʠʷ ʤʥʦʛʠʭ ʟʘʜʘʯ ʢʚʘʥ-

ʪʦʚʦʡ ʤʝʭʘʥʠʢʠ ʠ ʜʨʫʛʠʭ ʦʙʣʘʩʪʝʡ. ʄʳ ʧʨʠʤʝʥʷʝʤ ʵʪʦʪ ʤʝʪʦʜ ʢ ʢʣʘʩʩʠʯʝʩʢʦʡ ʟʘʜʘʯʝ 

ʦ ʚʦʜʦʨʦʜʦʧʦʜʦʙʥʳʭ ʘʪʦʤʘʭ ʚ ʧʨʦʩʪʨʘʥʩʪʚʘʭ ʧʦʩʪʦʷʥʥʦʡ ʢʨʠʚʠʟʥʳ. ʂʘʢ ʩʧʝʢʪʨʳ 

ʵʪʠʭ ʘʪʦʤʦʚ, ʪʘʢ ʠ ʠʭ ʚʦʣʥʦʚʳʝ ʬʫʥʢʮʠʠ, ʚʢʣʶʯʘʷ ʥʦʨʤʠʨʦʚʢʫ, ʩʨʘʚʥʠʪʝʣʴʥʦ ʣʝʛʢʦ 

ʧʦʣʫʯʘʶʪʩʷ.  

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʵʣʝʤʝʥʪʘʨʥʳʝ ʘʪʦʤʳ, ʧʨʦʩʪʨʘʥʩʪʚʘ ʧʦʩʪʦʷʥʥʦʡ ʢʨʠʚʠʟʥʳ, ʩʚʷʟʘʥ-

ʥʳʝ ʩʦʩʪʦʷʥʠʷ, ʤʝʪʦʜ ʅʠʢʠʬʦʨʦʚʘ ð ʋʚʘʨʦʚʘ 

ɺʚʝʜʝʥʠʝ. ʇʨʦʩʪʨʘʥʩʪʚʘ ʧʦʩʪʦʷʥʥʦʡ ʢʨʠʚʠʟʥʳ ʧʨʝʜʦʩʪʘʚʣʷʶʪ ʧʨʦʩʪʝʡʰʠʡ 

ʠʩʢʨʠʚʣʝʥʥʳʡ ʬʦʥ, ʥʘ ʢʦʪʦʨʦʤ ʤʦʞʥʦ ʠʟʫʯʘʪʴ ʪʝʦʨʝʪʠʯʝʩʢʠʝ ʧʨʦʙʣʝʤʳ  

ʠ ʚʦʧʨʦʩʳ, ʩʚʷʟʘʥʥʳʝ ʩ ʢʚʘʥʪʦʚʦʡ ʤʝʭʘʥʠʢʦʡ ʚ ʠʩʢʨʠʚʣʝʥʥʳʭ ʧʨʦʩʪʨʘʥʩʪʚʘʭ, 

ʠ ʧʦʵʪʦʤʫ ʪʘʢʠʝ ʠʩʩʣʝʜʦʚʘʥʠʷ ʧʨʝʜʩʪʘʚʣʷʶʪ ʟʥʘʯʠʪʝʣʴʥʳʡ ʪʝʦʨʝʪʠʯʝʩʢʠʡ 

ʠʥʪʝʨʝʩ. ʆʜʥʘʢʦ ʦʥʠ ʧʨʝʜʩʪʘʚʣʷʶʪ ʥʝ ʪʦʣʴʢʦ ʘʢʘʜʝʤʠʯʝʩʢʠʡ ʠʥʪʝʨʝʩ. ʕʬʬʝʢ-

ʪʠʚʥʘʷ ʢʨʠʚʠʟʥʘ ʧʨʦʩʪʨʘʥʩʪʚʘ ʚʦʟʥʠʢʘʝʪ ʚ ʨʷʜʝ ʨʝʘʣʴʥʳʭ ʬʠʟʠʯʝʩʢʠʭ ʩʠʪʫʘ-

ʮʠʡ. ʀʟʫʯʝʥʠʝ ʜʚʠʞʝʥʠʷ ʢʚʘʥʪʦʚʦʡ ʯʘʩʪʠʮʳ ʧʦ ʜʚʫʤʝʨʥʦʡ ʧʦʚʝʨʭʥʦʩʪʠ ʚ ʬʠ-

ʟʠʢʝ ʢʦʥʜʝʥʩʠʨʦʚʘʥʥʦʛʦ ʩʦʩʪʦʷʥʠʷ, ʘ ʪʘʢʞʝ ʠʟʫʯʝʥʠʝ ʢʚʘʥʪʦʚʳʭ ʪʦʯʝʢ 

ʧʨʠʚʝʣʦ ʢ ʠʩʧʦʣʴʟʦʚʘʥʠʶ ʤʦʜʝʣʝʡ, ʦʩʥʦʚʘʥʥʳʭ ʥʘ ʢʚʘʥʪʦʚʦʡ ʤʝʭʘʥʠʢʝ  

ʚ ʧʨʦʩʪʨʘʥʩʪʚʘʭ ʧʦʩʪʦʷʥʥʦʡ ʢʨʠʚʠʟʥʳ [1]. 

ɺ ʣʠʪʝʨʘʪʫʨʝ ʠʤʝʝʪʩʷ ʤʥʦʞʝʩʪʚʦ ʜʨʫʛʠʭ ʧʨʠʤʝʨʦʚ ʠʩʧʦʣʴʟʦʚʘʥʠʷ ʧʨʦ-

ʩʪʨʘʥʩʪʚ ʧʦʩʪʦʷʥʥʦʡ ʢʨʠʚʠʟʥʳ ʚ ʨʘʟʣʠʯʥʳʭ ʦʙʣʘʩʪʷʭ: ʦʪ ʬʠʟʠʢʠ ʘʪʦʤʦʚ ʠ 

ʥʘʥʦʪʨʫʙʦʢ ʜʦ ʭʠʨʘʣʴʥʦʛʦ ʠ ʜʝʢʦʥʬʘʡʥʤʝʥʪʥʦʛʦ ʬʘʟʦʚʦʛʦ ʧʝʨʝʭʦʜʘ ʚ ʤʦʜʝʣʠ 

ʅʘʤʙʫ ð ʁʦʥʘ ð ʃʘʟʠʥʠʦ, ʩʠʤʤʝʪʨʠʡ ʘʣʛʝʙʨʳ W ʪʝʦʨʠʠ ʩʪʨʫʥ ʠ ʢʚʘʟʠʪʦʯʥʦ 

ʨʝʰʘʝʤʳʭ ʤʦʜʝʣʝʡ, ʘ ʪʘʢʞʝ ʩʫʧʝʨʠʥʪʝʛʨʠʨʫʝʤʦʩʪʠ ʚ ʨʘʤʢʘʭ ʩʫʧʝʨʩʠʤʤʝʪʨʠʠ 

(ʩʤ., ʥʘʧʨʠʤʝʨ, [1ï3]). 

ʏʪʦ ʢʘʩʘʝʪʩʷ ʘʪʦʤʘ ʚʦʜʦʨʦʜʘ ʚ S3, ʐʨʝʜʠʥʛʝʨ ʟʘʷʚʠʣ [4], ʯʪʦ ʦʥ ʥʘʰʝʣ 

ʧʨʦʙʣʝʤʫ çʪʨʫʜʥʦʡ ʜʣʷ ʨʝʰʝʥʠʷ ʣʶʙʳʤ ʜʨʫʛʠʤ ʩʧʦʩʦʙʦʤè, ʦʪʣʠʯʥʳʤ ʦʪ ʝʛʦ 

ʤʝʪʦʜʘ ʬʘʢʪʦʨʠʟʘʮʠʠ. ʅʦ ʛʦʜʦʤ ʧʦʟʞʝ ʉʪʠʚʝʥʩʦʥ ʧʦʢʘʟʘʣ [5], ʯʪʦ ʩʧʝʢʪʨ ʠ 

ʚʦʣʥʦʚʘʷ ʬʫʥʢʮʠʷ ʤʦʛʫʪ ʙʳʪʴ ʧʦʣʫʯʝʥʳ ʙʝʟ ʦʩʦʙʳʭ ʪʨʫʜʥʦʩʪʝʡ ʦʙʳʯʥʳʤʠ 

ʤʝʪʦʜʘʤʠ ʨʝʰʝʥʠʷ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ. ɽʱʝ ʙʦʣʝʝ ʧʨʦʩʪʦʝ ʨʝʰʝ-
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ʥʠʝ ʜʣʷ ʚʦʜʦʨʦʜʦʧʦʜʦʙʥʦʛʦ ʘʪʦʤʘ ʚ S3 ʠ H3 ʤʦʞʝʪ ʙʳʪʴ ʧʦʣʫʯʝʥʦ ʩ ʠʩʧʦʣʴʟʦ-

ʚʘʥʠʝʤ ʤʝʪʦʜʘ ʅʠʢʠʬʦʨʦʚʘ ð ʋʚʘʨʦʚʘ [6], ʯʪʦ ʤʳ ʠ ʭʦʪʠʤ ʧʨʦʜʝʤʦʥʩʪʨʠʨʦ-

ʚʘʪʴ. ʋʜʠʚʠʪʝʣʴʥʦ, ʥʦ ʚ ʦʙʰʠʨʥʦʡ ʣʠʪʝʨʘʪʫʨʝ ʧʦ ʵʪʦʡ ʪʝʤʝ ʤʳ ʧʦʢʘ ʥʘʰʣʠ 

ʪʦʣʴʢʦ ʦʜʥʫ ʩʪʘʪʴʶ [7], ʛʜʝ ʵʪʦʪ ʤʝʪʦʜ ʫʧʦʤʠʥʘʝʪʩʷ ʚ ʩʚʷʟʠ ʩ ʵʪʦʡ ʧʨʦʙʣʝʤʦʡ, 

ʥʦ, ʧʦ ʥʘʰʝʤʫ ʤʥʝʥʠʶ, ʦʥ ʠʩʧʦʣʴʟʫʝʪʩʷ ʥʝ ʩʘʤʳʤ ʦʧʪʠʤʘʣʴʥʳʤ ʦʙʨʘʟʦʤ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʳʝ ʫʨʘʚʥʝʥʠʷ ʚʪʦ-

ʨʦʛʦ ʧʦʨʷʜʢʘ ʦʙʦʙʱʝʥʥʦʛʦ ʛʠʧʝʨʛʝʦʤʝʪʨʠʯʝʩʢʦʛʦ ʪʠʧʘ, ʠʤʝʶʱʠʝ ʩʣʝʜʫʶʱʠʡ 

ʚʠʜ: 

ό ό ό πȟ  

ʤʦʞʥʦ ʨʝʰʠʪʴ ʩ ʧʦʤʦʱʴʶ ʤʝʪʦʜʘ ʅʠʢʠʬʦʨʦʚʘ ð ʋʚʘʨʦʚʘ. ɿʜʝʩʴ ʰʪʨʠʭ ʦʙʦ-

ʟʥʘʯʘʝʪ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʝ ʧʦ ʥʝʟʘʚʠʩʠʤʦʡ ʧʝʨʝʤʝʥʥʦʡ z (ʢʦʪʦʨʘʷ ʤʦʞʝʪ 

ʙʳʪʴ ʢʦʤʧʣʝʢʩʥʦʡ); „ᾀ ʠ „ ᾀʷʚʣʷʶʪʩʷ ʤʥʦʛʦʯʣʝʥʘʤʠ ʥʝ ʚʳʰʝ ʚʪʦʨʦʡ 
ʩʪʝʧʝʥʠ, ʘ “ ᾀ ʷʚʣʷʝʪʩʷ ʤʥʦʛʦʯʣʝʥʦʤ ʥʝ ʚʳʰʝ ʧʝʨʚʦʡ ʩʪʝʧʝʥʠ. 

ʄʥʦʛʠʝ ʟʘʜʘʯʠ ʢʚʘʥʪʦʚʦʡ ʤʝʭʘʥʠʢʠ ʤʦʛʫʪ ʧʨʠʚʦʜʠʪʴ ʢ ʫʨʘʚʥʝʥʠʷʤ ʪʘʢʦ-

ʛʦ ʪʠʧʘ, ʠ ʤʝʪʦʜ ʅʠʢʠʬʦʨʦʚʘ ð ʋʚʘʨʦʚʘ ʰʠʨʦʢʦ ʠʩʧʦʣʴʟʦʚʘʣʩʷ ʚ ʵʪʦʤ ʢʦʥ-

ʪʝʢʩʪʝ [8,9,10]. ɼʣʷ ʚʦʜʦʨʦʜʦʧʦʜʦʙʥʳʭ ʘʪʦʤʦʚ ʚ ʧʨʦʩʪʨʘʥʩʪʚʘʭ ʧʦʩʪʦʷʥʥʦʡ 

ʢʨʠʚʠʟʥʳ ə ʨʘʜʠʘʣʴʥʘʷ ʯʘʩʪʴ ʚʦʣʥʦʚʦʡ ʬʫʥʢʮʠʠ   Ὃὶὣ —ȟ•  ʫʜʦʚʣʝ-

ʪʚʦʨʷʝʪ ʫʨʘʚʥʝʥʠʶ 

ὨὋ

Ὠᾀ

‗ ‍ᾀ ὰὰ ρ ρ ᾀ

ρ ᾀ
Ὃ πȟ 

ᾀ
ρ

Ѝ‖Ὕ ὶ
ȟ‗

ςάὉ

ᴐ‖
ȟ‍

ςάὩ

ᴐЍ‖
ȟ 

ʛʜʝ Ὕ ὶ ð ʦʙʦʙʱʝʥʥʘʷ ʪʘʥʛʝʥʩʥʘʷ ʬʫʥʢʮʠʷ [11]. ʕʪʦ ʫʨʘʚʥʝʥʠʝ ʠʤʝʝʪ 

ʦʙʦʙʱʝʥʥʳʡ ʛʠʧʝʨʛʝʦʤʝʪʨʠʯʝʩʢʠʡ ʪʠʧ ʠ ʤʦʞʝʪ ʙʳʪʴ ʧʨʦʘʥʘʣʠʟʠʨʦʚʘʥʦ ʤʝ-

ʪʦʜʦʤ ʅʠʢʠʬʦʨʦʚʘ ð ʋʚʘʨʦʚʘ. 

ʉ ʠʩʧʦʣʴʟʦʚʘʥʠʝʤ ʵʪʦʛʦ ʤʝʪʦʜʘ, ʤʳ ʧʦʣʫʯʘʝʤ ʩʧʝʢʪʨ ‗ ὲ ρ ȟ  

ʠ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʚʦʣʥʦʚʳʝ ʬʫʥʢʮʠʠ 

 Ὃȟ ὶ ὄȟ Ѝ‖Ὓ ὶ Ὡ ώ ᾀȟ  

ʛʜʝ ὲʠ ὲʛʣʘʚʥʳʝ ʠ ʨʘʜʠʘʣʴʥʳʝ ʢʚʘʥʪʦʚʳʝ ʯʠʩʣʘ, Ὓ ὶʦʙʦʙʱʝʥʥʳʡ ʩʠʥʫʩ ʠ 

ώ ὶ
ρ

”ᾀ

Ὠ

Ὠᾀ
ρ ᾀ ”ᾀȟ”ᾀ ρ ᾀ Ὡ  

ð ʧʦʣʠʥʦʤ, ʟʘʜʘʥʥʳʡ ʬʦʨʤʫʣʦʡ ʈʦʜʨʠʛʝʩʘ. ʄʳ ʚʳʚʦʜʠʤ ʨʝʢʫʨʨʝʥʪʥʫʶ 

ʬʦʨʤʫʣʫ ʦʪʥʦʩʠʪʝʣʴʥʦ ὲʜʣʷ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʥʦʨʤʠʨʦʚʢʠ ὄȟ  ʠ ʨʘʩʩʤʘʪʨʠ-

ʚʘʝʤ ʧʨʝʜʝʣ ʧʣʦʩʢʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ. 

ɿʘʢʣʶʯʝʥʠʝ. ɺʦʜʦʨʦʜʦʧʦʜʦʙʥʳʝ ʘʪʦʤʳ ʚ ʧʨʦʩʪʨʘʥʩʪʚʘʭ ʧʦʩʪʦʷʥʥʦʡ 

ʢʨʠʚʠʟʥʳ ʧʨʝʜʩʪʘʚʣʷʶʪ ʩʦʙʦʡ ʝʱʝ ʦʜʥʫ ʢʚʘʥʪʦʚʦ-ʤʝʭʘʥʠʯʝʩʢʫʶ ʟʘʜʘʯʫ, ʛʜʝ 

ʤʝʪʦʜ ʅʠʢʠʬʦʨʦʚʘ ð ʋʚʘʨʦʚʘ ʤʦʞʝʪ ʙʳʪʴ ʫʩʧʝʰʥʦ ʧʨʠʤʝʥʝʥ. ɹʦʣʝʝ ʪʦʛʦ, ʧʦ 
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ʥʘʰʝʤʫ ʤʥʝʥʠʶ, ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʤʝʪʦʜ ʅʠʢʠʬʦʨʦʚʘ ð ʋʚʘʨʦʚʘ ʜʘʝʪ ʥʘʠʙʦʣʝʝ 

ʝʩʪʝʩʪʚʝʥʥʳʡ ʠ ʧʨʦʩʪʦʡ ʩʧʦʩʦʙ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ. 
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Abstract. The Nikiforov ð Uvarov method is a simple, yet elegant and powerful method 

for solving second-order differential equations of generalized hypergeometric type. In the 

past, it has been used to solve many problems in quantum mechanics and elsewhere. We 

apply this method to the classical problem of hydrogen-like atoms in spaces of constant 

curvature. Both the spectra of these atoms and their wave functions, including normaliza-

tion, are easily obtained. 
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Introduction.  Spaces of constant curvature provide the simplest curved back-

ground against which to study theoretical problems and questions related to quan-

tum mechanics in curved spaces, and therefore such studies are of considerable 

theoretical interest. However, they are not only of academic interest. Effective cur-

vature of space arises in a number of real physical situations. The study of the mo-

tion of a quantum particle on a two-dimensional surface in condensed matter phys-

ics, as well as the study of quantum dots, has led to the use of models based on 

quantum mechanics in spaces of constant curvature [1].  

There are many other examples in the literature of the use of spaces of constant 

curvature in various fields: from the physics of atoms and nanotubes to the chiral and 

deconfinement phase transition in the Nambu ð Jona ð Lasinio model, symmetries 

of the $W$ algebra of string theory and quasi-exactly solvable models, as well as 

superintegrability in the framework of supersymmetry (see, for example, [1ï3]). 

About hydrogen atom in S3, Schrodinger declared [4] that he found the prob-

lem ñdifficult to tackle in any other wayò different from his factorization method. 

But a year later Stevenson showed [5] that the spectrum and wave function could 

be obtained without too much difficulty by the usual methods of solving differen-

tial equations. An even simpler solution for the hydrogen-like atom in S3 and H3 

can be obtained using the Nikiforov ð Uvarov method [6], which is what we want 

to demonstrate. Surprisingly, in the extensive literature on this topic, we have so far 

found only one paper [7] where this method is mentioned in connection with this 

problem, but in our opinion, it is not used in the most optimal way. 

Methods and materials; results. Second-order differential equations of gen-

eralized hypergeometric type, which have the following form 

ό
“

„
ό

„

„
ό πȟ 

can be solved using the Nikiforov ð Uvarov technique. Here prime indicates dif-

ferentiation with respect to the independent variable z (which may be complex); 

„ᾀ and „ ᾀ are polynomials, at most of second degree, and “ ᾀ is a polyno-

mial, at most of first degree. 

Many problems in quantum mechanics can lead to equations of this type, and 

the Nikiforov ð Uvarov method has been widely used in this context [8ï10]. For 

hydrogen-like atoms in spaces of constant curvature ə the radial part of the wave 

function   Ὃὶὣ —ȟ• satisfies the equation 

ὨὋ

Ὠᾀ

‗ ‍ᾀ ὰὰ ρ ρ ᾀ

ρ ᾀ
Ὃ πȟ 

ᾀ
ρ

Ѝ‖Ὕ ὶ
ȟ‗

ςάὉ

ᴐ‖
ȟ‍

ςάὩ

ᴐЍ‖
ȟ 
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where Ὕ ὶ is a generalized tangent function [11]. This equation is of generalized 

hypergeometric type and can be analysed by the Nikiforov ð Uvarov method. In 

this way we obtain the spectrum ‗ ὲ ρ ȟ and the corresponding wave 

functions  

Ὃȟ ὶ ὄȟ Ѝ‖Ὓ ὶ Ὡ ώ ᾀȟ 

where ὲand ὲare principal and radial quantum numbers, Ὓ ὶis generelazed sine 

function and  

ώ ὶ
ρ

”ᾀ

Ὠ

Ὠᾀ
ρ ᾀ ”ᾀȟ”ᾀ ρ ᾀ Ὡ  

is a polynomial given by the Rodrigues formula. We obtain the recurrence formula, 

with respect to ὲȟ for normalization coefficients ὄȟ  and consider the flat space 

limit. 

Conclusion. Hydrogen-like atoms in spaces of constant curvature represent 

another quantum mechanical problem where this method can be successfully ap-

plied. Moreover, in our opinion, in this case the Nikiforov ð Uvarov method pro-

vides the most natural and simple way to solve the problem. 
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1 x ˥˽̂ ͙ͣΦ ˸Φ ˢͣͯ͟͡͡·Σ ̂ͺ͊Σ ˾͙ͦͫͫΎ 

2 ̂ ̅ˮ̇ ˾ˢ˹Σ ̂ͺ͊Σ ˾͙ͦͫͫΎ 

ɸʥʥʦʪʘʮʠʷ. ʄʳ ʧʦʢʘʟʳʚʘʝʤ ʧʨʠʤʝʥʝʥʠʝ ʘʢʫʩʪʠʯʝʩʢʠʭ ʯʝʨʥʳʭ ʜʳʨ ʚ ʢʘʯʝʩʪʚʝ ʣʠʥʟ, 

ʨʘʩʩʤʘʪʨʠʚʘʝʤʳʭ ʢʘʢ ʦʙʲʝʢʪʳ ʛʘʣʦ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ ʚ ʛʘʣʘʢʪʠʯʝʩʢʦʤ ʤʠʢʨʦʣʠʥʟʠʨʦ-

ʚʘʥʠʠ. ɼʣʷ ʠʣʣʶʩʪʨʘʮʠʠ ʨʘʩʩʤʦʪʨʠʤ ʧʨʦʩʪʝʡʰʠʡ ʩʣʫʯʘʡ, ʢʦʛʜʘ ʧʨʠ ʟʥʘʯʝʥʠʠ ʧʘʨʘ-

ʤʝʪʨʘ ʥʘʩʪʨʦʡʢʠ ‚ π ʨʝʰʝʥʠʝ ʩʚʦʜʠʪʩʷ ʢ ʤʝʪʨʠʢʝ ʐʚʘʨʮʰʠʣʴʜʘ. ʇʘʨʘʤʝʪʨ 
ʥʘʩʪʨʦʡʢʠ ‚ π ʤʦʞʥʦ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʢʘʢ ʥʘʣʠʯʠʝ ʜʦʧʦʣʥʠʪʝʣʴʥʦʡ ʩʪʝʧʝʥʠ ʩʚʦʙʦ-
ʜʳ, ʦʪʣʠʯʘʶʱʠʡ ʵʪʦ ʨʝʰʝʥʠʝ ʦʪ ʯʝʨʥʦʡ ʜʳʨʳ ʐʚʘʨʮʰʠʣʴʜʘ. ɺ ʥʘʩʪʦʷʱʝʡ ʨʘʙʦʪʝ ʤʳ 

ʠʩʩʣʝʜʫʝʤ ʚʣʠʷʥʠʝ ‚ ʥʘ ʥʘʙʣʶʜʘʝʤʳʝ ʧʘʨʘʤʝʪʨʳ ʤʠʢʨʦʣʠʥʟʠʨʦʚʘʥʠʷ, ʩʨʘʚʥʠʚʘʷ ʠʭ  

ʩ ʣʠʥʟʠʨʦʚʘʥʠʝʤ ʯʝʨʥʦʡ ʜʳʨʳ ʐʚʘʨʮʰʠʣʴʜʘ. ʇʦ ʩʨʘʚʥʝʥʠʶ ʩ ʢʨʠʚʳʤʠ ʙʣʝʩʢʘ ʯʝʨ-

ʥʦʡ ʜʳʨʳ ʐʚʘʨʮʰʠʣʴʜʘ, ʢʨʠʚʳʝ ʙʣʝʩʢʘ ʣʠʥʟ ʘʢʫʩʪʠʯʝʩʢʠʭ ʯʝʨʥʳʭ ʜʳʨ ʧʦʢʘʟʳʚʘʶʪ 

ʨʘʟʣʠʯʠʷ ʧʦ ʚʨʝʤʝʥʠ, ʢʦʪʦʨʦʝ ʪʨʝʙʫʝʪʩʷ ʠʩʪʦʯʥʠʢʫ ʜʣʷ ʧʝʨʝʩʝʯʝʥʠʷ ʢʦʣʴʮʘ ʕʡʥ-

ʰʪʝʡʥʘ. ʆʧʪʠʯʝʩʢʘʷ ʛʣʫʙʠʥʘ ʠ ʯʘʩʪʦʪʘ ʩʦʙʳʪʠʡ ʨʘʩʩʯʠʪʳʚʘʶʪʩʷ, ʧʨʝʜʧʦʣʘʛʘʷ, ʯʪʦ 

ʣʠʥʟʘ ʯʝʨʥʦʡ ʜʳʨʳ ʙʫʜʝʪ ʛʨʘʚʠʪʘʮʠʦʥʥʦ ʩʚʷʟʘʥʘ ʠ ʥʝ ʩʚʷʟʘʥʘ ʩ ʙʘʣʜʞʝʤ ɻʘʣʘʢʪʠʢʠ  

ʠ ɹʦʣʴʰʠʤ ʄʘʛʝʣʣʘʥʦʚʳʤ ʦʙʣʘʢʦʤ, ʢʦʪʦʨʳʝ ʤʦʛʫʪ ʩʦʜʝʨʞʘʪʴ ʣʠʥʟʠʨʦʚʘʥʥʳʝ ʟʚʝʟ-

ʜʳ. ʆʞʠʜʘʝʪʩʷ, ʯʪʦ ʙʫʜʫʱʠʝ ʵʢʩʧʝʨʠʤʝʥʪʳ ʧʦ ʛʘʣʘʢʪʠʯʝʩʢʦʤʫ ʤʠʢʨʦʣʠʥʟʠʨʦʚʘʥʠʶ 

ʧʦʟʚʦʣʷʪ ʦʛʨʘʥʠʯʠʪʴ ʧʘʨʘʤʝʪʨ ɝ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʘʢʫʩʪʠʯʝʩʢʠʝ ʯʝʨʥʳʝ ʜʳʨʳ, ʛʨʘʚʠʪʘʮʠʦʥʥʦʝ ʣʠʥʟʠʨʦʚʘʥʠʝ, ʢʨʠ-

ʚʳʝ ʙʣʝʩʢʘ 

ɺʚʝʜʝʥʠʝ. ʂʘʢ ʚʘʞʥʦʝ ʧʨʠʤʝʥʝʥʠʝ ʛʨʘʚʠʪʘʮʠʦʥʥʦʛʦ ʠʩʢʨʠʚʣʝʥʠʷ ʩʚʝʪʘ, ʩʣʘ-

ʙʦʝ ʛʨʘʚʠʪʘʮʠʦʥʥʦʝ ʣʠʥʟʠʨʦʚʘʥʠʝ ʠ ʤʠʢʨʦʣʠʥʟʠʨʦʚʘʥʠʝ ʩʪʘʥʦʚʷʪʩʷ ʤʦʱʥʳʤ 

ʠʥʩʪʨʫʤʝʥʪʦʤ ʚ ʬʠʟʠʢʝ, ʘʩʪʨʦʥʦʤʠʠ ʠ ʢʦʩʤʦʣʦʛʠʠ [1, 2]. ʊʝʦʨʠʠ ʛʨʘʚʠʪʘʮʠʠ 

ʠ ʠʭ ʨʝʰʝʥʠʷ ʜʦʣʞʥʳ ʙʳʪʴ ʧʨʦʚʝʨʝʥʳ ʩ ʧʦʤʦʱʴʶ ʵʬʬʝʢʪʦʚ ʛʨʘʚʠʪʘʮʠʦʥʥʦ-

ʛʦ ʠʩʢʨʠʚʣʝʥʠʷ ʠ ʥʘʙʣʶʜʝʥʠʡ ʩʣʘʙʦʛʦ ʛʨʘʚʠʪʘʮʠʦʥʥʦʛʦ ʣʠʥʟʠʨʦʚʘʥʠʷ [3]. 

ɸʢʫʩʪʠʯʝʩʢʘʷ ʯʝʨʥʘʷ ʜʳʨʘ ð ʵʪʦ ʷʚʣʝʥʠʝ, ʧʨʠ ʢʦʪʦʨʦʤ ʬʦʥʦʥʳ (ʟʚʫʢʦʚʳʝ 

ʚʦʟʤʫʱʝʥʠʷ) ʥʝ ʤʦʛʫʪ ʧʦʢʠʥʫʪʴ ʦʙʣʘʩʪʴ ʞʠʜʢʦʩʪʠ, ʢʦʪʦʨʘʷ ʪʝʯʝʪ ʙʳʩʪʨʝʝ 

ʣʦʢʘʣʴʥʦʡ ʩʢʦʨʦʩʪʠ ʟʚʫʢʘ. ʀʭ ʥʘʟʳʚʘʶʪ ʟʚʫʢʦʚʳʤʠ ʠʣʠ ʘʢʫʩʪʠʯʝʩʢʠʤʠ ʯʝʨ-

ʥʳʤʠ ʜʳʨʘʤʠ, ʧʦʩʢʦʣʴʢʫ ʟʘʭʚʘʯʝʥʥʳʝ ʬʦʥʦʥʳ ʧʦʭʦʞʠ ʥʘ ʩʚʝʪ ʚ ʘʩʪʨʦʬʠʟʠ-
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ʯʝʩʢʠʭ (ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ) ʯʝʨʥʳʭ ʜʳʨʘʭ. ɿʚʫʢʦʚʳʝ ʯʝʨʥʳʝ ʜʳʨʳ ʚʦʟʤʦʞʥʳ, 

ʧʦʩʢʦʣʴʢʫ ʬʦʥʦʥʳ ʚ ʠʜʝʘʣʴʥʳʭ ʞʠʜʢʦʩʪʷʭ ʧʨʦʷʚʣʷʶʪ ʪʝ ʞʝ ʩʚʦʡʩʪʚʘ ʜʚʠʞʝ-

ʥʠʷ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ-ʚʨʝʤʝʥʠ, ʯʪʦ ʠ ʧʦʣʷ, ʪʘʢʠʝ ʢʘʢ ʛʨʘʚʠʪʘʮʠʷ. ʇʦ ʵʪʦʡ ʧʨʠ-

ʯʠʥʝ ʩʠʩʪʝʤʘ, ʚ ʢʦʪʦʨʦʡ ʤʦʞʝʪ ʙʳʪʴ ʩʦʟʜʘʥʘ ʟʚʫʢʦʚʘʷ ʯʝʨʥʘʷ ʜʳʨʘ, ʥʘʟʳʚʘʝʪ-

ʩʷ ʛʨʘʚʠʪʘʮʠʦʥʥʳʤ ʘʥʘʣʦʛʦʤ. ʇʦʯʪʠ ʣʶʙʘʷ ʞʠʜʢʦʩʪʴ ʤʦʞʝʪ ʙʳʪʴ 

ʠʩʧʦʣʴʟʦʚʘʥʘ ʜʣʷ ʩʦʟʜʘʥʠʷ ʘʢʫʩʪʠʯʝʩʢʦʛʦ ʛʦʨʠʟʦʥʪʘ ʩʦʙʳʪʠʡ, ʥʦ ʚʷʟʢʦʩʪʴ 

ʙʦʣʴʰʠʥʩʪʚʘ ʞʠʜʢʦʩʪʝʡ ʩʦʟʜʘʝʪ ʭʘʦʪʠʯʝʩʢʦʝ ʜʚʠʞʝʥʠʝ, ʯʪʦ ʜʝʣʘʝʪ ʧʨʘʢʪʠʯʝ-

ʩʢʠ ʥʝʚʦʟʤʦʞʥʳʤ ʦʙʥʘʨʫʞʝʥʠʝ ʪʘʢʠʭ ʷʚʣʝʥʠʡ, ʢʘʢ ʠʟʣʫʯʝʥʠʝ ʍʦʢʠʥʛʘ [6]. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ʄʝʪʨʠʢʫ ʧʨʦʩʪʨʘʥʩʪʚʘ-ʚʨʝʤʝʥʠ ʜʣʷ 

ʘʢʫʩʪʠʯʝʩʢʦʡ ʯʝʨʥʦʡ ʜʳʨʳ ʐʚʘʨʮʰʠʣʴʜʘ ʤʦʞʥʦ ʚ ʢʦʥʝʯʥʦʤ ʠʪʦʛʝ ʧʨʝʜʩʪʘ-

ʚʠʪʴ ʢʘʢ  

 Ὠί ὪὶὨὸ ὶ Ὠ— ÓÉÎ—Ὠ• ,  (1) 

ʛʜʝ ʬʫʥʢʮʠʷ Ὢὶ ʦʧʨʝʜʝʣʷʝʪʩʷ ʢʘʢ 

 Ὢὶ ρ ςὓὶρ ‚ςὓὶρ ςὓὶ .  (2) 

ʎʝʣʴʶ ʜʘʥʥʦʡ ʨʘʙʦʪʳ ʷʚʣʷʝʪʩʷ ʠʟʫʯʝʥʠʝ ʛʘʣʘʢʪʠʯʝʩʢʦʛʦ ʤʠʢʨʦʣʠʥʟʠʨʦ-

ʚʘʥʠʷ ʘʢʫʩʪʠʯʝʩʢʠʤʠ ʯʝʨʥʳʤʠ ʜʳʨʘʤʠ, ʢʦʛʜʘ ʣʠʥʟʠʨʫʝʤʳʝ ʟʚʝʟʜʳ ʥʘʭʦʜʷʪʩʷ 

ʚ ɻʘʣʘʢʪʠʯʝʩʢʦʤ ʙʘʣʜʞʝ ʠʣʠ ʚ ɹʦʣʴʰʦʤ ʄʘʛʝʣʣʘʥʦʚʦʤ ʦʙʣʘʢʝ. ʄʳ ʧʨʦʘʥʘ-

ʣʠʟʠʨʫʝʤ, ʯʘʩʪʠʯʥʦ ʩʣʝʜʫʷ ʤʝʪʦʜʫ ɸʙʵ [6], ʥʘʙʣʶʜʘʝʤʳʝ ʧʘʨʘʤʝʪʨʳ ʣʠʥʟʠ-

ʨʦʚʘʥʠʷ, ʪʘʢʠʝ ʢʘʢ ʫʛʦʣ ʦʪʢʣʦʥʝʥʠʷ ʩʚʝʪʘ, ʧʦʣʦʞʝʥʠʷ ʠʟʦʙʨʘʞʝʥʠʡ, ʫʚʝʣʠʯʝ-

ʥʠʝ, ʮʝʥʪʨʦʠʜ ʠ ʚʨʝʤʝʥʥʘʷ ʟʘʜʝʨʞʢʘ ʠʟʦʙʨʘʞʝʥʠʡ, ʚʢʣʶʯʘʷ ʚʝʨʦʷʪʥʦʩʪʥʳʝ 

ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ, ʪʘʢʠʝ ʢʘʢ ʦʧʪʠʯʝʩʢʘʷ ʛʣʫʙʠʥʘ ʠ ʯʘʩʪʦʪʘ ʩʦʙʳʪʠʡ, ʧʨʝʜʧʦʣʘ-

ʛʘʷ ʩʣʫʯʘʠ, ʢʦʛʜʘ ʘʢʫʩʪʠʯʝʩʢʘʷ ʯʝʨʥʘʷ ʜʳʨʳ ʛʨʘʚʠʪʘʮʠʦʥʥʦ ʩʚʷʟʘʥʘ ʠʣʠ ʥʝ 

ʩʚʷʟʘʥʘ ʩ ɻʘʣʘʢʪʠʢʦʡ. ʄʳ ʧʨʦʘʥʘʣʠʟʠʨʫʝʤ ʧʦʚʝʜʝʥʠʝ ʢʨʠʚʳʭ ʙʣʝʩʢʘ ʇʘʯʠʥ-

ʩʢʦʛʦ. ɺ ʭʦʜʝ ʘʥʘʣʠʟʘ ʚʣʠʷʥʠʝ ʧʘʨʘʤʝʪʨʘ ʥʘʩʪʨʦʡʢʠ ‚ ʙʫʜʝʪ ʩʨʘʚʥʠʚʘʪʴʩʷ  

ʩ ʵʬʬʝʢʪʘʤʠ ʣʠʥʟʠʨʦʚʘʥʠʷ ʯʝʨʥʦʡ ʜʳʨʳ ʐʚʘʨʮʰʠʣʴʜʘ. 

ɿʘʢʣʶʯʝʥʠʝ. ʗʚʣʝʥʠʝ ʣʠʥʟʠʨʦʚʘʥʠʷ ʢʦʤʧʘʢʪʥʳʤʠ ʦʙʲʝʢʪʘʤʠ ʷʚʣʷʝʪʩʷ 

ʘʢʪʠʚʥʦʡ ʦʙʣʘʩʪʴʶ ʩʦʚʨʝʤʝʥʥʳʭ ʠʩʩʣʝʜʦʚʘʥʠʡ, ʢʦʪʦʨʳʝ ʤʦʛʫʪ ʧʦʤʦʯʴ ʦʙʥʘ-

ʨʫʞʠʪʴ ʧʨʠʨʦʜʫ ʣʠʥʟʳ ʠʟ ʥʘʙʣʶʜʘʝʤʳʭ ʩʠʛʥʘʪʫʨ ʣʠʥʟʠʨʦʚʘʥʠʷ. ɺ ʥʘʩʪʦʷʱʝʡ 

ʨʘʙʦʪʝ ʨʘʩʩʤʘʪʨʠʚʘʶʪʩʷ ʘʢʫʩʪʠʯʝʩʢʠʝ ʯʝʨʥʳʝ ʜʳʨʳ [7]. ʕʪʠ ʦʙʲʝʢʪʳ ʤʦʛʫʪ 

ʦʙʝʩʧʝʯʠʪʴ ʥʦʚʳʝ ʧʨʠʣʦʞʝʥʠʷ ʜʣʷ ʛʘʣʘʢʪʠʯʝʩʢʦʛʦ ʤʠʢʨʦʣʠʥʟʠʨʦʚʘʥʠʷ, ʢʦʛʜʘ 

ʢʦʥʬʠʛʫʨʘʮʠʷ ʥʝʜʦʩʪʘʪʦʯʥʦ ʯʠʩʪʘʷ, ʪʦ ʝʩʪʴ, ʢʦʛʜʘ ʜʦʧʦʣʥʠʪʝʣʴʥʦʝ ʨʘʩʧʨʝʜʝ-

ʣʝʥʠʝ ʤʘʪʝʨʠʠ-ʵʥʝʨʛʠʠ ʦʢʨʫʞʘʝʪ ʣʠʥʟʫ, ʥʘʧʨʠʤʝʨ, ʧʳʣʴ ʠʣʠ ʥʝʢʦʪʦʨʦʝ ʵʥʝʨ-

ʛʝʪʠʯʝʩʢʦʝ ʧʦʣʝ. ɸʥʘʣʠʟ ʧʦʢʘʟʳʚʘʝʪ ʚʣʠʷʥʠʝ ʧʘʨʘʤʝʪʨʘ ʥʘʩʪʨʦʡʢʠ ‚, ʢʦʪʦ-
ʨʳʡ ʫʚʝʣʠʯʠʚʘʝʪ ʫʛʦʣ ʦʪʢʣʦʥʝʥʠʷ ʩʚʝʪʘ. ʊʘʢʞʝ ʫʚʝʣʠʯʝʥʠʝ ʧʘʨʘʤʝʪʨʘ 

ʥʘʩʪʨʦʡʢʠ ‚ ʧʨʠʚʦʜʠʪ ʢ ʫʚʝʣʠʯʝʥʠʶ ʢʦʣʴʮʘ ʕʡʥʰʪʝʡʥʘ ʠ ʫʛʣʦʚʦʛʦ ʢʦʣʴʮʘ 
ʕʡʥʰʪʝʡʥʘ. ʕʪʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʯʝʤ ʧʘʨʘʤʝʪʨ ʥʘʩʪʨʦʡʢʠ ‚ȟ ʪʝʤ ʢʦʨʦʯʝ ʚʨʝʤʷ 
ʜʣʷ ʫʚʝʣʠʯʝʥʠʷ ʷʨʢʦʩʪʠ. ʇʦ ʩʨʘʚʥʝʥʠʶ ʩ ʘʢʫʩʪʠʯʝʩʢʦʡ ʯʝʨʥʦʡ ʜʳʨʦʡ, ʢʨʠʚʘʷ 

ʙʣʝʩʢʘ ʯʝʨʥʦʡ ʜʳʨʳ ʐʚʘʨʮʰʠʣʴʜʘ ʥʘʤʥʦʛʦ ʪʫʩʢʣʝʝ. 
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Abstract. We show an application of acoustic black holes as lenses treated as dark matter 

halo objects in Galactic microlensing. We shall consider for illustration the simplest case 

which, for the tuning parameter ɝ = 0, resemble Schwarzschild metric. The tuning parame-

ter ɝÍ0 can be treated as providing an extra degree of freedom distinct from the Schwarz-

schild black hole. In the present work, we investigate the influence of ɝ on the microlensing 

observables comparing them with the Schwarzschild black hole lensing. Compared to the 

Schwarzschild black hole light curves, those by the acoustic black hole lenses show differ-

ences immediately outside the times the source takes in crossing the Einstein ring. The op-

tical depths and event rates are calculated assuming the black hole lens to be bound and 

unbound to the Galactive Bulge and to the Large Magellanic Cloud that contain the lensed 

stars. Future experiments on galactic microlensing are expected to impose observational 

constraints on ɝ. 
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Introduction.  As the important application of gravitational bending, the weak 

gravitational lensing and microlensing are becoming a powerful tool in physics, 

astronomy and cosmology [1, 2]. The gravity theories and their solutions should be 

tested from the gravitational bending effects and weak gravitational lensing obser-

vations [3]. An acoustic black hole is a phenomenon in which phonons (sound dis-

turbances) cannot leave a region of liquid that flows faster than the local speed of 

sound. They are called sonic or acoustic black holes because the captured phonons 

are similar to light in astrophysical (gravitational) black holes. Sonic black holes 

are possible because phonons in ideal liquids exhibit the same properties of motion 

as fields such as gravity in spacetime. For this reason, a system in which a sonic 

black hole can be created is called a gravitational analog. Almost any liquid can be 

used to create an acoustic event horizon, but the viscosity of most liquids creates 

chaotic motion, making it almost impossible to detect phenomena such as Hawking 

radiation [6]. 

Methods and materials; results. The spacetime metric for acoustic Schwarz-

schild black hole can eventually be derived as 

 Ὠί ὪὶὨὸ ὶ Ὠ— ÓÉÎ—Ὠ• ,  (1) 

where function Ὢὶ is defined as: 

 Ὢὶ ρ ςὓὶρ ‚ςὓὶρ ςὓὶ .  (2) 

For the fluid velocity to be real, the tuning parameter must satisfy the condition 

‚  π.  
The purpose of this work is to study Galactic microlensing by acoustic black 

holes, when the source stars are in the Galactic Bulge or in the Large Magellanic 

Cloud. We shall analyze, partially following Abe [6], the lensing observables such 

as the light deflection angle, image positions, magnification, centroid and time de-

lay of images including the probabilistic features such as optical depth and event 

rate assuming the acoustic black holes lens to be bound or unbound to our Galaxy. 

We shall analyze the behavior of the PaczyŒskii light curves. In the analysis, the 

effects of tuning parameter ‚ will be compared with those of the Schwarzschild 

black hole. 

Conclusion. The lensing phenomenon by compact objects is an active area of 

current research that can help detecting the nature of the lens from the observable 

lensing signatures. The present work considered acoustic black holes [7]. These 

objects could provide novel applications to galactic microlensing, when the config-

uration is not clean enough, that is, when additional matter-energy distribution sur-

rounds the lens, for instance, dust or some energy field. The analysis shows the the 

influence of tuning parameter ɝ which increases light deflection angle. Also  

increasing of tuning parameter ɝ leads to increase of Einstein ring and angular Ein-

stein ring. This means that the tuning parameter ɝ, the shorter the time for increas-



14  ˸͍ͦͫ͊͟Σ ˸˥́̂ ͙ͣΦ ˹Φ̏Φ ˣ͊ͯͣ͊ͤ͊Σ 7ς10 ͙ Ό͡Ύ нлнр ͎Φ   

ing brightness. Compared to the acoustic black hole, the light curve of Schwarz-

schild black hole is much dimmer. 
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ɸʥʥʦʪʘʮʠʷ. ʇʝʪʣʝʚʘʷ ʢʚʘʥʪʦʚʘʷ ʛʨʘʚʠʪʘʮʠʷ (LQG) ʷʚʣʷʝʪʩʷ ʦʜʥʠʤ ʠʟ ʧʝʨʩʧʝʢʪʠʚʥʳʭ 

ʢʘʥʜʠʜʘʪʦʚ ʥʘ ʨʦʣʴ ʢʚʘʥʪʦʚʦʡ ʪʝʦʨʠʠ ʧʨʦʩʪʨʘʥʩʪʚʘ-ʚʨʝʤʝʥʠ. ʆʜʥʘʢʦ, ʚ ʩʘʤʦʡ ʵʪʦʡ 

ʤʦʜʝʣʠ ʠʤʝʝʪʩʷ ʩʫʱʝʩʪʚʝʥʥʳʡ ʢʦʥʮʝʧʪʫʘʣʴʥʳʡ ʜʝʬʝʢʪ: ʵʪʘ ʤʦʜʝʣʴ, ʚʳʪʝʢʘʶʱʘʷ ʠʟ 

ʜʝʡʩʪʚʠʷ ɻʠʣʴʙʝʨʪʘ-ʕʡʥʰʪʝʡʥʘ, ʦʧʠʩʳʚʘʝʪ ʧʨʦʩʪʨʘʥʩʪʚʦ-ʚʨʝʤʷ ʙʝʟ ʤʘʪʝʨʠʠ; ʧʦ-

ʩʣʝʜʥʝʝ ʥʝ ʤʦʞʝʪ ʩʫʱʝʩʪʚʦʚʘʪʴ ʚ ʧʨʠʥʮʠʧʝ, ʧʦʩʢʦʣʴʢʫ ʧʨʦʩʪʨʘʥʩʪʚʦ-ʚʨʝʤʷ ʩʫʪʴ ʩʠ-

ʩʪʝʤʘ ʦʪʥʦʰʝʥʠʡ ʤʝʞʜʫ ʧʦʣʷʤʠ ʤʘʪʝʨʠʠ. ɺ ʜʘʥʥʦʡ ʨʘʙʦʪʝ, ʩʣʝʜʫʷ ʠʜʝʝ ʇʝʥʨʦʫʟʘ ʈ.  

ʦ ʢʦʤʙʠʥʘʪʦʨʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ-ʚʨʝʤʝʥʠ, ʤʳ ʧʝʨʝʬʦʨʤʫʣʠʨʫʝʤ ʤʦʜʝʣʴ ʧʝʪʣʝʚʦʡ 

ʢʚʘʥʪʦʚʦʡ ʛʨʘʚʠʪʘʮʠʠ ʠʩʢʣʶʯʠʪʝʣʴʥʦ ʚ ʪʝʨʤʠʥʘʭ ʧʦʣʝʡ ʤʘʪʝʨʠʠ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʧʨʦʩʪʨʘʥʩʪʚʦ-ʚʨʝʤʷ, ʧʝʪʣʝʚʘʷ ʢʚʘʥʪʦʚʘʷ ʛʨʘʚʠʪʘʮʠʷ, ʢʚʘʥʪʦʚʘʥʠʝ  

ɺʚʝʜʝʥʠʝ. ʇʦʩʪʨʦʝʥʠʝ ʢʚʘʥʪʦʚʦʡ ʪʝʦʨʠʠ ʛʨʘʚʠʪʘʮʠʠ ʷʚʣʷʝʪʩʷ ʦʜʥʦʡ ʠʟ ʦʩ-

ʥʦʚʥʳʭ ʧʨʦʙʣʝʤ ʬʫʥʜʘʤʝʥʪʘʣʴʥʦʡ ʬʠʟʠʢʠ ʫʞʝ ʩʪʦʣʝʪʠʝ. ʅʝʩʤʦʪʨʷ ʥʘ ʟʥʘʯʠ-

ʪʝʣʴʥʳʝ ʤʘʪʝʤʘʪʠʯʝʩʢʠʝ ʫʩʧʝʭʠ ʚ ʧʨʠʤʝʥʝʥʠʠ ʩʦʚʨʝʤʝʥʥʳʭ ʤʝʪʦʜʦʚ ʢʚʘʥʪʦ-

ʚʦʡ ʪʝʦʨʠʠ ʧʦʣʷ ʢ ʬʫʥʢʮʠʦʥʘʣʫ ʜʝʡʩʪʚʠʷ ɻʠʣʴʙʝʨʪʘ-ʕʡʥʰʪʝʡʥʘ, ʜʦ ʩʠʭ ʧʦʨ 

ʥʝ ʧʦʩʪʨʦʝʥʘ ʪʝʦʨʠʷ ʚʳʨʘʞʘʶʱʘʷ, ʥʘ ʢʚʘʥʪʦʚʦʤ ʫʨʦʚʥʝ, ʩʚʦʡʩʪʚʘ ʧʨʦʩʪʨʘʥ-

ʩʪʚʘ-ʚʨʝʤʝʥʠ ʯʝʨʝʟ ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ ʧʦʣʝʡ ʤʘʪʝʨʠʠ. ʇʦʩʣʝʜʥʝʝ ʜʦʩʪʘʪʦʯʥʦ 

ʣʝʛʢʦ ʦʩʫʱʝʩʪʚʣʷʝʪʩʷ ʚ ʢʣʘʩʩʠʯʝʩʢʦʤ ʩʣʫʯʘʝ ð ʟʘ ʩʯʝʪ ʧʨʘʚʦʡ ʯʘʩʪʠ ʫʨʘʚʥʝ-

ʥʠʡ ʕʡʥʰʪʝʡʥʘ ð ʥʦ ʜʦ ʩʠʭ ʧʦʨ ʥʝ ʩʜʝʣʘʥʦ ʚ ʢʚʘʥʪʦʚʦʤ ʩʣʫʯʘʝ.  

ɺ ʜʘʥʥʦʡ ʨʘʙʦʪʝ ʧʨʝʜʣʦʞʝʥ ʚʳʚʦʜ ʛʝʦʤʝʪʨʠʠ ʧʨʦʩʪʨʘʥʩʪʚʘ-ʚʨʝʤʝʥʠ ʥʘ 

ʧʣʘʥʢʦʚʩʢʠʭ ʤʘʩʰʪʘʙʘʭ ʧʫʪʝʤ ʠʩʧʦʣʴʟʦʚʘʥʠʷ ʩʧʠʥʦʚʳʭ ʩʝʪʝʡ, ʧʨʝʜʣʦʞʝʥ-

ʥʳʭ ʈʦʜʞʝʨʦʤ ʇʝʥʨʦʫʟʦʤ ʚ 1971 ʛʦʜʫ. ɼʦ ʩʠʭ ʧʦʨ ʤʝʪʦʜ ʩʧʠʥʦʚʳʭ ʩʝʪʝʡ 

ʧʨʠʤʝʥʷʣʩʷ ʣʠʰʴ ʢ ʜʝʡʩʪʚʠʶ ɻʠʣʴʙʝʨʪʘ-ʕʡʥʰʪʝʡʥʘ, ʟʘʧʠʩʘʥʥʦʤʫ ʚ ʘʰʪʝʢʘ-

ʨʦʚʩʢʠʭ ʧʝʨʝʤʝʥʥʳʭ.  

 ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ʆʩʥʦʚʥʳʤʠ ʤʝʪʦʜʘʤʠ, ʠʩʧʦʣʴʟʦ-

ʚʘʥʥʳʤʠ ʚ ʜʘʥʥʦʡ ʨʘʙʦʪʝ, ʷʚʣʷʶʪʩʷ ʤʝʪʦʜ ʩʧʠʥʦʚʳʭ ʩʝʪʝʡ, ʤʝʪʦʜʳ ʜʠʬʬʝ-

ʨʝʥʮʠʘʣʴʥʦʡ ʛʝʦʤʝʪʨʠʠ ʠ ʪʝʦʨʠʷ ʧʨʝʜʩʪʘʚʣʝʥʠʡ ʛʨʫʧʧ.  

ʇʫʪʝʤ ʦʪʦʞʜʝʩʪʚʣʝʥʠʷ ʧʦʣʝʡ ʤʘʪʝʨʠʠ ʩ ʵʣʝʤʝʥʪʘʨʥʳʤʠ ʬʝʨʤʠʦʥʥʳʤʠ 

ʧʝʪʣʷʤʠ, ʧʦʩʪʨʦʝʥʘ ʤʦʜʝʣʴ ʧʨʦʩʪʨʘʥʩʪʚʘ-ʚʨʝʤʝʥʠ, ʚ ʢʦʪʦʨʦʡ ʛʝʦʤʝʪʨʠʷ ʧʨʦ-

ʩʪʨʘʥʩʪʚʘ-ʚʨʝʤʝʥʠ ʦʧʨʝʜʝʣʷʝʪʩʷ ʥʘʙʦʨʦʤ ʢʚʘʥʪʦʚʳʭ ʩʦʩʪʦʷʥʠʡ ʚʩʝʭ ʧʦʣʝʡ 

ʤʘʪʝʨʠʠ ʚʦ ɺʩʝʣʝʥʥʦʡ, ʘ ʩʚʷʟʥʦʩʪʴ ð ʛʝʦʤʝʪʨʠʯʝʩʢʘʷ ʭʘʨʘʢʪʝʨʠʩʪʠʢʘ ʧʨʦ-

ʩʪʨʘʥʩʪʚʘ-ʚʨʝʤʝʥʠ ð ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ SL (2, C) ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ ʧʦʣʝʡ 

ʤʘʪʝʨʠʠ ʜʨʫʛ ʦʪʥʦʩʠʪʝʣʴʥʦ ʜʨʫʛʘ ʚʦ ʚʥʫʪʨʝʥʥʝʤ ʧʨʦʩʪʨʘʥʩʪʚʝ ʩʦʩʪʦʷʥʠʡ.  

ɿʘʢʣʶʯʝʥʠʝ. ɺ ʜʘʥʥʦʡ ʨʘʙʦʪʝ ʫʜʘʣʦʩʴ ʧʨʠʤʝʥʠʪʴ ʤʝʪʦʜ ʩʧʠʥʦʚʳʭ ʩʝʪʝʡ 

ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʦ ʢ ʩʠʩʪʝʤʝ ʧʦʣʝʡ ʤʘʪʝʨʠʠ. 
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Combinatorial Spacetime from Loop Quantum Gravity 
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Space Research Institute RAS, Moscow, Russia 

Abstract. Loop quantum gravity (LQG) is one of the promising candidates for the role of a 

quantum theory of spacetime. However, there is a significant conceptual flaw in this model 

itself: this model, following from the Hilbert-Einstein action, describes spacetime without 

matter; the latter cannot exist in principle, since the spacetime is a system of relations between 

the matter fields. In this paper, following the ideas of Roger Penrose on combinatorial space-

time, we reformulate the loop quantum gravity model exclusively in terms of matter fields.  

Keywords: spacetime, loop quantum gravity, quantization  

Introduction.  The construction of a quantum theory of gravity has been one of the 

main problems of fundamental physics for a century. Despite significant mathemat-

ical advances in the application of modern quantum field theory methods to the 

Hilbert-Einstein action functional, no theory has yet been constructed that express-

es the properties of space-time at the quantum level through the characteristics of 

matter fields. The latter is quite easy to do in the classical case ð due to the right-

hand side of Einstein's equations ð but has not yet been done in quantum case.  
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In this paper, we propose a derivation of the geometry of spacetime on Planck 

scales by using the spin networks proposed by Roger Penrose in 1971. So far, the 

spin network method has been applied only to the Hilbert-Einstein action written in 

the Ashtekar variables.  

Methods and materials; results. The main methods used in this study are the 

method of spin networks, methods of differential geometry and the group represen-

tation theory. 

By identifying the matter fields with elementary fermionic loops, a model of 

spacetime is constructed in which the geometry of spacetime is determined by a set 

of quantum states of all the matter fields in the Universe, and the connection ð 

geometric characteristic of the space-time ð turns to be SL (2, C) transformation 

of matter fields relative to each other. 

Conclusion. In this work, we have applied spin network method directly to the 

system of matter fields. 
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ɸʥʥʦʪʘʮʠʷ. ɼʦʢʘʟʘʥʦ, ʯʪʦ ʟʘʢʦʥ ʪʷʛʦʪʝʥʠʷ ʩʣʝʜʫʝʪ ʠʟ ʟʘʢʦʥʦʚ ʂʝʧʣʝʨʘ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʂʝʧʣʝʨ, ʅʴʶʪʦʥ, ʪʷʛʦʪʝʥʠʝ, ʠʥʚʝʨʩʠʷ, ʬʫʥʢʮʠʦʥʘʣʴʥʳʝ ʫʨʘʚʥʝʥʠʷ 

ɺʚʝʜʝʥʠʝ. ɼʣʷ ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ ʚʳʚʦʜʘ ʟʘʢʦʥʘ ʪʷʛʦʪʝʥʠʷ ʅʴʶʪʦʥʘ ʜʦʩʪʘʪʦʯ-

ʥʦ ʟʥʘʪʴ ʟʘʢʦʥʳ ʂʝʧʣʝʨʘ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ʀʩʘʘʢ ʅʴʶʪʦʥ (1643ï1727) ʫʩʪʘʥʦ-

ʚʠʣ ʪʝʩʥʫʶ ʩʚʷʟʴ ʤʝʞʜʫ ʟʘʢʦʥʘʤʠ ʂʝʧʣʝʨʘ ʠ ʦʪʢʨʳʪʳʤ ʠʤ ʟʘʢʦʥʦʤ ʚʩʝʤʠʨ-

ʥʦʛʦ ʪʷʛʦʪʝʥʠʷ [1]. ɼʘʥʥʘʷ ʅʴʶʪʦʥʦʤ ʬʦʨʤʫʣʠʨʦʚʢʘ ʟʘʢʦʥʘ ʪʷʛʦʪʝʥʠʷ ʧʦʷʚʠ-

ʣʘʩʴ ʢʘʢ ʨʝʟʫʣʴʪʘʪ ʨʘʩʩʤʦʪʨʝʥʠʷ ʙʦʣʴʰʦʛʦ ʢʦʣʠʯʝʩʪʚʘ ʟʘʜʘʯ ʦ ʜʚʠʞʝʥʠʠ 

ʥʝʙʝʩʥʳʭ ʪʝʣ ʉʦʣʥʝʯʥʦʡ ʩʠʩʪʝʤʳ, ʢʦʪʦʨʳʝ ʝʤʫ ʫʜʘʣʦʩʴ ʨʝʰʠʪʴ. ʅʴʶʪʦʥ 

ʩʤʦʛ ʜʦʢʘʟʘʪʴ, ʯʪʦ ʟʘʢʦʥʳ ʂʝʧʣʝʨʘ ʩʣʝʜʫʶʪ ʠʟ ʟʘʢʦʥʘ ʪʷʛʦʪʝʥʠʷ [2]. 

ɺ 2021 ʛʦʜʫ ʘʚʪʦʨ ʧʦʢʘʟʘʣ, ʯʪʦ ʦʙʨʘʪʥʦʝ ʫʪʚʝʨʞʜʝʥʠʝ ʪʘʢʞʝ ʚʝʨʥʦ: ʟʘʢʦʥ 

ʪʷʛʦʪʝʥʠʷ ʩʣʝʜʫʝʪ ʠʟ ʟʘʢʦʥʦʚ ʂʝʧʣʝʨʘ [3]. ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ ʵʪʦʛʦ ʫʪʚʝʨʞʜʝʥʠʷ 

ʦʢʘʟʘʣʦʩʴ ʥʝʧʦʣʥʳʤ. ʆʩʪʘʚʘʣʦʩʴ ʦʙʲʷʩʥʠʪʴ, ʯʪʦ ʧʦʩʪʦʷʥʥʘʷ ʂʝʧʣʝʨʘ ʟʘʚʠʩʠʪ 

ʪʦʣʴʢʦ ʦʪ ʤʘʩʩʳ ʉʦʣʥʮʘ, ʯʪʦ ʧʦʟʜʥʝʝ ʠ ʙʳʣʦ ʜʦʢʘʟʘʥʦ. ɺ ʥʘʩʪʦʷʱʝʤ ʜʦʢʣʘʜʝ 

ʨʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʧʦʣʥʦʝ ʜʦʢʘʟʘʪʝʣʴʩʪʚʦ ʦʙʨʘʪʥʦʛʦ ʫʪʚʝʨʞʜʝʥʠʷ. 

ɺ ʦʩʥʦʚʝ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ ʣʝʞʠʪ ʠʥʚʝʨʩʠʷ ʪʷʛʦʪʝʶʱʠʭ ʪʝʣ (ʉʦʣʥʮʝ ʧʨʠʪʷ-

ʛʠʚʘʝʪ ʧʣʘʥʝʪʫ ʩ ʪʦʡ ʞʝ ʩʠʣʦʡ, ʩ ʢʘʢʦʡ ʧʣʘʥʝʪʘ ʧʨʠʪʷʛʠʚʘʝʪ ʉʦʣʥʮʝ). ɺʘʞʥʫʶ 

ʨʦʣʴ ʚ ʜʦʢʘʟʘʪʝʣʴʩʪʚʝ ʠʛʨʘʶʪ ʬʫʥʢʮʠʦʥʘʣʴʥʳʝ ʫʨʘʚʥʝʥʠʷ, ʢʦʪʦʨʳʝ ʚ ʥʘʯʘʣʝ 

XIX  ʚʝʢʘ ʚʳʚʝʣ ʬʨʘʥʮʫʟʩʢʠʡ ʤʘʪʝʤʘʪʠʢ ʆʛʶʩʪʝʥ ʃʫʠ ʂʦʰʠ (1789ï1857). 

ʉʤʦʪʨʠʪʝ ʝʛʦ ʢʥʠʛʫ çɸʣʛʝʙʨʘʠʯʝʩʢʠʡ ʘʥʘʣʠʟè. 

ʇʦʢʘʟʘʥʦ, ʯʪʦ ʚʚʝʜʝʥʥʳʡ ʅʴʶʪʦʥʦʤ ʧʨʠʥʮʠʧ ʩʫʧʝʨʧʦʟʠʮʠʠ ʛʨʘʚʠʪʘʮʠ-

ʦʥʥʳʭ ʩʠʣ ʧʨʠʚʦʜʠʪ ʢ ʜʚʫʤ ʫʩʣʦʚʠʷʤ ʣʠʥʝʡʥʦʩʪʠ (ʘʜʜʠʪʠʚʥʦʩʪʴ ʠ ʦʜʥʦʨʦʜ-

ʥʦʩʪʴ), ʟʘʧʠʩʘʥʥʳʭ ʯʝʨʝʟ ʧʘʨʫ ʚʟʘʠʤʥʦ ʵʢʚʠʚʘʣʝʥʪʥʳʭ ʬʫʥʢʮʠʦʥʘʣʴʥʳʭ 

ʫʨʘʚʥʝʥʠʡ. ʈʝʰʝʥʠʝʤ ʵʪʠʭ ʫʨʘʚʥʝʥʠʡ ʷʚʣʷʝʪʩʷ ʦʜʥʦʨʦʜʥʘʷ ʣʠʥʝʡʥʘʷ ʯʠʩʣʦ-

ʚʘʷ ʬʫʥʢʮʠʷ. ʅʘʧʦʤʥʠʤ, ʯʪʦ ʫʩʣʦʚʠʷ ʣʠʥʝʡʥʦʩʪʠ ʦʙʳʯʥʦ ʠʩʧʦʣʴʟʫʶʪʩʷ ʜʣʷ 

ʦʧʨʝʜʝʣʝʥʠʷ ʣʠʥʝʡʥʦʛʦ ʦʪʦʙʨʘʞʝʥʠʷ ð ʮʝʥʪʨʘʣʴʥʦʛʦ ʧʦʥʷʪʠʷ ʣʠʥʝʡʥʦʡ ʘʣ-

ʛʝʙʨʳ. 

ɿʘʢʣʶʯʝʥʠʝ. ʀʟʚʝʩʪʥʦ, ʯʪʦ ʟʘʢʦʥ ʦʙʨʘʪʥʳʭ ʢʚʘʜʨʘʪʦʚ ʩʣʝʜʫʝʪ ʠʟ ʟʘʢʦʥʦʚ 

ʂʝʧʣʝʨʘ. ʀʥʚʝʨʩʠʷ ʪʷʛʦʪʝʶʱʠʭ ʪʝʣ ʧʦʟʚʦʣʷʝʪ ʦʙʦʙʱʠʪʴ ʟʘʢʦʥ ʦʙʨʘʪʥʳʭ 

ʢʚʘʜʨʘʪʦʚ: ʚʳʚʝʩʪʠ ʟʘʢʦʥ ʪʷʛʦʪʝʥʠʷ.  
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Abstract. It has been proven that the law of gravity follows from Kepler's laws.  

Keywords: Kepler, Newton, gravity, inversion, functional equations 

Introduction. To mathematically derive Newton's law of gravitation, it is enough 

to know Kepler's laws. 

Methods and materials; results. Isaac Newton (1643ï1727) established a 

close connection between Kepler's laws and the law of universal gravitation he dis-

covered [1]. Newton's formulation of the law of gravitation was the result of con-

sidering a large number of problems about the motion of celestial bodies in the So-

lar system, which he managed to solve. Newton was able to prove that Kepler's 

laws follow from the law of gravitation [2]. 

In 2021, the author showed that the converse is also true: the law of gravity fol-

lows from Kepler's laws [3]. The proof of this statement was incomplete. It remained 

to explain that the Kepler constant depends only on the mass of the Sun, which was 

later proven. This report examines the complete proof of the converse statement. 

The proof is based on the inversion of gravitating bodies (the Sun attracts the 

planet with the same force with which the planet attracts the Sun). An important 

role in the proof is played by functional equations, which were derived in the early 

19th century by the French mathematician Augustin Louis Cauchy (1789ï1857). 

See his book çAnalyse alg®briqueè. 

It is shown that the principle of superposition of gravitational forces intro-

duced by Newton leads to two linearity conditions (additivity and homogeneity), 

written through a pair of mutually equivalent functional equations. The solution to 

these equations is a homogeneous linear numerical function. Recall that the lineari-

ty conditions are usually used to define a linear mapping, the central concept of 

linear algebra. 
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Conclusion. It is known that the inverse square law follows from Kepler's 

laws. The inversion of gravitating bodies allows us to generalize the inverse square 

law: to derive the law of gravity.  
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1 ̅ ˥ˣ˻̂ ˤ˻ ˸ˢ˨ˮΣ ˸͍ͦͫ͊͟Σ ˾͙ͦͫͫΎ 

2 ̅ ˥ˣ˻̂ ˤ˻ ζ˸˽˥̂ηΣ ˸͍ͦͫ͊͟Σ ˾͙ͦͫͫΎ 

ɸʥʥʦʪʘʮʠʷ. ʇʦʣʫʯʝʥʦ ʩʬʝʨʠʯʝʩʢʠ ʩʠʤʤʝʪʨʠʯʥʦʝ ʨʝʰʝʥʠʝ ʚ ʧʫʘʥʢʘʨʝ ʢʘʣʠʙʨʦʚʦʯʥʦʡ 

ʪʝʦʨʠʠ ʛʨʘʚʠʪʘʮʠʠ ʧʨʠ ʥʘʣʠʯʠʠ ʪʝʤʥʦʡ ʵʥʝʨʛʠʠ ʩ ʢʨʘʡʥʝ ʤʠʥʠʤʘʣʴʥʳʤ ʩʘʤʦʜʝʡʩʪʚʠ-

ʝʤ. ʅʘʡʜʝʥʥʦʝ ʨʝʰʝʥʠʝ ʢʦʥʬʦʨʤʥʦ ʠʟʚʝʩʪʥʦʡ ʤʝʪʨʠʢʝ ʀʣʤʘʟʘ ð ʈʦʟʝʥʘ, ʢʦʪʦʨʘʷ 

ʙʣʠʟʢʘ ʢ ʤʝʪʨʠʢʝ ʐʚʘʨʮʠʣʴʜʘ, ʥʦ ʥʝ ʠʤʝʝʪ ʩʠʥʛʫʣʷʨʥʦʩʪʠ ʥʘ ʛʨʘʚʠʪʘʮʠʦʥʥʦʤ ʨʘʜʠʫʩʝ, 

ʯʪʦ ʧʨʠʚʦʜʠʪ ʢ ʦʪʩʫʪʩʪʚʠʶ ʯʝʨʥʳʭ ʜʳʨ ʠ ʟʘʤʝʥʝ ʠʭ ʥʘ ʢʚʘʟʠ-ʯʝʨʥʳʝ ʜʳʨʳ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʧʫʘʥʢʘʨʝ ʢʘʣʠʙʨʦʚʦʯʥʘʷ ʪʝʦʨʠʷ ʛʨʘʚʠʪʘʮʠʠ, ʨʝʰʝʥʠʝ ʀʣʤʘʟʘ ð 

ʈʦʟʝʥʘ  

ɺʚʝʜʝʥʠʝ. ʀʟʚʝʩʪʥʦ, ʯʪʦ ʪʝʦʨʠʠ ʦʩʥʦʚʥʳʭ ʬʫʥʜʘʤʝʥʪʘʣʴʥʳʭ ʬʠʟʠʯʝʩʢʠʭ ʧʦ-

ʣʝʡ ʫʜʦʚʣʝʪʚʦʨʷʶʪ ʢʘʣʠʙʨʦʚʦʯʥʦʤʫ ʧʨʠʥʮʠʧʫ. ʊʝʦʨʠʝʡ ʛʨʘʚʠʪʘʮʠʦʥʥʦʛʦ 

ʧʦʣʷ, ʫʜʦʚʣʝʪʚʦʨʷʶʱʝʡ ʵʪʦʤʫ ʧʨʠʥʮʠʧʫ ʠ ʦʙʦʙʱʘʶʱʝʡ ʦʙʱʫʶ ʪʝʦʨʠʶ ʦʪ-

ʥʦʩʠʪʝʣʴʥʦʩʪʠ (ʆʊʆ), ʷʚʣʷʝʪʩʷ ʧʫʘʥʢʘʨʝ ʢʘʣʠʙʨʦʚʦʯʥʘʷ ʪʝʦʨʠʷ ʛʨʘʚʠʪʘʮʠʠ 

(ʇʂʊ) [1, 2]. ɼʘʥʥʘʷ ʨʘʙʦʪʘ ʦʩʥʦʚʘʥʘ ʥʘ ʠʩʧʦʣʴʟʦʚʘʥʠʠ ʇʂʊ, ʘ ʪʘʢʞʝ ʥʘ ʨʘʟ-

ʚʠʪʠʠ ʠʜʝʡ ʕ.ɹ. ɻʣʠʥʝʨ [3], ʢʦʪʦʨʳʡ ʚ 1965 ʛʦʜʫ ʧʨʝʜʣʦʞʠʣ ʨʘʩʩʤʘʪʨʠʚʘʪʴ  

ʚ ʫʨʘʚʥʝʥʠʷʭ ɸ. ʕʡʥʰʪʝʡʥʘ ʢʦʩʤʦʣʦʛʠʯʝʩʢʫʶ ʧʦʩʪʦʷʥʥʫʶ L ʢʘʢ ʢʦʩʤʠʯʝ-

ʩʢʫʶ ʩʨʝʜʫ, ʧʦʟʞʝ ʥʘʟʚʘʥʥʫʶ ʪʝʤʥʦʡ ʵʥʝʨʛʠʝʡ.  

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ʇʂʊ ʦʙʦʙʱʘʝʪ ʆʊʆ ʥʘ ʥʘʣʠʯʠʝ 

ʢʨʫʯʝʥʠʷ ʧʨʦʩʪʨʘʥʩʪʚʘ-ʚʨʝʤʝʥʠ, ʪʦ ʝʩʪʴ ʧʨʦʩʪʨʘʥʩʪʚʦ-ʚʨʝʤʷ ʦʙʣʘʜʘʝʪ  

ʥʝ ʪʦʣʴʢʦ 2-ʬʦʨʤʦʡ ʢʨʠʚʠʟʥʳa
b, ʥʦ ʠ 2-ʬʦʨʤʦʡ ʢʨʫʯʝʥʠʷ 

a
. ʇʨʠ ʵʪʦʤ  

ʚ ʢʘʯʝʩʪʚʝ ʚʘʨʠʘʮʠʦʥʥʦʛʦ ʧʨʠʥʮʠʧʘ ʠʩʧʦʣʴʟʫʝʪʩʷ ʦʙʦʙʱʝʥʥʳʡ ʬʦʨʤʘʣʠʟʤ 

ʇʘʣʘʪʠʥʠ, ʦʟʥʘʯʘʶʱʠʡ ʥʝʟʘʚʠʩʠʤʦʝ ʚʘʨʴʠʨʦʚʘʥʠʝ ʧʦ ʣʠʥʝʡʥʦʡ ʩʚʷʟʥʦʩʪʠ  

ʠ ʪʝʪʨʘʜʘʤ. ʊʝʦʨʠʷ ʩʪʨʦʠʪʩʷ ʚ ʬʦʨʤʘʣʠʟʤʝ ʚʥʝʰʥʠʭ ʬʦʨʤ, ʧʨʠ ʵʪʦʤ 4-ʬʦʨʤʘ 

ʣʘʛʨʘʥʞʝʚʦʡ ʧʣʦʪʥʦʩʪʠ ʚʳʙʠʨʘʝʪʩʷ ʚ ʚʠʜʝ: 

 
( )

0

2 2 2
0 0 0

,

= 2 1 / 2 d d .

m

a b
b af l -

= +

è øb Øh +b L h+ b bØ* bê ú
  (1) 

ɿʜʝʩʴ * ð ʦʧʝʨʘʪʦʨ ʜʫʘʣʴʥʦʛʦ ʩʦʧʨʷʞʝʥʠʷ ʍʦʜʞʘ, h ð 4-ʬʦʨʤʘ ʦʙʲʝʤʘ,  
b

ah  ð ʚʩʧʦʤʦʛʘʪʝʣʴʥʘʷ 2-ʬʦʨʤʘ. ʉʣʘʛʘʝʤʦʝ m  ð ʵʪʦ ʧʣʦʪʥʦʩʪʴ ʣʘʛʨʘʥʞʠ-
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ʘʥʘ ʚʥʝʰʥʠʭ ʧʦʣʝʡ. ɿʜʝʩʴ ʤʳ ʧʦʣʘʛʘʝʤ ʦʪʩʫʪʩʪʚʠʝ ʚʥʝʰʥʠʭ ʧʦʣʝʡ 0.
m
=  

ɺʪʦʨʦʝ ʠ ʧʦʩʣʝʜʥʝʝ ʩʣʘʛʘʝʤʳʝ ʚ (1) ʦʧʠʩʳʚʘʶʪ ʦʙʦʙʱʝʥʥʫʶ, ʟʘʚʠʩʷʱʫʶ ʦʪ 

ʢʦʦʨʜʠʥʘʪʳ r (ʙʣʘʛʦʜʘʨʷ ʧʦʣʶ b) çʢʦʩʤʦʣʦʛʠʯʝʩʢʫʶ ʧʦʩʪʦʷʥʥʫʶè 2

0
b L  

ʚ ʩʦʦʪʚʝʪʩʪʚʠʠ ʩ ʠʜʝʡ ɻʣʠʥʝʨʘ ʕ.ɹ. 

ɺ ʇʂʊ ʧʨʠ ʥʘʣʠʯʠʠ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ b ʧʣʦʪʥʦʩʪʴ ʣʘʛʨʘʥʞʠʘʥʘ ʙʫʜʝʪ ʚʘ-

ʨʴʠʨʦʚʘʪʴʩʷ ʦʪʥʦʩʠʪʝʣʴʥʦ ʥʝʟʘʚʠʩʠʤʳʭ ʧʝʨʝʤʝʥʥʳʭ: ʙʘʟʠʩʥʦʡ 1-ʬʦʨʤʳ aq , 

1-ʬʦʨʤʳ ʩʚʷʟʥʦʩʪʠ 
a

bG  ʠ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ b, ʚ ʨʝʟʫʣʴʪʘʪʝ ʯʝʛʦ ʧʦʣʫʯʘʝʪʩʷ 

ʪʨʠ ʥʝʟʘʚʠʩʠʤʳʭ ʫʨʘʚʥʝʥʠʷ. 

ɺ ʢʘʯʝʩʪʚʝ ʤʝʪʨʠʢʠ ʧʨʦʩʪʨʘʥʩʪʚʘ-ʚʨʝʤʝʥʠ ʨʘʩʩʤʦʪʨʠʤ ʩʪʘʪʠʯʝʩʢʫʶ ʩʬʝ-

ʨʠʯʝʩʢʠ ʩʠʤʤʝʪʨʠʯʥʫʶ ʤʝʪʨʠʢʫ ʩ ʜʚʫʤʷ ʥʝʠʟʚʝʩʪʥʳʤʠ ʬʫʥʢʮʠʷʤʠ ( )rl   

ʠ ( )rm . ʊʘʢʞʝ ʠʤʝʝʤ ʪʨʝʪʴʶ ʥʝʠʟʚʝʩʪʥʫʶ ʬʫʥʢʮʠʶ ( )rb . ʈʝʰʝʥʠʝ, ʥʘʠʙʦʣʝʝ 

ʙʣʠʟʢʦʝ ʢ ʨʝʰʝʥʠʶ ʐʚʘʨʮʰʠʣʴʜʘ, ʧʦʣʫʯʘʝʪʩʷ, ʝʩʣʠ ʧʨʝʥʝʙʨʝʯʴ ʚ ʫʨʘʚʥʝʥʠʷʭ 

ʢʨʘʡʥʝ ʤʘʣʳʤ ʟʥʘʯʝʥʠʝʤ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʡ ʧʦʩʪʦʷʥʥʦʡ ʚ ʩʦʚʨʝʤʝʥʥʫʶ ʵʧʦʭʫ. 

ʈʝʰʘʷ ʫʢʘʟʘʥʥʳʝ ʚʳʰʝ ʪʨʠ ʫʨʘʚʥʝʥʠʷ ʧʦʣʷ, ʧʦʣʫʯʘʝʤ ʤʝʪʨʠʢʫ, ʢʦʥʬʦʨʤʥʫʶ 

ʠʟʚʝʩʪʥʦʡ ʤʝʪʨʠʢʝ ʀʣʤʘʟʘ ð ʈʦʟʝʥʘ: 

 

1

2 2 ,

g
r

rl
YRds e ds

-

=   (2) 

 2 2 2 2 2 2 2( ( sin )).

g g
r r

r r
YRds e dt e dr r d d

-

= - + q + q f  (3) 

ɿʘʢʣʶʯʝʥʠʝ. ɽʩʣʠ ʚʝʣʠʯʠʥʫ gr  ʚʳʙʨʘʪʴ ʨʘʚʥʦʡ ʛʨʘʚʠʪʘʮʠʦʥʥʦʤʫ ʨʘʜʠʫ-

ʩʫ ʮʝʥʪʨʘʣʴʥʦʛʦ ʪʝʣʘ, ʪʦ ʤʝʪʨʠʢʘ ʀʣʤʘʟʘ ð ʈʦʟʝʥʘ ʙʫʜʝʪ ʩʦʚʧʘʜʘʪʴ ʩ ʤʝʪʨʠ-

ʢʦʡ ʐʚʘʨʮʰʠʣʴʜʘ ʚ ʧʦʩʪ ʥʴʶʪʦʥʦʚʩʢʦʤ ʧʨʠʙʣʠʞʝʥʠʠ. ʊʘʢʞʝ ʚ (3) ʦʪʩʫʪ-

ʩʪʚʫʝʪ ʩʠʥʛʫʣʷʨʥʦʩʪʴ ʥʘ ʛʨʘʚʠʪʘʮʠʦʥʥʦʤ ʨʘʜʠʫʩʝ, ʯʪʦ ʧʨʠʚʦʜʠʪ  

ʢ ʦʪʩʫʪʩʪʚʠʶ ʯʝʨʥʳʭ ʜʳʨ (ʚ ʩʪʘʥʜʘʨʪʥʦʤ ʩʤʳʩʣʝ), ʘ ʨʝʘʣʠʟʫʝʪ ʚʦʟʥʠʢʥʦʚʝʥʠʝ 

ʢʚʘʟʠ-ʯʝʨʥʳʭ ʜʳʨ. ɼʦʧʦʣʥʠʪʝʣʴʥʘʷ ʵʢʩʧʦʥʝʥʪʘ ʚ (2) ʜʘʝʪ ʥʝʙʦʣʴʰʦʝ ʦʪʣʠʯʠʝ 

ʦʪ ʆʊʆ ʚ ʦʧʠʩʘʥʠʠ ʜʚʠʞʝʥʠʷ ʪʝʣ ʚ ʉʦʣʥʝʯʥʦʡ ʩʠʩʪʝʤʝ (ʩʤ. çʧʨʦʣʝʪʥʘʷ ʘʥʦ-

ʤʘʣʠʷè [4]). 
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Abstract. A spherically symmetric solution in the Poincar® gauge theory of gravity in the 

presence of dark energy with an extremely minimal self-action is obtained. The solution 

found is conformal to the well-known Yilmaz ð Rosen metric, which is close to the 

Schwarzschild metric, but has no singularity at the gravitational radius, which leads to the 

absence of black holes and their replacement with quasi-black holes. 

Keywords: Poincare gauge theory of gravity, Yilmaz ð Rosen solution 

Introduction.  It is known that theories of the main fundamental physical fields 

satisfy the gauge principle. The theory of the gravitational field that satisfies this 

principle and generalizes the General Relativity (GR) is the Poincar® gauge theory 

of gravity (PGT) [1, 2]. This work is based on the use of PGT, as well as on the 

development of the ideas of E.B. Gliner [3], who in 1965 proposed to consider the 

cosmological constant in A. Einstein's equations as a cosmic medium, later called 

dark energy.  

Methods and materials; results. The PGT generalizes General Relativity to 

the presence of space-time torsion, i. e. space-time has not only a curvature 2-form 
a
b , but also a torsion 2-form 

a
. In this case, the generalized Palatini formalism 

is used as a variational principle, meaning independent variation by linear connec-

tivity and tetrads. The theory is constructed in the formalism of external forms, and 

the Lagrangian density 4-form is chosen as, 

 
( )

0

2 2 2
0 0 0

,

= 2 1 / 2 d d .

m

a b
b af l -

= +

è øb Øh +b L h+ b bØ* bê ú
  (1) 

Here * is the Hodge dual conjugation operator, h is the volume 4-form, and b
ah  is 

the auxiliary 2-form. The term m  is the Lagrangian density of external fields. 

Here we assume the absence of external fields 0
m
= . The second and last terms 

in (1) describe the generalized, r ð coordinate-dependent (due to the field b) 

ñcosmological constantò 2

0
b L in accordance with Gliner E.B. 
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In the PGT, in the presence of a scalar field b, the Lagrangian density is varied 

with respect to independent variables: the basis 1-form qa, the connection 1-form 
a

bG , and the scalar field b, resulting in three independent equations. 

As a space-time metric, we consider a static spherically symmetric metric with 

two unknown functions ( )rl  and ( )rm . We also have a third unknown function 

( )rb . The solution closest to the Schwarzschild solution is obtained if we neglect 

in the equations the extremely small value of the cosmological constant in the 

modern era. Solving the three field equations indicated above, we obtain a metric 

conformal to the well-known Yilmaz ð Rosen metric, 
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-
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-

= - + q + q f  (3) 

Conclusion. If the value rg is chosen equal to the gravitational radius of the 

central body, then the Yilmaz ð Rosen metric will coincide with the Schwarz-

schild metric in the post-Newtonian approximation. Also in (3) there is no singular-

ity at the gravitational radius, which leads to the absence of black holes (in the 

standard sense), but implements the emergence of quasi-black holes. The additional 

exponent in (2) gives a slight difference from the GR in the description of the mo-

tion of bodies in the Solar system (see ñflight anomalyò [4]). 
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ɸʥʥʦʪʘʮʠʷ. ʋʩʪʘʥʦʚʣʝʥʘ ʥʦʚʘʷ ʥʝʤʠʥʠʤʘʣʴʥʘʷ ʚʝʨʩʠʷ ʪʝʦʨʠʠ ʕʡʥʰʪʝʡʥʘ ð ɼʠʨʘ-

ʢʘ-ʘʢʩʠʦʥʘ. ʕʪʘ ʚʝʨʩʠʷ ʥʝʤʠʥʠʤʘʣʴʥʦʡ ʪʝʦʨʠʠ, ʦʧʠʩʳʚʘʶʱʘʷ ʚʟʘʠʤʦʜʝʡʩʪʚʠʝ ʛʨʘʚʠ-

ʪʘʮʠʦʥʥʦʛʦ, ʩʧʠʥʦʨʥʦʛʦ ʠ ʘʢʩʠʦʥʥʦʛʦ ʧʦʣʝʡ, ʠʤʝʝʪ ʚʪʦʨʦʡ ʧʦʨʷʜʦʢ ʧʦ ʧʨʦʠʟʚʦʜʥʳʤ 

ʚ ʢʦʥʪʝʢʩʪʝ ʵʬʬʝʢʪʠʚʥʦʡ ʪʝʦʨʠʠ ʧʦʣʷ ʠ ʧʝʨʚʳʡ ʧʦʨʷʜʦʢ ʧʦ ʧʣʦʪʥʦʩʪʠ ʯʠʩʣʘ ʩʧʠʥʦʨ-

ʥʳʭ ʯʘʩʪʠʮ. ʄʦʜʝʣʴʥʳʡ ʣʘʛʨʘʥʞʠʘʥ ʩʦʜʝʨʞʠʪ ʯʝʪʳʨʝ ʧʘʨʘʤʝʪʨʘ ʥʝʤʠʥʠʤʘʣʴʥʦʡ 

ʩʚʷʟʠ ʠ ʚʢʣʶʯʘʝʪ, ʚ ʜʦʧʦʣʥʝʥʠʝ ʢ ʪʝʥʟʦʨʫ ʈʠʤʘʥʘ, ʈʠʯʯʠ ʠ ʩʢʘʣʷʨʫ ʈʠʯʯʠ, ʣʝʚʦʜʫ-

ʘʣʴʥʳʡ ʠ ʧʨʘʚʦʜʫʘʣʴʥʳʡ ʪʝʥʟʦʨʳ ʢʨʠʚʠʟʥʳ. ʇʩʝʚʜʦʩʢʘʣʷʨʥʦʝ ʧʦʣʝ ʧʦʷʚʣʷʝʪʩʷ ʚ ʣʘ-

ʛʨʘʥʞʠʘʥʝ ʚ ʪʝʨʤʠʥʘʭ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʠʭ ʬʫʥʢʮʠʡ, ʦʙʝʩʧʝʯʠʚʘʷ ʧʦʜʜʝʨʞʢʫ ʜʠʩ-

ʢʨʝʪʥʦʡ ʩʠʤʤʝʪʨʠʠ, ʩʚʷʟʘʥʥʦʡ ʩ ʘʢʩʠʦʥʘʤʠ. ɺʳʚʝʜʝʥʘ ʩʚʷʟʘʥʥʘʷ ʩʠʩʪʝʤʘ 

ʨʘʩʰʠʨʝʥʥʳʭ ʦʩʥʦʚʥʳʭ ʫʨʘʚʥʝʥʠʡ ʜʣʷ ʛʨʘʚʠʪʘʮʠʦʥʥʦʛʦ, ʩʧʠʥʦʨʥʦʛʦ ʠ ʘʢʩʠʦʥʥʦʛʦ 

ʧʦʣʝʡ; ʦʙʩʫʞʜʘʝʪʩʷ ʩʪʨʫʢʪʫʨʘ ʥʦʚʳʭ ʥʝʤʠʥʠʤʘʣʴʥʳʭ ʠʩʪʦʯʥʠʢʦʚ, ʧʦʷʚʣʷʶʱʠʭʩʷ  

ʚ ʵʪʠʭ ʦʩʥʦʚʥʳʭ ʫʨʘʚʥʝʥʠʷʭ. ʈʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʧʨʠʤʝʥʝʥʠʝ ʫʩʪʘʥʦʚʣʝʥʥʦʡ ʪʝʦʨʠʠ  

ʢ ʠʟʦʪʨʦʧʥʦʡ ʦʜʥʦʨʦʜʥʦʡ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʡ ʤʦʜʝʣʠ; ʇʨʝʜʩʪʘʚʣʝʥʳ ʥʦʚʳʝ ʪʦʯʥʳʝ 

ʨʝʰʝʥʠʷ ʜʣʷ ʥʝʩʢʦʣʴʢʠʭ ʤʦʜʝʣʴʥʳʭ ʥʘʙʦʨʦʚ ʥʘʧʨʘʚʣʷʶʱʠʭ ʥʝʤʠʥʠʤʘʣʴʥʳʭ ʧʘʨʘ-

ʤʝʪʨʦʚ. ʇʨʝʜʩʪʘʚʣʝʥʦ ʩʧʝʮʠʘʣʴʥʦʝ ʨʝʰʝʥʠʝ, ʦʧʠʩʳʚʘʶʱʝʝ ʵʢʩʧʦʥʝʥʮʠʘʣʴʥʳʡ ʨʦʩʪ 

ʧʣʦʪʥʦʩʪʠ ʯʠʩʣʘ ʩʧʠʥʦʨʦʚ; ʵʪʦ ʨʝʰʝʥʠʝ ʧʦʢʘʟʳʚʘʝʪ, ʯʪʦ ʩʧʠʥʦʨʥʳʝ ʯʘʩʪʠʮʳ (ʤʘʩ-

ʩʠʚʥʳʝ ʬʝʨʤʠʦʥʳ ʠ ʙʝʟʤʘʩʩʦʚʳʝ ʥʝʡʪʨʠʥʦ) ʤʦʛʫʪ ʨʦʞʜʘʪʴʩʷ ʚ ʨʘʥʥʝʡ ɺʩʝʣʝʥʥʦʡ ʠʟ-

ʟʘ ʥʝʤʠʥʠʤʘʣʴʥʦʛʦ ʚʟʘʠʤʦʜʝʡʩʪʚʠʷ ʩ ʢʨʠʚʠʟʥʦʡ ʧʨʦʩʪʨʘʥʩʪʚʘ-ʚʨʝʤʝʥʠ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʘʣʴʪʝʨʥʘʪʠʚʥʳʝ ʪʝʦʨʠʠ ʛʨʘʚʠʪʘʮʠʠ, ʪʝʦʨʠʷ ʕʡʥʰʪʝʡʥʘ-ɼʠʨʘʢʘ, 

ʘʢʩʠʦʥ, ʩʧʠʥʦʨ 

ɺʚʝʜʝʥʠʝ. ʀʤʝʷ ʚ ʚʠʜʫ ʫʧʦʤʷʥʫʪʳʝ ʜʝʪʘʣʠ ʠʩʪʦʨʠʠ ʥʝʤʠʥʠʤʘʣʴʥʦʡ ʪʝʦʨʠʠ 

ʧʦʣʷ, ʤʳ ʫʩʪʘʥʦʚʠʣʠ ʟʜʝʩʴ ʥʦʚʫʶ ʧʦʣʥʫʶ ʥʝʤʠʥʠʤʘʣʴʥʫʶ ʚʝʨʩʠʶ ʪʝʦʨʠʠ 

ʕʡʥʰʪʝʡʥʘ ð ɼʠʨʘʢʘ -ʘʢʩʠʦʥʘ, ʢʦʪʦʨʘʷ ʣʠʥʝʡʥʘ ʧʦ ʢʨʠʚʠʟʥʝ, ʠʤʝʝʪ ʚʪʦʨʦʡ 

ʧʦʨʷʜʦʢ ʧʦ ʧʨʦʠʟʚʦʜʥʳʤ, ʣʠʥʝʡʥʘ ʧʦ ʧʣʦʪʥʦʩʪʠ ʯʠʩʣʘ ʩʧʠʥʦʨʥʳʭ ʯʘʩʪʠʮ  

ʠ ʥʝʣʠʥʝʡʥʘ ʧʦ ʘʢʩʠʦʥʥʦʤʫ ʧʦʣʶ. ʉʪʘʪʴʷ ʦʨʛʘʥʠʟʦʚʘʥʘ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ. 

ʉʥʘʯʘʣʘ ʤʳ ʩʪʨʦʠʤ ʣʘʛʨʘʥʞʠʘʥ ʥʝʤʠʥʠʤʘʣʴʥʦʡ ʪʝʦʨʠʠ ʕʡʥʰʪʝʡʥʘ ð ɼʠʨʘ-

ʢʘ-ʘʢʩʠʦʥʘ ʠ ʚʳʚʦʜʠʤ ʨʘʩʰʠʨʝʥʥʳʝ ʦʩʥʦʚʥʳʝ ʫʨʘʚʥʝʥʠʷ ʜʣʷ ʩʧʠʥʦʨʥʳʭ, 

ʧʩʝʚʜʦʩʢʘʣʷʨʥʳʭ ʠ ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʧʦʣʝʡ. ɿʘʪʝʤ ʤʳ ʧʨʠʤʝʥʷʝʤ ʫʩʪʘʥʦʚʣʝʥ-

ʥʫʶ ʨʘʩʰʠʨʝʥʥʫʶ ʪʝʦʨʠʶ ʢ ʦʜʥʦʨʦʜʥʦʡ ʠʟʦʪʨʦʧʥʦʡ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʡ ʤʦʜʝ-

ʣʠ, ʦʧʠʩʳʚʘʝʤ ʵʚʦʣʶʮʠʶ ʠʥʚʘʨʠʘʥʪʦʚ ʩʧʠʥʦʨʥʦʛʦ ʧʦʣʷ, ʘʥʘʣʠʟʠʨʫʝʤ ʧʦʚʝ-

ʜʝʥʠʝ ʬʫʥʢʮʠʠ ʍʘʙʙʣʘ ʠ ʤʘʩʰʪʘʙʥʦʛʦ ʬʘʢʪʦʨʘ. ʏʪʦʙʳ ʙʳʪʴ ʙʦʣʝʝ ʪʦʯʥʳʤ,  

ʚ ʨʘʟʜʝʣʝ III ʤʳ ʨʝʜʫʮʠʨʫʝʤ ʦʩʥʦʚʥʳʝ ʫʨʘʚʥʝʥʠʷ ʩʧʠʥʦʨʥʳʭ, ʘʢʩʠʦʥʥʳʭ ʠ 

ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʧʦʣʝʡ, ʧʨʠʥʠʤʘʷ ʚʦ ʚʥʠʤʘʥʠʝ ʩʠʤʤʝʪʨʠʶ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦ-
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ʚʨʝʤʝʥʥʦʡ ʧʣʘʪʬʦʨʤʳ ʌʨʠʜʤʘʥʘ ð ʃʝʤʝʪʨʘ ð ʈʦʙʝʨʪʩʦʥʘ ð ʋʦʢʝʨʘ 

(FLRW). ɿʘʪʝʤ ʤʳ ʠʤʝʝʤ ʜʝʣʦ ʩ ʪʦʯʥʦ ʠʥʪʝʛʨʠʨʫʝʤʦʡ ʤʦʜʝʣʴʶ, ʚ ʢʦʪʦʨʦʡ 

ʘʢʩʠʦʥʥʦʝ ʧʦʣʝ ʟʘʤʦʨʦʞʝʥʦ ʚ ʦʜʥʦʤ ʠʟ ʤʠʥʠʤʫʤʦʚ ʧʦʪʝʥʮʠʘʣʘ ʘʢʩʠʦʥʥʦʛʦ 

ʧʦʣʷ ʠ, ʪʘʢʠʤ ʦʙʨʘʟʦʤ, ʥʘʭʦʜʠʪʩʷ ʚ ʨʘʚʥʦʚʝʩʥʦʤ ʩʦʩʪʦʷʥʠʠ; ʚ ʨʘʟʜʝʣʝ V ʘʢ-

ʩʠʦʥʥʦʝ ʧʦʣʝ ʟʘʬʠʢʩʠʨʦʚʘʥʦ ʚ ʥʝʩʪʘʙʠʣʴʥʦʤ ʩʦʩʪʦʷʥʠʠ, ʩʚʷʟʘʥʥʦʤ ʩ ʦʜʥʠʤ 

ʠʟ ʤʘʢʩʠʤʫʤʦʚ ʧʦʪʝʥʮʠʘʣʘ ʘʢʩʠʦʥʘ. ɺ ʢʦʥʮʝ ʤʳ ʦʙʩʫʞʜʘʝʤ ʬʠʟʠʯʝʩʢʠʝ ʩʣʝʜ-

ʩʪʚʠʷ ʥʝʤʠʥʠʤʘʣʴʥʳʭ ʛʨʘʚʠʪʦʥ-ʩʧʠʥʦʨ-ʘʢʩʠʦʥʥʳʭ ʚʟʘʠʤʦʜʝʡʩʪʚʠʡ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ʅʝʤʠʥʠʤʘʣʴʥʳʝ ʯʣʝʥʳ ʚ ʣʘʛʨʘʥʞʠ-

ʘʥʝ ʵʪʦʡ ʪʝʦʨʠʠ ʬʦʨʤʫʣʠʨʫʶʪʩʷ ʢʘʢ ʪʝʥʟʦʨʥʳʝ ʧʨʦʠʟʚʝʜʝʥʠʷ ʪʝʥʟʦʨʘ ʈʠʤʘʥʘ 

Rmnpq, ʝʛʦ ʣʝʚʦʜʫʘʣʴʥʦʛʦ, Rzmnpq, ʠ ʧʨʘʚʦʜʫʘʣʴʥʦʛʦ, Rmznpq, ʪʝʥʟʦʨʦʚ,  

ʘ ʪʘʢʞʝ ʪʝʥʟʦʨʘ ʈʠʯʯʠ Rmn ʠ ʩʢʘʣʷʨʘ ʈʠʯʯʠ R ʩ ʦʜʥʦʡ ʩʪʦʨʦʥʳ, ʠ ʩʧʠʥʦʨ-

ʥʦ-ʘʢʩʠʦʥʥʳʭ ʪʝʥʟʦʨʦʚ ʠ ʧʩʝʚʜʦʪʝʥʟʦʨʦʚ ʩ ʜʨʫʛʦʡ ʩʪʦʨʦʥʳ. ɺʩʝ ʧʨʦʠʟʚʦʜ-

ʥʳʝ ʚ ʥʝʤʠʥʠʤʘʣʴʥʳʭ ʯʣʝʥʘʭ ʧʨʦʠʟʦʰʣʠ ʦʪ ʪʝʥʟʦʨʘ ʢʨʠʚʠʟʥʳ ʠ ʝʛʦ ʩʚʝʨ-

ʪʦʢ; ʩʧʠʥʦʨʥʦ-ʘʢʩʠʦʥʥʳʝ ʪʝʥʟʦʨʳ ʠ ʧʩʝʚʜʦʪʝʥʟʦʨʳ ʥʝ ʩʦʜʝʨʞʘʪ 

ʧʨʦʠʟʚʦʜʥʳʭ. ɺ ʵʪʦʤ ʩʤʳʩʣʝ ʥʘʙʦʨ ʥʝʤʠʥʠʤʘʣʴʥʳʭ ʯʣʝʥʦʚ ʷʚʣʷʝʪʩʷ ʧʦʣ-

ʥʳʤ: ʥʝʪ ʥʦʚʳʭ ʥʝʟʘʚʠʩʠʤʳʭ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʦʙʲʝʢʪʦʚ ʚʧʣʦʪʴ ʜʦ ʚʪʦʨʦʛʦ 

ʧʦʨʷʜʢʘ ʧʦ ʧʨʦʠʟʚʦʜʥʳʤ ʚ ʢʦʥʪʝʢʩʪʝ ʵʬʬʝʢʪʠʚʥʦʡ ʪʝʦʨʠʠ ʧʦʣʷ. ɼʣʷ ʧʦ-

ʩʪʨʦʝʥʠʷ ʧʦʣʥʦʛʦ ʣʘʛʨʘʥʞʠʘʥʘ ʧʨʝʜʩʪʘʚʣʝʥʥʦʡ ʪʝʦʨʠʠ ʤʳ ʠʩʧʦʣʴʟʦʚʘʣʠ ʪʘʢ 

ʥʘʟʳʚʘʝʤʳʝ ʩʧʠʥʦʨʥʦ-ʘʢʩʠʦʥʥʳʝ ʪʝʥʟʦʨʳ ʠ ʧʩʝʚʜʦʪʝʥʟʦʨʳ. ʕʪʫ ʠʜʝʶ ʤʦʞ-

ʥʦ ʧʦʷʩʥʠʪʴ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ. ɽʩʣʠ ʚ ʢʘʯʝʩʪʚʝ ʤʥʦʞʠʪʝʣʷ ʠʩʧʦʣʴʟʦʚʘʪʴ 

ʥʝʯʝʪʥʫʶ ʬʫʥʢʮʠʶ sin ű, ʪʦ ʧʦʣʫʯʠʤ ʩʧʠʥʦʨʥʦ-ʘʢʩʠʦʥʥʳʡ ʧʩʝʚʜʦʪʝʥʟʦʨ. 

ʇʦʯʝʤʫ ʤʳ ʦʛʨʘʥʠʯʠʚʘʝʤʩʷ ʨʘʤʢʘʤʠ ʣʠʥʝʡʥʦʡ ʪʝʦʨʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʣʦʪʥʦ-

ʩʪʠ ʯʠʩʣʘ ʩʧʠʥʦʨʥʳʭ ʯʘʩʪʠʮ N = ɣɣľ ? ɽʩʣʠ ʨʘʩʩʤʘʪʨʠʚʘʪʴ, ʥʘʧʨʠʤʝʨ, ʪʝʦ-

ʨʠʶ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ, ʪʦ ʣʘʛʨʘʥʞʠʘʥ ʩʣʝʜʫʝʪ ʚʢʣʶʯʠʪʴ ʤʥʦʞʝʩʪʚʦ ʯʣʝʥʦʚ, 

ʠʤʝʶʱʠʭ ʚʠʜ Rmnpq(ɣɔľ mɔnɣ)(ɣɔľ pɔq ɣ), Rmnpq(ɣɔľ mɣ)(ɣɔľ nɔpɔqɣ),  

Rmn(ɣɔľ mɣ)(ɣɔľ n ɣ), ... ʠ ʪ. ʜ. ʆʯʝʚʠʜʥʦ, ʯʪʦ ʪʘʢʘʷ ʤʦʜʝʣʴ ʩʪʘʥʝʪ ʥʝʵʬʬʝʢ-

ʪʠʚʥʦʡ ʠʟ-ʟʘ ʙʦʣʴʰʦʛʦ ʯʠʩʣʘ ʬʝʥʦʤʝʥʦʣʦʛʠʯʝʩʢʠʭ ʧʘʨʘʤʝʪʨʦʚ. ʅʘʧʦʤʥʠʤ, 

ʯʪʦ ʧʦʩʪʨʦʝʥʥʘʷ ʪʝʦʨʠʷ ʩʦʜʝʨʞʠʪ ʚʩʝʛʦ ʯʝʪʳʨʝ ʥʝʤʠʥʠʤʘʣʴʥʳʭ ʧʘʨʘʤʝʪʨʘ: 

ɓ1, ɓ2, ɓ zʠ ɜz. ʄʳ ʭʦʪʝʣʠ ʙʳ ʦʙʨʘʪʠʪʴ ʚʥʠʤʘʥʠʝ ʥʘ ʪʦ, ʯʪʦ ʨʘʩʰʠʨʝʥʥʳʝ 

ʫʨʘʚʥʝʥʠʷ ʩʧʠʥʦʨʥʦʛʦ ʧʦʣʷ ʠʤʝʶʪ ʩʪʨʫʢʪʫʨʫ ʢʘʥʦʥʠʯʝʩʢʦʛʦ ʫʨʘʚʥʝʥʠʷ ɼʠ-

ʨʘʢʘ, ʥʦ ʚʤʝʩʪʦ ʟʘʪʨʘʚʦʯʥʦʡ ʤʘʩʩʳ m, ʫʤʥʦʞʝʥʥʦʡ ʥʘ ʝʜʠʥʠʯʥʫʶ ʤʘʪʨʠʮʫ E, 

ʤʳ ʧʦʣʫʯʘʝʤ ʵʬʬʝʢʪʠʚʥʫʶ ʤʘʩʩʦʚʫʶ ʤʘʪʨʠʮʫ M, ʢʦʪʦʨʘʷ ʟʘʚʠʩʠʪ ʦʪ ʪʝʥʟʦʨʘ 

ʢʨʠʚʠʟʥʳ ʠ ʦʪ ʘʢʩʠʦʥʥʦʛʦ ʧʦʣʷ. ɸʥʘʣʦʛʠʯʥʦ, ʨʘʩʰʠʨʝʥʥʦʝ ʫʨʘʚʥʝʥʠʝ ʜʣʷ 

ʘʢʩʠʦʥʥʦʛʦ ʧʦʣʷ ʩʦʜʝʨʞʠʪ ʚʤʝʩʪʦ ʟʘʪʨʘʚʦʯʥʦʡ ʤʘʩʩʳ mA ʵʬʬʝʢʪʠʚʥʫʶ ʤʘʩ-

ʩʫ ʘʢʩʠʦʥʘ MA, ʢʦʪʦʨʘʷ ʟʘʚʠʩʠʪ ʦʪ ʩʢʘʣʷʨʦʚ R ʠ N. ʕʪʠ ʵʬʬʝʢʪʠʚʥʳʝ ʤʘʩʩʳ, 

ʩʚʷʟʘʥʥʳʝ ʩ ʢʨʠʚʠʟʥʦʡ ʧʨʦʩʪʨʘʥʩʪʚʘ-ʚʨʝʤʝʥʠ, ʧʨʝʜʦʧʨʝʜʝʣʷʶʪ ʧʦʚʝʜʝʥʠʝ 

ʩʧʠʥʦʨʥʳʭ ʯʘʩʪʠʮ (ʤʘʩʩʠʚʥʳʭ ʬʝʨʤʠʦʥʦʚ ʠ ʙʝʟʤʘʩʩʦʚʳʭ ʥʝʡʪʨʠʥʦ) ʠ ʜʠʥʘ-

ʤʠʢʫ ʘʢʩʠʦʥʦʚ ʚ ʨʘʥʥʝʡ ɺʩʝʣʝʥʥʦʡ. 

ʇʨʠʤʝʥʝʥʠʝ ʩʬʦʨʤʫʣʠʨʦʚʘʥʥʦʡ ʥʝʤʠʥʠʤʘʣʴʥʦʡ ʪʝʦʨʠʠ ʢ ʠʟʦʪʨʦʧʥʦʡ 

ʦʜʥʦʨʦʜʥʦʡ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʡ ʤʦʜʝʣʠ ʚʳʷʚʠʣʦ ʠʥʪʝʨʝʩʥʫʶ ʜʝʪʘʣʴ. ɽʩʣʠ ʚʚʝ-

ʩʪʠ ʦʜʠʥ ʩʧʠʥʦʨʥʳʡ ʩʢʘʣʷʨ S = ɣɣľ ʠ ʜʚʘ ʩʧʠʥʦʨʥʳʭ ʧʩʝʚʜʦʩʢʘʣʷʨʘ  

P = iɣɔľ 5ɣ, ɋ = ɣɔľ 0ɔ ɣ, ʪʦ ʵʚʦʣʶʮʠʦʥʥʳʝ ʫʨʘʚʥʝʥʠʷ ʜʣʷ ʵʪʠʭ ʚʝʣʠʯʠʥ ʦʙ-

ʨʘʟʫʶʪ ʟʘʤʢʥʫʪʫʶ ʩʠʩʪʝʤʫ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ. 
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ɹʦʣʝʝ ʪʦʛʦ, ʵʪʘ ʩʠʩʪʝʤʘ ʜʦʧʫʩʢʘʝʪ ʷʚʥʳʡ ʧʝʨʚʳʡ ʠʥʪʝʛʨʘʣ, ʠ, ʪʘʢʠʤ ʦʙʨʘʟʦʤ, 

ʪʦʣʴʢʦ ʜʚʝ ʚʝʣʠʯʠʥʳ, S(t) ʠ P(t), ʭʘʨʘʢʪʝʨʠʟʫʶʪ ʵʚʦʣʶʮʠʶ ʛʨʘʚʠʪʘʮʠʦʥʥʦʛʦ 

ʧʦʣʷ ʠ ʚʭʦʜʷʪ ʚ ʠʩʪʦʯʥʠʢ-ʯʣʝʥ J, ʢʦʪʦʨʳʡ ʧʨʝʜʦʧʨʝʜʝʣʷʝʪ ʵʚʦʣʶʮʠʶ ʘʢʩʠʦʥ-

ʥʦʛʦ ʧʦʣʷ. ʄʳ ʧʦʜʨʦʙʥʦ ʧʨʦʘʥʘʣʠʟʠʨʦʚʘʣʠ ʜʚʝ ʪʦʯʥʦ ʠʥʪʝʛʨʠʨʫʝʤʳʝ ʧʦʜʤʦ-

ʜʝʣʠ ʵʚʦʣʶʮʠʠ ʥʝʤʠʥʠʤʘʣʴʥʦ ʩʚʷʟʘʥʥʦʡ ʩʧʠʥʦʨʥʦ-ʘʢʩʠʦʥʥʦʡ ʩʠʩʪʝʤʳ ʚ ʛʨʘ-

ʚʠʪʘʮʠʦʥʥʦʤ ʧʦʣʝ ʪʠʧʘ FLRW. ɺ ʧʝʨʚʦʡ ʧʦʜʤʦʜʝʣʠ ʧʩʝʚʜʦʩʢʘʣʷʨʥʦʝ ʧʦʣʝ 

ʧʨʝʜʧʦʣʘʛʘʣʦʩʴ ʟʘʤʦʨʦʞʝʥʥʳʤ ʚ ʦʜʥʦʤ ʠʟ ʤʠʥʠʤʫʤʦʚ ʧʦʪʝʥʮʠʘʣʘ ʘʢʩʠʦʥʥʦ-

ʛʦ ʧʦʣʷ, ű = 2ḱ, ʪ. ʝ. ʘʢʩʠʦʥʳ ʩʯʠʪʘʣʠʩʴ ʥʘʭʦʜʷʱʠʤʠʩʷ ʚ ʨʘʚʥʦʚʝʩʥʦʤ ʩʦʩʪʦ-

ʷʥʠʠ. ɸʥʘʣʠʟ ʪʦʯʥʳʭ ʨʝʰʝʥʠʡ, ʦʧʠʩʳʚʘʶʱʠʭ ʬʫʥʢʮʠʶ ʍʘʙʙʣʘ H(t),  

ʤʘʩʰʪʘʙʥʳʡ ʬʘʢʪʦʨ a(t) ʠ ʧʘʨʘʤʝʪʨ ʫʩʢʦʨʝʥʠʷ īq(t), ʧʦʢʘʟʳʚʘʝʪ, ʯʪʦ ʚ ʟʘʚʠ-

ʩʠʤʦʩʪʠ ʦʪ ʟʥʘʯʝʥʠʡ ʥʝʤʠʥʠʤʘʣʴʥʳʭ ʥʘʧʨʘʚʣʷʶʱʠʭ ʧʘʨʘʤʝʪʨʦʚ ɓ1, ɓ2, ɓ,z ɜ z

ɺʩʝʣʝʥʥʘʷ ʤʦʞʝʪ ʙʳʪʴ ʦʭʘʨʘʢʪʝʨʠʟʦʚʘʥʘ ʩʮʝʥʘʨʠʷʤʠ ɹʦʣʴʰʦʛʦ ʈʘʟʨʳʚʘ, 

ɹʦʣʴʰʦʛʦ ɺʟʨʳʚʘ ʠ ʇʩʝʚʜʦʨʘʟʨʳʚʘ. 

ɿʘʢʣʶʯʝʥʠʝ. ʄʳ ʦʙʩʫʞʜʘʝʤ ʥʦʚʫʶ ʚʝʨʩʠʶ ʥʝʤʠʥʠʤʘʣʴʥʦʡ ʪʝʦʨʠʠ 

ʕʡʥʰʪʝʡʥʘ-ɼʠʨʘʢʘ-ʘʢʩʠʦʥʘ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ ʧʦ ʧʨʦʠʟʚʦʜʥʳʤ ʠ ʧʝʨʚʦʛʦ ʧʦ-

ʨʷʜʢʘ ʧʦ ʧʣʦʪʥʦʩʪʠ ʯʠʩʣʘ ʩʧʠʥʦʨʥʳʭ ʯʘʩʪʠʮ N.  

ʂʘʢʦʚʳ ʠʥʪʝʨʝʩʥʳʝ ʜʝʪʘʣʠ ʵʪʦʡ ʪʝʦʨʠʠ? ʅʝʤʠʥʠʤʘʣʴʥʳʝ ʯʣʝʥʳ ʚ ʣʘ-

ʛʨʘʥʞʠʘʥʝ ʵʪʦʡ ʪʝʦʨʠʠ ʬʦʨʤʫʣʠʨʫʶʪʩʷ ʢʘʢ ʪʝʥʟʦʨʥʳʝ ʧʨʦʠʟʚʝʜʝʥʠʷ ʪʝʥʟʦʨʘ 

ʈʠʤʘʥʘ Rmnpq, ʝʛʦ ʣʝʚʦʜʫʘʣʴʥʦʛʦ, Rmnpq*, ʠ ʧʨʘʚʦʜʫʘʣʴʥʦʛʦ, ʪʝʥʟʦʨʦʚ, ʘ 

ʪʘʢʞʝ ʪʝʥʟʦʨʘ ʈʠʯʯʠ ʠ ʩʢʘʣʷʨʘ ʈʠʯʯʠ R ʩ ʦʜʥʦʡ ʩʪʦʨʦʥʳ, ʠ ʩʧʠʥʦʨʥʦ-

ʘʢʩʠʦʥʥʳʭ ʪʝʥʟʦʨʦʚ ʠ ʧʩʝʚʜʦʪʝʥʟʦʨʦʚ ʩ ʜʨʫʛʦʡ ʩʪʦʨʦʥʳ. ɺʩʝ ʧʨʦʠʟʚʦʜʥʳʝ ʚ 

ʥʝʤʠʥʠʤʘʣʴʥʳʭ ʯʣʝʥʘʭ ʧʨʦʠʟʦʰʣʠ ʦʪ ʪʝʥʟʦʨʘ ʢʨʠʚʠʟʥʳ ʠ ʝʛʦ ʩʚʝʨʪʦʢ; ʩʧʠ-

ʥʦʨʥʦ-ʘʢʩʠʦʥʥʳʝ ʪʝʥʟʦʨʳ ʠ ʧʩʝʚʜʦʪʝʥʟʦʨʳ ʥʝ ʩʦʜʝʨʞʘʪ ʧʨʦʠʟʚʦʜʥʳʭ. ɺ ʵʪʦʤ 

ʩʤʳʩʣʝ ʥʘʙʦʨ ʥʝʤʠʥʠʤʘʣʴʥʳʭ ʯʣʝʥʦʚ, ʧʝʨʝʯʠʩʣʝʥʥʳʭ ʚ ʨʘʙʦʪʝ, ʷʚʣʷʝʪʩʷ 

ʧʦʣʥʳʤ: ʚ ʢʦʥʪʝʢʩʪʝ ʵʬʬʝʢʪʠʚʥʦʡ ʪʝʦʨʠʠ ʧʦʣʷ ʥʝʪ ʥʦʚʳʭ ʥʝʟʘʚʠʩʠʤʳʭ ʛʝʦ-

ʤʝʪʨʠʯʝʩʢʠʭ ʦʙʲʝʢʪʦʚ ʚʧʣʦʪʴ ʜʦ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ ʧʦ ʧʨʦʠʟʚʦʜʥʳʤ. 

ʄʳ ʭʦʪʝʣʠ ʙʳ ʦʙʨʘʪʠʪʴ ʚʥʠʤʘʥʠʝ ʥʘ ʪʦ, ʯʪʦ ʨʘʩʰʠʨʝʥʥʳʝ ʫʨʘʚʥʝʥʠʷ 

ʩʧʠʥʦʨʥʦʛʦ ʧʦʣʷ ʠʤʝʶʪ ʩʪʨʫʢʪʫʨʫ ʢʘʥʦʥʠʯʝʩʢʦʛʦ ʫʨʘʚʥʝʥʠʷ ɼʠʨʘʢʘ, ʥʦ ʚʤʝ-

ʩʪʦ ʟʘʪʨʘʚʦʯʥʦʡ ʤʘʩʩʳ m, ʫʤʥʦʞʝʥʥʦʡ ʥʘ ʝʜʠʥʠʯʥʫʶ ʤʘʪʨʠʮʫ E, ʤʳ ʧʦʣʫʯʘ-

ʝʤ ʵʬʬʝʢʪʠʚʥʫʶ ʤʘʩʩʦʚʫʶ ʤʘʪʨʠʮʫ M, ʟʘʚʠʩʷʱʫʶ ʦʪ ʪʝʥʟʦʨʘ ʢʨʠʚʠʟʥʳ ʠ ʦʪ 

ʘʢʩʠʦʥʥʦʛʦ ʧʦʣʷ. ɸʥʘʣʦʛʠʯʥʦ, ʨʘʩʰʠʨʝʥʥʦʝ ʫʨʘʚʥʝʥʠʝ ʜʣʷ ʘʢʩʠʦʥʥʦʛʦ ʧʦʣʷ 

ʩʦʜʝʨʞʠʪ ʵʬʬʝʢʪʠʚʥʫʶ ʤʘʩʩʫ ʘʢʩʠʦʥʘ MA, ʟʘʚʠʩʷʱʫʶ ʦʪ ʩʢʘʣʷʨʦʚ R ʠ N, 

ʚʤʝʩʪʦ ʟʘʪʨʘʚʦʯʥʦʡ ʤʘʩʩʳ mA. ʕʪʠ ʵʬʬʝʢʪʠʚʥʳʝ ʤʘʩʩʳ, ʩʚʷʟʘʥʥʳʝ ʩ ʢʨʠʚʠʟ-

ʥʦʡ ʧʨʦʩʪʨʘʥʩʪʚʘ-ʚʨʝʤʝʥʠ, ʧʨʝʜʦʧʨʝʜʝʣʷʶʪ ʧʦʚʝʜʝʥʠʝ ʩʧʠʥʦʨʥʳʭ ʯʘʩʪʠʮ 

(ʤʘʩʩʠʚʥʳʭ ʬʝʨʤʠʦʥʦʚ ʠ ʙʝʟʤʘʩʩʦʚʳʭ ʥʝʡʪʨʠʥʦ) ʠ ʜʠʥʘʤʠʢʫ ʘʢʩʠʦʥʦʚ ʚ ʨʘʥ-

ʥʝʡ ɺʩʝʣʝʥʥʦʡ. 
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Abstract. The influence of growth of global energy consumption on changes in ecological 

balance in nature is considered. The risks of further growth of use of non-renewable energy 

sources are presented. The directions of development of alternative energy sources are 

shown. The potential possibilities of application of nanotechnologies and innovative nano-

materials in production and transmission of energy aimed at saving natural resources and 

reducing toxic emissions into the environment are listed. Taking into account the specific 

properties of nanosystems, a conclusion is made about the need for systematic research to 

assess the potential risks of application of nanomaterials aimed at ensuring a safe future of 

mankind. 

Keywords: Alternative theories of gravity, Einstein-Dirac theory, axion, spinor 

Introduction.  Keeping in mind the mentioned details of the history of the non-

minimal field theory, we established here the new complete non-minimal version 

of the Einstein-Dirac-axion theory, which is linear in curvature, is of the second 

order in derivatives, is linear in the number density of spinor particles and non-

linear in the axion field. The paper is organized as follows. At first we construct the 

Lagrangian of the non-minimal Einstein-Dirac-axion theory, and derive the extend-

ed master equations for the spinor, pseudoscalar and gravitational fields. Next we 

apply the established extended theory to the homogeneous isotropic cosmological 

model, describe the evolution of the spinor field invariants, analyze the behavior of 

the Hubble function and of the scale factor. To be more precise, in Section III we 
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reduce the master equations of the spinor, axion and gravity fields, taking into ac-

count the symmetry of the Friedmann-Lema´tre-Robertson-Walker (FLRW) space-

time platform. Then we deal with the exactly integrable model, in which the axion 

field is frozen into one of the minima of the axion field potential, and thus is in the 

equilibrium state; in Section V the axion field is fixed in the instable state related to 

one of the maxima of the axion potential. In the end we discuss physical conse-

quences of the non-minimal graviton-spinor-axion interactions. 

Methods and materials; results. The non-minimal terms in the Lagrangian of 

this theory are formulated as tensorial products of the Riemann tensor Rmnpq, of 

its left-dual, z Rmnpq, and right-dual, Rz mnpq, tensors, as well as, of the Ricci ten-

sor Rmn and Ricci scalar R on the one hand, and of the spinor-axionic tensors and 

pseudotensors, on the other hand. All the derivatives in the non-minimal terms 

originated from the curvature tensor and its convolutions; the spinor-axion tensors 

and pseudotensors do not contain derivatives. In this sense, the set of the non-

minimal terms is complete: there are no new independent geometrical objects up to 

the second order in derivatives in the context of the Effective Field Theory. 

 In order to construct the complete Lagrangian of the presented theory, we 

used the so-called spinor-axion tensors and pseudotensors. One can explain this 

idea as follows. If we use the odd function sin ű as the multiplier, we obtain the 

spinor-axion pseudotensor. Why do we restrict ourselves by the frameworks of the 

linear theory with respect to the spinor particle number density N = ɣɣľ ? If we 

consider, e.g., the theory of the second order, we should include into the Lagrangi-

an a lot of terms, which have the form Rmnpq(ɣɔľ mɔnɣ)(ɣɔľ pɔq ɣ), Rmnpq(ɣɔľ 

mɣ)(ɣɔľ nɔpɔqɣ), Rmn(ɣɔľ mɣ)(ɣɔľ n ɣ),..., etc. Clearly, such a model would 

become non-effective because of the large number of phenomenological parame-

ters. Let us recall that the constructed theory contains only four non-minimal pa-

rameters: ɓ1, ɓ2, ɓ zand ɜ.z 

We would like to attract attention to the fact that the extended equations of the 

spinor field have the structure of the canonic Diracôs equation, but instead of the 

seed mass m multiplied by the unit matrix E we obtain an effective mass matrix M, 

which depends on the curvature tensor and on the axion field. Similarly, the ex-

tended equation for the axion field contains the effective axion mass MA, which 

depends on the scalars R and N, instead of the seed mass mA. These effective 

masses, associated with the space-time curvature, predetermine the behavior of the 

spinor particles (massive fermion and massless neutrinos) and the dynamics of the 

axions in the early Universe. 

Application of the formulated non-minimal theory to the isotropic homogene-

ous cosmological model revealed an interesting detail. If we introduce one spinor 

scalar S = ɣɣľ and two spinor pseudoscalars P = iɣɔľ 5ɣ, Ý = ɣɔľ 0ɔ ɣ, the evo-

lutionary equations for these quantities form the closed system of differential equa-

tions of the first order. Moreover, this system admits the explicit first integral, and 

thus, only two quantities, S(t) and P(t), characterize the evolution of the gravita-

tional field, and enter the source-term J, which predetermines the evolution of the 
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axion field. We analyzed in detail two exactly integrable sub-models of evolution 

of the non-minimally coupled spinor-axion system in the gravity field of the FLRW 

type. In the first sub-model, the pseudoscalar field was assumed to be frozen into 

one of the minima of the potential of the axion field, ű = 2ˊk, i.e., the axions are 

considered to be in the equilibrium state. Analysis of the exact solutions describing 

the Hubble function H(t), scale factor a(t) and acceleration parameter īq(t) shows, 

that depending on the values of the non-minimal guiding parameters ɓ1, ɓ2, ɓ,z ɜ z

the Universe can be characterized by the Big Rip, Big Cranch and Pseudo-Rip sce-

naria. 

Conclusion. We discuss the new version of the non-minimal Einstein-Dirac-

axion theory of the second order in derivatives and of the first order in the spinor 

particle number density N = ɣɣľ. What are the interesting details of this theory? 

The non-minimal terms in the Lagrangian of this theory are formulated as tensorial 

products of the Riemann tensor Rmnpq, of its left-dual, Rmnpq*, and right-dual, 

tensors, as well as, of the Ricci tensor and Ricci scalar R on the one hand, and of 

the spinor-axionic tensors and pseudotensors, on the other hand. All the derivatives 

in the non-minimal terms originated from the curvature tensor and its convolutions; 

the spinor-axion tensors and pseudotensors do not contain derivatives. In this 

sense, the set of the non-minimal terms listed in research is complete: there are no 

new independent geometrical objects up to the second order in derivatives in the 

context of the Effective Field Theory. 

We would like to attract attention to the fact that the extended equations of the 

spinor field have the structure of the canonic Diracôs equation, but instead of the 

seed mass m multiplied by the unit matrix E we obtain an effective mass matrix M, 

which depends on the curvature tensor and on the axion field. Similarly, the ex-

tended equation for the axion field contains the effective axion mass MA, which 

depends on the scalars R and N, instead of the seed mass mA. These effective 

masses, associated with the space-time curvature, predetermine the behavior of the 

spinor particles (massive fermion and massless neutrinos) and the dynamics of the 

axions in the early Universe. 
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ɸʥʥʦʪʘʮʠʷ. ʈʘʩʩʤʦʪʨʝʥʘ ʚʦʟʤʦʞʥʦʩʪʴ ʥʘʭʦʞʜʝʥʠʷ ʪʦʯʥʳʭ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʨʝʰʝ-

ʥʠʡ ʫʨʘʚʥʝʥʠʡ ʕʡʥʰʪʝʡʥʘ ʙʝʟ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʡ ʧʦʩʪʦʷʥʥʦʡ ʜʣʷ ʦʪʢʨʳʪʦʡ ʤʦʜʝʣʠ 

ɺʩʝʣʝʥʥʦʡ ʧʫʪʝʤ ʩʚʝʜʝʥʠʷ ʧʨʦʙʣʝʤʳ ʢ ʵʢʚʠʚʘʣʝʥʪʥʦʡ ʟʘʜʘʯʝ ʦʙ ʦʩʮʠʣʣʷʪʦʨʝ ʚ ʦʜʥʦ-

ʨʦʜʥʦʤ ʩʠʣʦʚʦʤ ʧʦʣʝ (çʤʝʭʘʥʠʯʝʩʢʠʡ ʧʦʜʭʦʜè). ɺʟʷʪʘʷ ʢʦʩʤʦʣʦʛʠʯʝʩʢʘʷ ʤʦʜʝʣʴ ʟʘ-

ʧʦʣʥʝʥʘ ʤʘʪʝʨʠʝʡ ʚ ʧʨʠʙʣʠʞʝʥʠʠ ʠʜʝʘʣʴʥʦʡ ʞʠʜʢʦʩʪʠ c ʥʝ ʨʘʚʥʳʤ ʥʫʣʶ ʜʘʚʣʝʥʠʝʤ 

ʠ ʥʘ ʛʘʣʠʣʝʝʚʦʡ ʘʩʠʤʧʪʦʪʠʢʝ ʧʝʨʝʭʦʜʠʪ ʚ ʦʪʢʨʳʪʫʶ ʢʦʩʤʦʣʦʛʠʯʝʩʢʫʶ ʤʦʜʝʣʴ ʌʨʠʜ-

ʤʘʥʘ. ʆʙʥʘʨʫʞʝʥʦ ʚʣʠʷʥʠʝ çʩʠʣʦʚʦʛʦ ʧʦʣʷè ʥʘ ʧʦʚʝʜʝʥʠʝ ʤʦʜʝʣʠ.  

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʝ ʤʦʜʝʣʠ, ʦʙʦʙʱʝʥʠʝ ʦʪʢʨʳʪʦʡ ʤʦʜʝʣʠ ʌʨʠʜʤʘʥʘ 

ɺʚʝʜʝʥʠʝ. ʈʘʥʝʝ ʙʳʣ ʧʨʝʜʣʦʞʝʥ ʤʝʪʦʜ ʢʦʥʩʪʨʫʠʨʦʚʘʥʠʷ ʦʪʢʨʳʪʳʭ ʢʦʩʤʦʣʦ-

ʛʠʯʝʩʢʠʭ ʤʦʜʝʣʝʡ ʚ ʨʘʤʢʘʭ ʆʊʆ ʧʫʪʝʤ ʩʚʝʜʝʥʠʷ ʧʨʦʙʣʝʤʳ ʢ ʟʘʜʘʯʝ ʜʚʠʞʝ-

ʥʠʷ ʯʘʩʪʠʮʳ ʩʠʣʦʚʦʤ ʧʦʣʝ [1, 2]. ʀʩʧʦʣʴʟʦʚʘʥʠʝ ʤʝʭʘʥʠʯʝʩʢʦʡ ʠʥʪʝʨʧʨʝʪʘ-

ʮʠʠ ʜʣʷ ʫʨʘʚʥʝʥʠʡ ʪʷʛʦʪʝʥʠʷ (ʩ ʪʝʥʟʦʨʦʤ ʵʥʝʨʛʠʠ-ʠʤʧʫʣʴʩʘ ʚ ʧʨʠʙʣʠʞʝʥʠʠ 

ʠʜʝʘʣʴʥʦʡ ʞʠʜʢʦʩʪʠ) ʧʨʠʚʦʜʠʪ ʢ ʚʦʟʤʦʞʥʦʩʪʠ ʨʘʩʩʤʦʪʨʝʥʠʷ ʨʘʟʣʠʯʥʳʭ ʩʠ-

ʣʦʚʳʭ ʧʦʣʝʡ, ʥʘʧʨʠʤʝʨ ʧʦʪʝʥʮʠʘʣʴʥʳʭ, ʩ ʧʦʩʣʝʜʫʶʱʝʡ ʬʠʟʠʯʝʩʢʦʡ ʠʥʪʝʨ-

ʧʨʝʪʘʮʠʝʡ ʧʦʣʫʯʘʝʤʳʭ ʪʦʯʥʳʭ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʨʝʰʝʥʠʡ. ɺ ʯʘʩʪʥʦʩʪʠ, ʧʨʠ 

ʦʪʩʫʪʩʪʚʠʠ çʩʠʣʳè (ʜʚʠʞʝʥʠʠ ʧʦ ʠʥʝʨʮʠʠ) ʠʤʝʝʤ ʤʦʜʝʣʴ ʌʨʠʜʤʘʥʘ ʜʣʷ ʦʪ-

ʢʨʳʪʦʡ ɺʩʝʣʝʥʥʦʡ. ɺʚʦʜʷ ʘʥʘʣʦʛ ʫʧʨʫʛʦʡ ʩʠʣʳ ɻʫʢʘ ʠ ʩʚʷʟʘʥʥʦʛʦ ʩ ʵʪʠʤ 

ʛʘʨʤʦʥʠʯʝʩʢʦʛʦ ʦʩʮʠʣʣʷʪʦʨʘ, ʧʦʣʫʯʝʥʥʘʷ ʦʪʢʨʳʪʘʷ ʢʦʩʤʦʣʦʛʠʯʝʩʢʘʷ ʤʦʜʝʣʴ 

ʷʚʣʷʝʪʩʷ ʦʙʦʙʱʝʥʠʝʤ ʦʪʢʨʳʪʦʡ ʤʦʜʝʣʠ ʌʨʠʜʤʘʥʘ ʥʘ ʩʣʫʯʘʡ ʧʨʠʩʫʪʩʪʚʠʷ  

ʠ ʨʘʚʥʦʚʝʩʥʦʛʦ ʠʟʣʫʯʝʥʠʷ. ɼʘʣʴʥʝʡʰʝʝ ʦʙʦʙʱʝʥʠʝ ʩʚʷʟʘʥʦ ʩ ʧʦʤʝʱʝʥʠʝʤ 

ʦʩʮʠʣʣʷʪʦʨʘ ʚ ʦʜʥʦʨʦʜʥʦʝ ʩʠʣʦʚʦʝ ʧʦʣʝ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ʄʝʪʨʠʢʘ ʯʝʪʳʨʝʭʤʝʨʥʦʛʦ ʧʨʦ-

ʩʪʨʘʥʩʪʚʘ-ʚʨʝʤʝʥʠ ʙʝʨʝʪʩʷ ʚ ʬʦʨʤʝ ʌʦʢʘ [3] ʢʘʢ ʤʝʪʨʠʢʘ, ʢʦʥʬʦʨʤʥʘʷ ʤʝʪ-

ʨʠʢʝ ʄʠʥʢʦʚʩʢʦʛʦ ( exp(2 ( )) ,g Smn mn= s Öh diag(1, 1, 1, 1)mnh = - - -) ʩ ʟʘʚʠʩʠ-

ʤʦʩʪʴʶ ʦʪ ʦʜʥʦʡ ʧʝʨʝʤʝʥʥʦʡ S, ʢʚʘʜʨʘʪ ʢʦʪʦʨʦʡ ʝʩʪʴ ʧʨʦʠʟʚʝʜʝʥʠʝ 

ʦʧʝʨʝʞʘʶʱʝʛʦ ʠ ʟʘʧʘʟʜʳʚʘʶʱʝʛʦ ʚʨʝʤʝʥ, 2 2 2;S t r= -  ʘ ʩʢʦʨʦʩʪʴ ʩʚʝʪʘ  

ʠ ʥʴʶʪʦʥʦʚʩʢʘʷ ʛʨʘʚʠʪʘʮʠʦʥʥʘʷ ʧʦʩʪʦʷʥʥʘʷ ʨʘʚʥʳ ʝʜʠʥʠʮʝ. ʇʨʠ ʠʩʧʦʣʴʟʦʚʘ-

ʥʠʠ ʤʝʪʦʜʘ (3 + 1)-ʨʘʩʱʝʧʣʝʥʠʷ ʠ ʚʚʝʜʝʥʠʠ ʙʝʟʨʘʟʤʝʨʥʦʡ ʧʝʨʝʤʝʥʥʦʡ 

/z B S=  (ʧʘʨʘʤʝʪʨ B ʦʪʚʝʪʩʪʚʝʥʝʥ ʟʘ ʥʘʣʠʯʠʝ ʠʟʣʫʯʝʥʠʷ) ʦʜʥʦ ʠʟ ʫʨʘʚʥʝʥʠʡ 

mailto:alex_m_bar@mail.ru
mailto:profill07@mail.ru


  XXIV ˸ ͔͗͒ͯͤ͊ͪͦ͒ͤ͊Ύ ͤ͊ͯ;ͤ͊Ύ ͦͤ͟ͺ͔͔ͪͤͼ͙Ύ ζ͙͙̅͘;͔͙͔ͫ͟ ͙͔͔ͤͭͪͨͪͭ͊ͼ͙͙ ͔͙͙ͭͦͪ ͙͔ͦͭͤͦͫͭ͡Έ͙ͤͦͫͭη 33 

ʕʡʥʰʪʝʡʥʘ ʤʦʞʝʪ ʙʳʪʴ ʧʨʝʜʩʪʘʚʣʝʥʦ ʚ ʚʠʜʝ ʚʪʦʨʦʛʦ ʟʘʢʦʥʘ ʅʴʶʪʦʥʘ, ʯʪʦ 

ʧʦʟʚʦʣʷʝʪ ʛʦʚʦʨʠʪʴ ʦ çʤʝʭʘʥʠʯʝʩʢʦʤ ʧʦʜʭʦʜʝè ʢ ʚʦʧʨʦʩʫ ʦ ʧʦʣʫʯʝʥʠʠ ʢʦʩʤʦ-

ʣʦʛʠʯʝʩʢʠʭ ʤʦʜʝʣʝʡ (ʩʤ. [1, 2]). ɼʘʣʝʝ ʚʚʦʜʠʪʩʷ ʩʫʧʝʨʧʦʟʠʮʠʷ çʩʠʣʳ ɻʫʢʘè  

ʠ çʧʦʩʪʦʷʥʥʦʡ ʨʘʩʪʷʛʠʚʘʶʱʝʡ ʩʠʣʳè. ʇʦʩʣʝ ʨʝʰʝʥʠʷ ʫʨʘʚʥʝʥʠʷ ʢʦʣʝʙʘʥʠʡ  

ʩ ʧʦʩʪʦʷʥʥʦʡ ʚʳʥʫʞʜʘʶʱʝʡ ʩʠʣʦʡ ʠ ʦʧʨʝʜʝʣʝʥʠʷ ʧʦʩʪʦʷʥʥʳʭ ʠʥʪʝʛʨʠʨʦʚʘ-

ʥʠʷ ʠʟ ʪʨʝʙʦʚʘʥʠʷ ʧʨʦʭʦʞʜʝʥʠʷ ʨʝʰʝʥʠʷ ʯʝʨʝʟ ʨʝʰʝʥʠʝ ʌʨʠʜʤʘʥʘ ʥʘ ʘʩʠʤʧ-

ʪʦʪʠʢʝ ʜʣʷ ʦʪʢʨʳʪʦʡ ɺʩʝʣʝʥʥʦʡ ʤʦʞʥʦ ʩʢʦʥʩʪʨʫʠʨʦʚʘʪʴ ʬʫʥʢʮʠʶ ʩʦʩʪʦʷʥʠʷ

/ ,pb= e ʢʦʪʦʨʘʷ ʚ ʢʘʞʜʳʡ ʤʦʤʝʥʪ ʚʨʝʤʝʥʠ ʝʩʪʴ ʫʨʘʚʥʝʥʠʝ ʩʦʩʪʦʷʥʠʷ (p ð 

ʜʘʚʣʝʥʠʝ, e ð ʧʣʦʪʥʦʩʪʴ ʵʥʝʨʛʠʠ),  

( )
( )

2
0

2
0

ctg(z ) 1 1 tg ( )
1

.
3 tg( ) 1 1 tg ( )

z f z
p

z z f z

+a + + +a
b= =
e +a + + + +a

 

ʇʦʚʝʜʝʥʠʝ ʵʪʦʡ ʬʫʥʢʮʠʠ ʠʣʣʶʩʪʨʠʨʫʝʪʩʷ ʥʘ ʨʠʩ. 1, ʛʜʝ ʢʘʞʜʘʷ ʢʨʠʚʘʷ 

ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʦʧʨʝʜʝʣʝʥʥʳʤ ʟʥʘʯʝʥʠʷʤ ʧʘʨʘʤʝʪʨʦʚ a (ʦʪʚʝʪʩʪʚʝʥʥʦʛʦ ʟʘ 

ʥʘʣʠʯʠʝ ʤʘʩʩʦʚʦʡ ʤʘʪʝʨʠʠ) ʠ
0f  (ʧʨʠʚʝʜʝʥʥʘʷ çʚʳʥʫʞʜʘʶʱʘʷ ʩʠʣʘè). ʂʨʠʚʦʡ 

1 ʦʪʚʝʯʘʶʪ 00, 0fa= = (ʤʘʩʩʦʚʘʷ ʤʘʪʝʨʠʷ ʦʪʩʫʪʩʪʚʫʝʪ); ʢʨʠʚʦʡ 2 ʩʦʦʪʚʝʪ-

ʩʪʚʫʶʪ 00,04, 0;fa= = ʘ ʧʨʠ 00,01, 5fa= = ʨʝʘʣʠʟʫʝʪʩʷ ʢʨʠʚʘʷ 3. 

 

 
˾͙ͫΦ мΦ ˥ͪ͊ͺ͙͟ ͍͔͔͙ͨͦ͒ͤΎ ͺͯͤ͟ͼ͙͙ ͫͦͫͭͦΎ͙ͤΎ b ͍  ͘ ͍͙͙͙͊ͫͣͦͫͭ  

ͦͭ ͤ͊͘;͔͙͚ͤ ͔͍ͨ͊ͪ͊ͣͭͪͦ a ͙  f0 

 

ɿʘʢʣʶʯʝʥʠʝ. ʇʦʣʫʯʝʥʥʘʷ ʩ ʧʦʤʦʱʴʶ çʤʝʭʘʥʠʯʝʩʢʦʛʦ ʧʦʜʭʦʜʘè ʦʪʢʨʳ-

ʪʘʷ ʢʦʩʤʦʣʦʛʠʯʝʩʢʘʷ ʤʦʜʝʣʴ ʠʤʝʝʪ ʜʚʘ ʫʧʨʘʚʣʷʶʱʠʭ ʧʘʨʘʤʝʪʨʘ a ʠ 0f , ʧʦʟ-

ʚʦʣʷʶʱʠʭ ʤʝʥʷʪʴ ʧʦʚʝʜʝʥʠʝ ʤʦʜʝʣʠ (ʨʠʩ. 1). ʅʘʧʨʠʤʝʨ, ʜʣʷ ʢʨʠʚʦʡ 1 ʚ ʪʦʯʢʝ 

0z=  ʚʳʧʦʣʥʷʝʪʩʷ ʫʣʴʪʨʘ ʨʝʣʷʪʠʚʠʩʪʩʢʦʝ ʫʨʘʚʥʝʥʠʝ ʩʦʩʪʦʷʥʠʷ (/3p=e),  
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ʘ çʚʢʣʶʯʝʥʠʝè ʧʘʨʘʤʝʪʨʘ 
0f  (ʢʨʠʚʘʷ 3) ʧʨʠʚʦʜʠʪ ʢ ʵʬʬʝʢʪʫ çʢʦʤʧʝʥʩʘʮʠʠè 

ʧʨʠʩʫʪʩʪʚʠʷ ʤʘʩʩʦʚʦʡ ʤʘʪʝʨʠʠ (ʢʨʠʚʘʷ 2). 
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The open Universe model as an oscillatory task  
in a homogenous force field 

Baranov Alexandre Mikhailovich1(*) alex_m_bar@mail.ru 
SPIN-code: 6044-2817 

Saveljev Evgeny Viktorovich2 profill07@mail.ru 

1 KSPU named after V.P. Astafyev, Krasnoyarsk, Russia 

2 hhh άtwhCL[[ τ н{έΣ aƻǎŎƻǿΣ wǳǎǎƛŀ 

Abstract. The possibility of finding the exact cosmological solutions of the Einstein equa-

tions without cosmological constant for open model of the Universe is considered within 

the framework of an equivalent oscillatory task in a homogeneous force field (ña mechani-

cal approachò). The taken cosmological model is filled with the matter in approach of per-

fect fluid with a pressure not equal to zero. On the asymptotic infinity this model is the 

open cosmological model of Friedman. The influence of the ñforce fieldò on behavior of 

model is discovered. 

Keywords: cosmological models, generalization of the open model Friedman 

Introduction. Earlier the method of the construction for open cosmological models 

within general relativity by way of transformation of the problem to the task about 

of the particle movement in the force field was offered in [1, 2]. Use of mechanical 

interpretation for the gravitational equations (with the energy-momentum tensor for 

the perfect fluid) leads to the possibility of consideration of various force fields, for 

example as the potential field, with the subsequent physical interpretation of the 

found exact cosmological solutions. In particular, at absence of ñforceò (i. e. there 

is the inertial movement) we have the open Universe model of Friedman. If we will 

take analogs of Hooke's elastic strength and a harmonic oscillator then the found 

open cosmological model is generalization of the open model Friedman on a case 

of the presence and of the equilibrium radiation. Further generalization is connect-

ed with the oscillator which is in the homogeneous force field. 

mailto:alex_m_bar@mail.ru
mailto:profill07@mail.ru
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Methods and materials; results. The four-dimensional space-time metric is 

chosen in the Fock shape as the conformal metric to Minkowski's metric  

( exp(2 ( )) ;g Smn mn= s Öh diag(1, 1, 1, 1)mnh = - - -) [3] with dependence on one varia-

ble S. The square of this variable is multiplication of the late and advancing times 
2 2 2,S t r= -  and the light speed and Newtonian gravity constant are equal to unit. 

When using the method (3+1)-splittings in 4D space-time and introduction of the 

dimensionless variable /z B S=  (parameter B is responsible for radiation) we can 

present one of Einstein's equations in the form of the second Newton's law. That 

allows speaking about ñmechanical approachò to the problem of finding cosmolog-

ical models (see [1, 2]). Further we introduce the superposition of ñforce of Hookò 

and ñthe constant driving forceò. After the solution of the oscillator equation with 

constant driving force we require of passing the solution through the original 

Friedman solution for the open Universe on the Euclidean asymptotics. In such 

case we find the integration constants and can write the function of state /pb= e 

which in each instant of time is the equation of state (p is a pressure, e is an energy 

density),  

( )
( )

2
0

2
0

ctg(z ) 1 1 tg ( )
1

.
3 tg( ) 1 1 tg ( )

z f z
p

z z f z

+a + + +a
b= =
e +a + + + +a

 

The behavior of this function is illustrated in Fig. 1 where each curve corre-

sponds to defined values of parameters a (responsible for presence of mass matter) 

and f0 (reduced ñdriving forceò). We have the curve 1 for a = 0, f0 = 0 (mass matter 

is absent); the curve 2 with values a = 0,04 and f0 = 0 and parameters for the curve 

3 are a = 0,01, f0 = 5. 
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Fig. 1. The behavior graph of the function of state b in dependence  

on values of parameters a and f0 

Conclusion. The open cosmological model constructed by means of ñmechan-

ical approachò has two control parameters a and f0 which allow to change behavior 

of model (Fig. 1). For example, for the curve 1 at the point 0z=  the ultra relativ-

istic equation of state is satisfied ( /3p=e), and ñturning onò of parameter f0 

(curve 3) leads to the effect of ñcompensatingò of the presence of mass matter 

(curve 2). 
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1 ̅ ˥ˢ˻̂ ˤ˻ ˴̅̂Σ ˴͊͊ͤ͘ΈΣ ˾͙ͦͫͫΎ 

2 ̆ ͙͚͊ͪͭͯͣͫ͟ ͙͍͔͙͔ͯͤͪͫͭͭΣ ̆͊ͪͭͯͣΣ ˿ͯ͒͊ͤ 

ɸʥʥʦʪʘʮʠʷ. ʇʦʣʫʯʝʥʳ ʪʦʯʥʳʝ ʨʝʰʝʥʠʷ ʜʣʷ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʡ ʤʦʜʝʣʠ ɹʠʘʥʢʠ-I ʩ ʦʜ-

ʥʦʥʘʧʨʘʚʣʝʥʥʳʤ ʤʘʛʥʠʪʥʳʤ ʧʦʣʝʤ (ʄʇ) ʚ ʪʝʦʨʠʠ ʛʨʘʚʠʪʘʮʠʠ ʩ ʥʝʤʠʥʠʤʘʣʴʥʦʡ ʢʠ-

ʥʝʪʠʯʝʩʢʦʡ ʩʚʷʟʴʶ (ʅʂʉ) ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ ʩ ʢʨʠʚʠʟʥʦʡ. ʄʦʜʝʣʴ ʠʟʫʯʘʝʪʩʷ ʧʨʠʤʝʥʠ-

ʪʝʣʴʥʦ ʢ ʧʝʨʠʦʜʫ ʜʦ ʠ ʚʦ ʚʨʝʤʷ ʧʝʨʚʠʯʥʦʡ ʠʥʬʣʷʮʠʠ ʚʩʝʣʝʥʥʦʡ. ʇʦʣʫʯʝʥʳ 

ʦʛʨʘʥʠʯʝʥʠʷ ʥʘ ʧʘʨʘʤʝʪʨʳ ʤʦʜʝʣʠ, ʢʦʪʦʨʳʝ ʦʙʝʩʧʝʯʠʚʘʶʪ ʥʘʙʣʶʜʘʝʤʦʝ ʪʝʥʟʦʨʥʦ-

ʩʢʘʣʷʨʥʦʝ ʦʪʥʦʰʝʥʠʝ r , ʦʪʩʫʪʩʪʚʠʝ ʜʫʭʦʚ ʠ ʥʝʫʩʪʦʡʯʠʚʦʩʪʠ ʃʘʧʣʘʩʘ. ʇʨʠ ʪʘʢʠʭ 
ʦʛʨʘʥʠʯʝʥʠʷʭ ʤʦʜʝʣʴ ʦʙʣʘʜʘʝʪ ʥʝʦʙʭʦʜʠʤʳʤʠ ʩʚʦʡʩʪʚʘʤʠ: ʠʟʦʪʨʦʧʠʟʘʮʠʷ, ʙʳʩʪʨʳʡ 

ʧʝʨʝʭʦʜ ʠʟ ʧʦʩʪʩʠʥʛʫʣʷʨʥʦʡ ʵʧʦʭʠ ʢ ʠʥʬʣʷʮʠʠ.  

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ɹʠʘʥʢʠ-I, ʪʝʦʨʠʷ ʍʦʨʥʜʝʩʢʠ, ʥʝʤʠʥʠʤʘʣʴʥʷ ʢʠʥʝʪʠʯʝʩʢʘʷ ʩʚʷʟʴ, 

ʤʘʛʥʠʪʥʦʝ ʧʦʣʝ, ʩʢʘʣʷʨʥʦʝ ʧʦʣʝ 

ɺʚʝʜʝʥʠʝ. ʋʩʢʦʨʝʥʥʦʝ ʨʘʩʰʠʨʝʥʠʝ ɺʩʝʣʝʥʥʦʡ ʤʦʪʠʚʠʨʫʝʪ ʧʨʠʤʝʥʝʥʠʝ 

ʤʦʜʠʬʠʮʠʨʦʚʘʥʥʳʭ ʪʝʦʨʠʡ ʛʨʘʚʠʪʘʮʠʠ, ʚ ʯʘʩʪʥʦʩʪʠ, ʪʝʦʨʠʶ ʍʦʨʥʜʝʩʢʠ (ʊʍ). 

ʊʝʦʨʠʷ ʛʨʘʚʠʪʘʮʠʠ ʩ ʅʂʉ ʝʩʪʴ ʯʘʩʪʥʳʡ ʩʣʫʯʘʡ ʊʍ. ʅʂʉ ʚ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ 

ʤʦʜʝʣʷʭ ʜʘʝʪ ʥʦʚʳʡ ʤʝʭʘʥʠʟʤ ʧʝʨʚʠʯʥʦʡ ʠʥʬʣʷʮʠʠ ʙʝʟ ʥʘʩʪʨʦʡʢʠ ʧʦʪʝʥʮʠʘ-

ʣʘ [1]. ʅʘ ʨʘʥʥʠʭ ʵʪʘʧʘʭ ʵʚʦʣʶʮʠʠ ɺʩʝʣʝʥʥʦʡ ʅʂʉ ʤʦʞʝʪ ʵʢʨʘʥʠʨʦʚʘʪʴ 

ʦʙʳʯʥʫʶ ʤʘʪʝʨʠʶ. ʕʪʦ ʩʚʦʡʩʪʚʦ ʜʘʝʪ ʤʦʜʝʣʴ ʝʩʪʝʩʪʚʝʥʥʦʡ ʩʤʝʥʳ ʢʦʩʤʦʣʦ-

ʛʠʯʝʩʢʠʭ ʵʧʦʭ. ʂʘʢ ʠʟʚʝʩʪʥʦ, ʄʇ ʥʘʙʣʶʜʘʶʪʩʷ ʥʘ ʨʘʟʣʠʯʥʳʭ ʤʘʩʰʪʘʙʘʭ 

ɺʩʝʣʝʥʥʦʡ. ɻʣʦʙʘʣʴʥʦʝ ʄʇ ʧʦʜʨʘʟʫʤʝʚʘʝʪ ʘʥʠʟʦʪʨʦʧʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ-

ʚʨʝʤʷ. ɺ ʘʥʠʟʦʪʨʦʧʥʳʭ ʤʦʜʝʣʷʭ ʩ ʅʂʉ ʜʦʧʫʩʢʘʝʪʩʷ ʥʝʤʦʥʦʪʦʥʥʦʝ ʧʦʚʝʜʝʥʠʝ 

ʘʥʠʟʦʪʨʦʧʠʠ [2, 3]. ʇʨʠʜʝʨʞʠʚʘʷʩʴ ʛʠʧʦʪʝʟʳ ʦ ʨʦʞʜʝʥʠʠ ʄʇ ʜʦ ʠʣʠ ʚʦ ʚʨʝʤʷ 

ʧʝʨʚʠʯʥʦʡ ʠʥʬʣʷʮʠʠ, ʤʳ ʠʟʫʯʘʝʤ ʚʟʘʠʤʦʜʝʡʩʪʚʠʝ ʤʘʛʥʠʪʥʦʛʦ ʠ ʩʢʘʣʷʨʥʦʛʦ 

ʧʦʣʝʡ ʚ ʨʘʤʢʘʭ ʅʂʉ. ʄʳ ʟʘʜʘʝʤʩʷ ʚʦʧʨʦʩʘʤʠ ʦʙ ʠʟʦʪʨʦʧʠʟʘʮʠʠ ʤʦʜʝʣʠ  

ʚ ʭʦʜʝ ʨʘʩʰʠʨʝʥʠʷ, ʦ ʩʣʝʜʩʪʚʠʷʭ ʚʢʣʶʯʝʥʠʷ ʄʇ ʚ ʤʦʜʝʣʴ ʅʂʉ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ʇʣʦʪʥʦʩʪʴ ʜʝʡʩʪʚʠʷ ʜʣʷ ʅʂʉ  

ʠ ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʦʛʦ ʧʦʣʷ ʙʝʨʝʪʩʷ ʚ ʬʦʨʤʝ 

1

2 2 4

R
L g X G F Fm n mh

mn mh

hjmå õ
= - +e -L+ Ð Ð j-æ öç ÷

, 2
PLMm= , 1e=°. 

ʄʦʜʝʣʴ ʠʟʫʯʘʝʪʩʷ ʚ ʨʘʤʢʘʭ ʧʨʦʩʪʨʘʥʩʪʚʘ-ʚʨʝʤʝʥʠ ɹʠʘʥʢʠ I. ʅʝʦʙʭʦʜʠ-

ʤʳʤ, ʥʦ ʥʝʜʦʩʪʘʪʦʯʥʳʤ ʫʩʣʦʚʠʝʤ ʠʟʦʪʨʦʧʠʟʘʮʠʠ ʷʚʣʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ 
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/ 0.e h> ʇʣʦʪʥʦʩʪʴ ʵʥʝʨʛʠʠ ʄʇ ʫʤʝʥʴʰʘʝʪʩʷ ʦʪ ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʟʥʘʯʝʥʠʷ. 

ɺʩʣʝʜʩʪʚʠʝ ʚʢʣʶʯʝʥʠʷ ʄʇ ʚ ʅʂʉ-ʤʦʜʝʣʴ, ʟʥʘʢ ʧʘʨʘʤʝʪʨʘ 1 /l = +ehL m 

ʥʘʯʠʥʘʝʪ ʢʘʯʝʩʪʚʝʥʥʦ ʚʣʠʷʪʴ ʥʘ ʩʚʦʡʩʪʚʘ ʤʦʜʝʣʠ. ɺ ʩʣʫʯʘʝ 0l =  ʧʨʦʮʝʩʩ 

ʠʟʦʪʨʦʧʠʟʘʮʠʠ ʦʪʩʫʪʩʪʚʫʝʪ. ɺ ʩʣʫʯʘʝ 0l<  ʪʠʧ ʩʠʥʛʫʣʷʨʥʦʩʪʠ ʤʝʥʷʝʪʩʷ: 

const,a­  
1/2 ,H t-´ ­¤ 0.t­  ʕʚʦʣʶʮʠʷ ɺʩʝʣʝʥʥʦʡ ʥʘʯʠʥʘʝʪʩʷ ʩ ʥʝʥʫʣʝ-

ʚʦʛʦ ʦʙʲʝʤʘ. ʉʫʱʝʩʪʚʫʶʪ ʜʚʝ ʚʝʪʚʠ ʨʝʰʝʥʠʷ. ʆʜʥʘ ʚʝʪʚʴ ʦʧʠʩʳʚʘʝʪ ʩʞʠʤʘ-

ʶʱʫʶʩʷ ʚʩʝʣʝʥʥʫʶ. ʉʦʛʣʘʩʥʦ ʜʨʫʛʦʡ ʚʝʪʚʠ, ʚʩʝʣʝʥʥʘʷ ʨʘʩʰʠʨʷʝʪʩʷ, ʥʦ ʤʦ-

ʜʝʣʴ ʠʤʝʝʪ ʜʫʭʠ ʠ ʥʝʫʩʪʦʡʯʠʚʦʩʪʴ ʃʘʧʣʘʩʘ. ɺ ʩʣʫʯʘʝ 0l>  ʪʠʧ ʩʠʥʛʫʣʷʨʥʦʩʪʠ 

ʥʝ ʤʝʥʷʝʪʩʷ:
1/3 0,a t́ ­  

1 ,H t-´ ­¤ 0.t­  ʇʦʩʣʝ ʢʦʨʦʪʢʦʡ ʧʦʩʪʩʠʥʛʫ-

ʣʷʨʥʦʡ ʵʧʦʭʠ ʚʩʝʣʝʥʥʘʷ ʚʭʦʜʠʪ ʚ ʢʚʘʟʠʜʝʩʠʪʪʝʨʦʚʩʢʫʶ ʵʧʦʭʫ ʩ ʧʘʨʘʤʝʪʨʦʤ 
38 1/ (3 ) 6 10 sec .h -

h= e h º Ö  ʉ ʥʘʯʘʣʘ ʠʥʬʣʷʮʠʠ (0,387h thÖ º ) ʤʦʜʝʣʴ ʩʪʘ-

ʥʦʚʠʪʩʷ ʠʟʦʪʨʦʧʥʦʡ ʟʘ ʥʝʩʢʦʣʴʢʦ ʝʜʠʥʠʮ h thÖ (ʧʨʦʜʦʣʞʠʪʝʣʴʥʦʩʪʴ ʠʥʬʣʷ-

ʮʠʠ 60h thÖ º). ʆʛʨʘʥʠʯʝʥʠʷ 1,e= 0,h>  0,L>  1 / 1,049<hL m<  ʦʙʝʩʧʝ-

ʯʠʚʘʶʪ ʦʪʩʫʪʩʪʚʠʝ ʜʫʭʦʚ, ʥʝʫʩʪʦʡʯʠʚʦʩʪʠ ʃʘʧʣʘʩʘ ʠ ʥʘʙʣʶʜʘʝʤʦʝ ʪʝʥʟʦʨʥʦ-

ʩʢʘʣʷʨʥʦʝ ʦʪʥʦʰʝʥʠʝ 0,1r < .  

ɿʘʢʣʶʯʝʥʠʝ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʩʫʱʝʩʪʚʫʝʪ ʚʦʟʤʦʞʥʦʩʪʴ çʛʘʨʤʦʥʠʯʥʦè 

ʚʢʣʶʯʠʪʴ ʄʇ ʚ ʅʂʉ-ʤʦʜʝʣʴ ʩ ʧʘʨʘʤʝʪʨʦʤ 0l> . ɺ ʦʩʪʘʣʴʥʳʭ ʩʣʫʯʘʷʭ ʫ ʤʦ-

ʜʝʣʠ ʝʩʪʴ ʨʘʟʣʠʯʥʳʝ ʥʝʜʦʩʪʘʪʢʠ. ʅʂʉ ʧʦʜʘʚʣʷʝʪ L-ʯʣʝʥ ʠ ʩʘʤ ʛʝʥʝʨʠʨʫʝʪ 

ʧʝʨʚʠʯʥʫʶ ʠʥʬʣʷʮʠʶ. ʆʜʥʘʢʦ, L-ʯʣʝʥ ʷʚʣʷʝʪʩʷ ʚʘʞʥʳʤ ʬʘʢʪʦʨʦʤ ʫʩʪʦʡʯʠ-

ʚʦʩʪʠ. ʅʘʧʨʠʤʝʨ, ʧʨʠ 0L=, ʜʣʷ ʩʢʘʣʷʨʥʳʭ ʚʦʟʤʫʱʝʥʠʡ ʠʤʝʝʤ 
2 1/ 3 0.Sc =- < L-ʯʣʝʥ ʧʨʝʜʩʪʘʚʣʝʥ ʚ ʧʘʨʘʤʝʪʨʝ l. ɺ ʩʠʣʫ ʪʨʝʙʦʚʘʥʠʷ 

/ 0e h> ʟʥʘʢ L ʢʨʠʪʠʯʝʥ ʜʣʷ ʟʥʘʢʘ l, ʪ. ʝ. L-ʯʣʝʥ ʨʝʛʫʣʠʨʫʝʪ ʩʪʝʧʝʥʴ ʚʣʠʷ-

ʥʠʷ ʄʇ ʥʘ ʅʂʉ-ʤʦʜʝʣʴ.  
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Abstract. Exact solutions are obtained for the Bianchi-I cosmological model with a unidi-

rectional magnetic field (MF) in the theory of gravity with non-minimum kinetic coupling 

(NKC) of a scalar field with curvature. The model is studied in relation to the period before 

and during the primary inflation of the universe. Constraints on the model parameters are 

obtained that ensure the observed tensor-scalar ratio, the absence of ghosts and Laplace 

instability. With such constraints, the model has the necessary properties: isotropization,  

a rapid transition from the post-singular epoch to inflation. 

Keywords: Bianchi-I, Horndeski theory, non-minimal kinetic coupling, magnetic field, 

scalar field 

Introduction. The accelerated expansion of the Universe motivates the use of 

modified theories of gravity, in particular, the Horndeski theory (HT). The theory 

of gravity with NKC is a special case of HT. NKC in cosmological models pro-

vides a new mechanism of primordial inflation without potential tuning [1]. At the 

early stages of the Universe evolution, NKC can screen ordinary matter. This prop-

erty provides a model of natural change of cosmological epochs. As is known, MF 

are observed at different scales of the Universe. Global MF implies anisotropic 

space-time. In anisotropic models with NKC, non-monotonic behavior of anisotro-

py is allowed [2, 3]. Adhering to the hypothesis of the birth of MF before or during 

primordial inflation, we study the interaction of magnetic and scalar fields within 

the framework of NKC. We ask questions about the isotropization of the model 

during the expansion, about the consequences of including MF in NKC model. 

Methods and materials; results. The density of action for the NKC and the 

electromagnetic field is taken in the form 

1

2 2 4

R
L g X G F Fm n mh

mn mh

hjmå õ
= - +e -L+ Ð Ð j-æ öç ÷

, 2
PLMm= , 1e=°. 

The model is studied within the framework of Bianchi I space-time. A neces-

sary but insufficient condition for isotropization is the inequality / 0.e h> The en-

ergy density of MF decreases from a limited value. Due to the inclusion of MF in 

NKC model, the sign of the parameter 1 /l = +ehL m begins to qualitatively influ-

ence the properties of the model. In case 0,l =  the isotropization process is absent. 
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In case 0,l <  the singularity type changes: const,a­  
1/2 ,H t-´ ­¤ 0.t­  

The Universe evolution begins with a non-zero volume. There are two branches of 

the solution. One branch describes a contracting universe. According to the other 

branch, the universe expands, but the model has ghosts and Laplace instability. In 

case 0,l >  the type of singularity does not change: 
1/3 0,a t́ ­  

1 ,H t-´ ­¤ 

0.t­  After a short post-singularity epoch, the Universe enters a quasi-de Sitter 

epoch with parameter 
38 1/ (3 ) 6 10 sech -

h= e h º Ö . From the onset of inflation  

( 0.387h thÖ º ) the model becomes isotropic within a few units h thÖ (the duration 

of inflation 60h thÖ º ). Constraints 1e=, 0h>, 0L>, 1 / 1.049<hL m<  ensure 

the absence of ghosts, Laplace instability, and the observed tensor-scalar ratio 

0.1r< . 

Conclusion. Thus, it is possible to ñharmoniouslyò include the MF in the NKC 

model with parameter 0l> . In other cases, the model has various disadvantages. 

The NKC suppresses the L-term and generates primary inflation. However, the L-

term is an important factor of stability. For example, at 0L=, for scalar perturba-

tions we have 2 1/ 3 0.Sc =- < The L-term is represented in parameter l. Due to 

requirement / 0e h>, sign L is critical for sign l, that is, the L-term regulates the 

degree of influence of MF on NKC model. 
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ɸʥʥʦʪʘʮʠʷ. ʆʜʥʠʤ ʠʟ ʧʝʨʩʧʝʢʪʠʚʥʳʭ ʥʘʧʨʘʚʣʝʥʠʡ ʚ ʦʙʣʘʩʪʠ ʦʨʠʝʥʪʘʮʠʠ ʠ ʥʘʚʠʛʘ-

ʮʠʠ ʣʝʪʘʪʝʣʴʥʳʭ ʘʧʧʘʨʘʪʦʚ ʷʚʣʷʝʪʩʷ ʧʦʩʪʨʦʝʥʠʝ ʢʦʦʨʜʠʥʘʪʥʦ-ʚʨʝʤʝʥʥʦʡ ʩʠʩʪʝʤʳ 

ʦʪʩʯʝʪʘ ʥʘ ʙʘʟʝ ʨʝʣʠʢʪʦʚʦʛʦ ʠʟʣʫʯʝʥʠʷ. ɼʣʷ ʦʧʨʝʜʝʣʝʥʠʷ ʧʘʨʘʤʝʪʨʦʚ ʜʚʠʞʝʥʠʷ  

ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʤʦʞʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ ʝʩʪʝʩʪʚʝʥʥʫʶ ʘʥʠʟʦʪʨʦʧʠʶ ʪʝʤʧʝʨʘʪʫʨʳ ʬʦʥʦ-

ʚʦʛʦ ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʦʛʦ ʠʟʣʫʯʝʥʠʷ ɺʩʝʣʝʥʥʦʡ (ʨʝʣʠʢʪʦʚʦʛʦ ʪʝʧʣʦʚʦʛʦ ʠʟʣʫʯʝʥʠʷ, 

ʩʧʝʢʪʨ ʢʦʪʦʨʦʛʦ ʷʚʣʷʝʪʩʷ ʯʝʨʥʦʪʝʣʴʥʳʤ ʩ ʪʝʤʧʝʨʘʪʫʨʦʡ ʊ = 2,7 K). ʃʦʢʘʣʴʥʘʷ ʜʠ-

ʧʦʣʴʥʘʷ ʘʥʠʟʦʪʨʦʧʠʷ ʨʝʣʠʢʪʦʚʦʛʦ ʠʟʣʫʯʝʥʠʷ ʩʚʷʟʘʥʘ ʩ ʵʬʬʝʢʪʦʤ ɼʦʧʣʝʨʘ, ʚʦʟʥʠʢʘ-

ʶʱʠʤ ʧʨʠ ʜʚʠʞʝʥʠʠ ʉʦʣʥʝʯʥʦʡ ʩʠʩʪʝʤʳ ʦʪʥʦʩʠʪʝʣʴʥʦ ʨʝʣʠʢʪʦʚʦʛʦ ʬʦʥʘ ʩʦ ʩʢʦʨʦ-

ʩʪʴʶ ʧʨʠʤʝʨʥʦ 370 ʢʤ/ʩ ʚ ʩʪʦʨʦʥʫ ʩʦʟʚʝʟʜʠʷ ʃʴʚʘ. ɼʠʧʦʣʴʥʘʷ ʘʥʠʟʦʪʨʦʧʠʷ ʧʨʠʚʦʜʠʪ 

ʢ ʠʟʤʝʥʝʥʠʶ ʪʝʤʧʝʨʘʪʫʨʳ ʥʝʙʘ ʥʘ ʫʨʦʚʥʝ ȹT ~ 10ï3 K. ʊʘʢʞʝ ʜʣʷ ʧʦʚʳʰʝʥʠʷ ʪʦʯʥʦ-

ʩʪʠ ʧʦʩʪʨʦʝʥʠʷ ʢʦʦʨʜʠʥʘʪʥʦ-ʚʨʝʤʝʥʥʦʡ ʩʠʩʪʝʤʳ ʦʪʩʯʝʪʘ ʤʦʞʝʪ ʜʦʧʦʣʥʠʪʝʣʴʥʦ ʠʩ-

ʧʦʣʴʟʦʚʘʪʴʩʷ ʤʫʣʴʪʠʧʦʣʴʥʘʷ ʘʥʠʟʦʪʨʦʧʠʷ ʨʝʣʠʢʪʦʚʦʛʦ ʠʟʣʫʯʝʥʠʷ ʠ ʢʘʨʪʘ ʪʦʯʝʯʥʳʭ 

ʠʩʪʦʯʥʠʢʦʚ ʚ ʤʠʣʣʠʤʝʪʨʦʚʦʤ ʜʠʘʧʘʟʦʥʝ ʜʣʠʥ ʚʦʣʥ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʨʝʣʠʢʪʦʚʦʝ ʠʟʣʫʯʝʥʠʝ, ʩʠʩʪʝʤʘ ʦʪʩʯʝʪʘ, ʢʦʩʤʦʣʦʛʠʷ, ʥʘʚʠʛʘʮʠʷ 

ɺʚʝʜʝʥʠʝ. ʅʘʯʘʣʦ ʪʝʦʨʝʪʠʯʝʩʢʠʭ ʠʩʩʣʝʜʦʚʘʥʠʡ ʨʝʣʠʢʪʦʚʦʛʦ ʵʣʝʢʪʨʦʤʘʛʥʠʪ-

ʥʦʛʦ ʠʟʣʫʯʝʥʠʷ ʩʚʷʟʘʥʦ ʩ ʨʘʙʦʪʦʡ [1], ʚ ʢʦʪʦʨʦʡ ʙʳʣʘ ʚʳʯʠʩʣʝʥʘ ʪʝʤʧʝʨʘʪʫʨʘ 

ʠʟʣʫʯʝʥʠʷ [2]. ɺ ʧʦʩʣʝʜʫʶʱʠʝ ʛʦʜʳ ʙʳʣʠ ʵʢʩʧʝʨʠʤʝʥʪʘʣʴʥʦ ʦʪʢʨʳʪʳ ʢʘʢ 

ʨʝʣʠʢʪʦʚʦʝ ʠʟʣʫʯʝʥʠʝ ɺʩʝʣʝʥʥʦʡ, ʪʘʢ ʠ ʝʛʦ ʘʥʠʟʦʪʨʦʧʠʷ [3ï5], ʯʪʦ ʙʳʣʦ ʧʦʜ-

ʪʚʝʨʞʜʝʥʦ ʚ ʭʦʜʝ ʵʢʩʧʝʨʠʤʝʥʪʘ COBE [6]. 

ɼʠʧʦʣʴʥʘʷ ʘʥʠʟʦʪʨʦʧʠʷ ʨʝʣʠʢʪʦʚʦʛʦ ʠʟʣʫʯʝʥʠʷ, ʥʘʙʣʶʜʘʝʤʘʷ ʚ ʦʢʦʣʦ-

ʟʝʤʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ ʧʨʦʷʚʣʷʝʪʩʷ ʚ ʪʦʤ, ʯʪʦ ʪʝʤʧʝʨʘʪʫʨʘ ʠʟʣʫʯʝʥʠʷ  
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ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʩʦʟʚʝʟʜʠʷ ʃʴʚʘ ʥʘ 0,01 % ʚʳʰʝ ʩʨʝʜʥʝʡ ʪʝʤʧʝʨʘʪʫʨʳ. ɺ ʧʨʦ-

ʪʠʚʦʧʦʣʦʞʥʦʤ ʥʘʧʨʘʚʣʝʥʠʠ ʩʦʟʚʝʟʜʠʷ ɺʦʜʦʣʝʷ ð ʪʝʤʧʝʨʘʪʫʨʘ ʥʘ ʩʪʦʣʴʢʦ ʞʝ 

ʥʠʞʝ. ʆʩʥʦʚʥʦʡ ʛʠʧʦʪʝʟʦʡ, ʦʙʲʷʩʥʷʶʱʝʡ ʜʠʧʦʣʴʥʫʶ ʢʦʤʧʦʥʝʥʪʫ ʨʘʩʧʨʝʜʝ-

ʣʝʥʠʷ ʪʝʤʧʝʨʘʪʫʨʳ ʚʦ ɺʩʝʣʝʥʥʦʡ, ʷʚʣʷʝʪʩʷ ʵʬʬʝʢʪ ɼʦʧʣʝʨʘ, ʚʦʟʥʠʢʘʶʱʠʡ 

ʧʨʠ ʜʚʠʞʝʥʠʠ ʉʦʣʥʝʯʥʦʡ ʩʠʩʪʝʤʳ ʦʪʥʦʩʠʪʝʣʴʥʦ ʨʝʣʠʢʪʦʚʦʛʦ ʬʦʥʘ. ʊʘʢʞʝ  

ʚ ʭʦʜʝ ʵʢʩʧʝʨʠʤʝʥʪʦʚ ʙʳʣʠ ʠʟʤʝʨʝʥʳ ʤʫʣʴʪʠʧʦʣʠ ʘʥʠʟʦʪʨʦʧʠʠ ʨʝʣʠʢʪʦʚʦʛʦ 

ʠʟʣʫʯʝʥʠʷ ʙʦʣʝʝ ʚʳʩʦʢʠʭ ʧʦʨʷʜʢʦʚ [6]. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɼʣʷ ʧʦʩʪʨʦʝʥʠʷ ʥʦʚʳʭ ʩʠʩʪʝʤ 

ʥʘʚʠʛʘʮʠʠ ʠ ʦʨʠʝʥʪʘʮʠʠ ʣʝʪʘʪʝʣʴʥʳʭ ʘʧʧʘʨʘʪʦʚ ʩ ʫʣʫʯʰʝʥʥʳʤʠ ʭʘʨʘʢʪʝʨʠ-

ʩʪʠʢʘʤʠ ʤʦʞʝʪ ʙʳʪʴ ʠʩʧʦʣʴʟʦʚʘʥʘ ʢʦʦʨʜʠʥʘʪʥʦ-ʚʨʝʤʝʥʥʘʷ ʩʠʩʪʝʤʘ ʦʪʩʯʝʪʘ 

ʥʘ ʙʘʟʝ ʨʝʣʠʢʪʦʚʦʛʦ ʠʟʣʫʯʝʥʠʷ. ɺ ʦʩʥʦʚʝ ʤʝʪʦʜʘ ʣʝʞʠʪ ʘʥʠʟʦʪʨʦʧʠʷ ʨʝʣʠʢʪʦ-

ʚʦʛʦ ʠʟʣʫʯʝʥʠʷ. ʉʧʦʩʦʙ ʧʦʟʚʦʣʷʝʪ ʦʜʥʦʟʥʘʯʥʦ ʦʧʨʝʜʝʣʠʪʴ ʫʛʣʦʚʦʝ ʧʦʣʦʞʝ-

ʥʠʝ, ʩʢʦʨʦʩʪʴ, ʫʩʢʦʨʝʥʠʝ ʘʧʧʘʨʘʪʘ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʥʘ ʦʩʥʦʚʝ ʠʟʤʝʨʝʥʠʡ ʩʧʝʢ-

ʪʨʘʣʴʥʦʡ ʧʣʦʪʥʦʩʪʠ ʤʦʱʥʦʩʪʠ ʧʦ ʥʝʩʢʦʣʴʢʠʤ ʥʘʧʨʘʚʣʝʥʠʷʤ.  

ʈʝʣʠʢʪʦʚʦʝ ʠʟʣʫʯʝʥʠʝ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʥʘʚʠʛʘʮʠʦʥʥʦʝ ʧʦʣʝ ʝʩʪʝ-

ʩʪʚʝʥʥʦʛʦ ʧʨʦʠʩʭʦʞʜʝʥʠʷ, ʢʦʪʦʨʦʝ ʧʦʟʚʦʣʷʝʪ ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʦ ʦʧʨʝʜʝʣʷʪʴ 

ʦʨʠʝʥʪʘʮʠʶ ʠ ʩʢʦʨʦʩʪʴ ʣʝʪʘʪʝʣʴʥʦʛʦ ʘʧʧʘʨʘʪʘ. ʇʦʣʦʞʝʥʠʝ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ 

ʤʦʞʝʪ ʙʳʪʴ ʦʧʨʝʜʝʣʝʥʦ ʧʫʪʝʤ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʫʨʘʚʥʝʥʠʡ 

ʜʚʠʞʝʥʠʷ. ɼʣʷ ʦʧʨʝʜʝʣʝʥʠʷ ʚʨʝʤʝʥʠ ʥʝʦʙʭʦʜʠʤʦ ʠʩʧʦʣʴʟʦʚʘʥʠʝ ʜʦʧʦʣʥʠ-

ʪʝʣʴʥʳʭ ʩʨʝʜʩʪʚ, ʪʘʢʠʭ ʢʘʢ ʙʦʨʪʦʚʳʝ ʯʘʩʳ. 

ʅʘ ʩʝʛʦʜʥʷ ʦʩʥʦʚʥʳʤʠ ʠʩʪʦʯʥʠʢʘʤʠ ʦʰʠʙʦʢ ʦʧʨʝʜʝʣʝʥʠʷ ʢʦʦʨʜʠʥʘʪ, 

ʩʢʦʨʦʩʪʝʡ ʠ ʦʨʠʝʥʪʘʮʠʠ ʘʧʧʘʨʘʪʘ ʥʘ ʦʩʥʦʚʝ ʠʟʤʝʨʝʥʠʷ ʪʝʤʧʝʨʘʪʫʨʳ ʨʝʣʠʢʪʦ-

ʚʦʛʦ ʠʟʣʫʯʝʥʠʷ ʷʚʣʷʶʪʩʷ ʬʣʫʢʪʫʘʮʠʦʥʥʘʷ ʯʫʚʩʪʚʠʪʝʣʴʥʦʩʪʴ ʧʨʠʝʤʥʠʢʦʚ,  

ʫʛʣʦʚʦʝ ʨʘʟʨʝʰʝʥʠʝ ʦʧʪʠʯʝʩʢʦʡ ʩʠʩʪʝʤʳ, ʘ ʪʘʢʞʝ ʯʠʩʣʦ ʠʟʤʝʨʠʪʝʣʴʥʳʭ ʢʘ-

ʥʘʣʦʚ. ʇʨʠ ʠʩʧʦʣʴʟʦʚʘʥʠʠ 3 ʠʟʤʝʨʠʪʝʣʴʥʳʭ ʢʘʥʘʣʦʚ ʠ ʧʨʠʝʤʥʠʢʦʚ ʩ ʯʫʚ-

ʩʪʚʠʪʝʣʴʥʦʩʪʴʶ ʥʘ ʫʨʦʚʥʝ 1 ʤʢʂ (ʧʨʠʙʣʠʟʠʪʝʣʴʥʦ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʯʫʚʩʪʚʠ-

ʪʝʣʴʥʦʩʪʠ ʢʦʩʤʠʯʝʩʢʦʛʦ ʘʧʧʘʨʘʪʘ Planck) ʪʦʯʥʦʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ ʫʛʣʦʚʳʭ 

ʢʦʦʨʜʠʥʘʪ ʙʫʜʝʪ ʩʦʩʪʘʚʣʷʪʴ ʤʝʥʝʝ 1 ʫʛʣ. ʤʠʥ, ʪʦʯʥʦʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ ʩʢʦʨʦʩʪʠ 

ʜʚʠʞʝʥʠʷ ʥʝ ʤʝʥʝʝ 100 ʤ/ʩ [7]. 

ʌʫʥʜʘʤʝʥʪʘʣʴʥʳʝ ʦʛʨʘʥʠʯʝʥʠʷ ʥʘ ʪʦʯʥʦʩʪʴ ʤʝʪʦʜʘ ʥʘʢʣʘʜʳʚʘʶʪ ʩʦʙ-

ʩʪʚʝʥʥʳʝ ʬʣʫʢʪʫʘʮʠʠ ʪʝʤʧʝʨʘʪʫʨʳ ʨʝʣʠʢʪʦʚʦʛʦ ʠʟʣʫʯʝʥʠʷ, ʚʦʟʤʦʞʥʳʝ ʦʪ-

ʢʣʦʥʝʥʠʷ ʝʛʦ ʩʧʝʢʪʨʘ ʦʪ ʇʣʘʥʢʦʚʩʢʦʛʦ, ʘ ʪʘʢʞʝ ʩʧʝʢʪʨ ʝʛʦ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʳʭ 

ʥʝʦʜʥʦʨʦʜʥʦʩʪʝʡ. ʇʨʠ ʫʩʣʦʚʠʠ ʜʦʩʪʠʞʝʥʠʠ ʠʟʤʝʨʠʪʝʣʴʥʳʤʠ ʩʨʝʜʩʪʚʘʤʠ 

ʜʘʥʥʳʭ ʬʫʥʜʘʤʝʥʪʘʣʴʥʳʭ ʧʨʝʜʝʣʦʚ ʪʦʯʥʦʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ ʥʘʚʠʛʘʮʠʦʥʥʳʭ 

ʧʘʨʘʤʝʪʨʦʚ ʥʘ ʦʩʥʦʚʝ ʠʟʤʝʨʝʥʠʷ ʢʘʨʪ ʨʘʩʧʨʝʜʝʣʝʥʠʷ ʪʝʤʧʝʨʘʪʫʨʳ ʨʝʣʠʢʪʦʚʦ-

ʛʦ ʠʟʣʫʯʝʥʠʷ ʤʦʞʝʪ ʦʢʘʟʘʪʴʩʷ ʥʘ ʥʝʩʢʦʣʴʢʦ ʧʦʨʷʜʢʦʚ ʚʳʰʝ, ʯʝʤ ʧʨʠ ʠʩʧʦʣʴ-

ʟʦʚʘʥʠʠ ʛʣʦʙʘʣʴʥʳʭ ʥʘʚʠʛʘʮʠʦʥʥʳʭ ʩʧʫʪʥʠʢʦʚʳʭ ʩʠʩʪʝʤ. 

ɿʘʢʣʶʯʝʥʠʝ. ɺ ʨʝʟʫʣʴʪʘʪʝ ʚʳʧʦʣʥʝʥʥʳʭ ʘʥʘʣʠʪʠʯʝʩʢʠʭ ʠ ʯʠʩʣʝʥʥʳʭ 

ʦʮʝʥʦʢ ʧʨʦʜʝʤʦʥʩʪʨʠʨʦʚʘʥʘ ʚʦʟʤʦʞʥʦʩʪʴ ʠʩʧʦʣʴʟʦʚʘʥʠʷ ʘʥʠʟʦʪʨʦʧʠʠ ʨʝʣʠʢ-

ʪʦʚʦʛʦ ʠʟʣʫʯʝʥʠʷ ʜʣʷ ʧʦʩʪʨʦʝʥʠʷ ʢʦʦʨʜʠʥʘʪʥʦ-ʚʨʝʤʝʥʥʦʡ ʩʠʩʪʝʤʳ ʦʪʩʯʝʪʘ  

ʩ ʫʥʠʢʘʣʴʥʳʤʠ ʭʘʨʘʢʪʝʨʠʩʪʠʢʘʤʠ ʜʣʷ ʨʝʰʝʥʠʷ ʟʘʜʘʯ ʥʘʚʠʛʘʮʠʠ ʠ ʦʨʠʝʥʪʘ-

ʮʠʠ ʣʝʪʘʪʝʣʴʥʳʭ ʘʧʧʘʨʘʪʦʚ.  
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Abstract. One of the promising directions in the field of aircraft orientation and navigation 

is the construction of a coordinate-time reference system based on cosmic microwave 

background radiation. To determine the motion parameters In space, it is possible to use the 

natural anisotropy of the temperature of the background electromagnetic radiation of the 

Universe (cosmic microwave background radiation, the spectrum of which is blackbody 

with a temperature of T = 2.7 K). The local dipole anisotropy of the cosmic microwave 

background radiation is associated with the Doppler effect, which occurs when the Solar 
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system moves relative to the cosmic background at a speed of about 370 km/s towards the 

constellation Leo. Dipole anisotropy leads to a change in the temperature of the sky at the 

level of ȹT ~ 10-3 K. In addition, multipole anisotropy of cosmic microwave background 

radiation and a map of point sources in the millimeter wavelength range can be used to im-

prove the accuracy of constructing a coordinate-time reference system.  

Keywords: cosmic microwave background radiation, reference frame, cosmology, naviga-

tion 

Introduction . The paper [1], in which the temperature of the cosmic microwave 

background radiation (CMBR) was computed [2], presented the first theoretical 

investigation of this phenomenon. Later, both the CMBR and its anisotropy were 

detected experimentally [3ï5] and confirmed by the COBE measurements [6]. 

The dipole anisotropy of the CMBR observed in the near-Earth space mani-

fests as the radiation temperature in the direction of the Leo constellation being 

0.01% higher than its average temperature, with the temperature in the opposite 

direction, towards the Aquarius constellation, being lower than the average by the 

same amount. The main hypothesis to explain the dipole component of the temper-

ature distribution in the Universe would be the Doppler effect arising from the mo-

tion of the Solar System relative to the CMBR. Moreover, there were experiments 

that allowed higher multipole orders of the CMBR anisotropy to be measured [6]. 

Methods and materials; results. A CMBR-based coordinate-time frame of 

reference may be used to design novel navigation and attitude control systems for 

advanced spacecraft. The method rests on the anisotropy of the CMBR. It allows 

the angular position, velocity and acceleration of the spacecraft to be uniquely de-

termined via measuring the power spectral density in several directions.  

The CMBR is a navigation field of natural origin that enables the attitude and 

velocity of the spacecraft to be determined directly. The attitude may be deter-

mined by integrating the corresponding equations of motion. Determining the time 

requires using certain supplementary means, such as an on-board clock. 

At present, the error in determining coordinates, velocity and attitude of space-

craft via measuring the CMBR temperature primarily stems from the fluctuation 

sensitivity of the receivers, the angular resolution of the optical system, and the 

number of measurement channels. Using 3 measurement channels and receivers 

with a sensitivity of 1 ɛK (which is approximately the same as the sensitivity of the 

Planck spacecraft), the accuracy of angular coordinate determination will be under 

1 arcminute, while the accuracy of motion velocity determination will be at least 

100 m/s [7]. 

There are several sources that impose fundamental limitations on the accuracy 

of the method: intrinsic fluctuations in the CMBR temperature, its spectrum poten-

tially deviating from the Planck spectrum in specific ways, and the spatial inhomo-

geneity spectrum of the CMBR. Should measuring instruments reach these funda-

mental limits, the accuracy of determining navigation parameters by measuring 
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CMBR temperature distribution maps may be several orders of magnitude higher 

than when using global navigation satellite systems. 

Conclusion. Our analytical and numerical assessments demonstrate the poten-

tial for using the CMBR anisotropy to design a coordinate-time frame of reference 

featuring unique characteristics for solving the problems of navigation and attitude 

control of spacecraft. 
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Abstract:  In this study, we take into account a particular form of ὪὝ inspired by a ὪὙ  

gravity model. The Monte Carlo Markov Chain (MCMC) approach is used to constrain the 

parameters of the Hubble model, offering a strong statistical analysis. Our outcomes con-

firm the viability of the suggested ὪὝ model as an alternative framework for dark energy 

explanation by successfully supporting an accelerating cosmic expansion.  

Keywords: Teleparallel Gravity, Monte Carlo Markov Chain, Energy Conditions 

Introduction . Our understanding of cosmology has been drastically transformed 

by observational findings made in 1998 [1] that the universe is expanding in an 

accelerated manner. Due to several drawbacks of GR, Hence, the establishment of 

modified theories of gravity is one of the main approaches being explored to study 

the late time cosmic evolution. 

In an Intriguing extension of Riemannian geometry, in the witzenb ck space, 

the Riemannian curvature tensor is zero, and the torsion tensor is non-zero. This 

leads to a flat spacetime with the significant characteristic of absolute parallelism, 

also referred to as teleparallelism. The primary characteristic of the teleparallel ap-

proach is the substitution of a set of tetrad vectors, for the metric tensor, which is 

the main physical variable that determines gravitational qualities. Instead of curva-

ture, torsion, originating from the tetrad fields, can be used as a general description 

of the gravitational effect. This is reflected to the theory known as the teleparallel 

equivalent of general relativity (TEGR), which has been extended to the ὪὝ grav-

ity theory. 

 The primary objective of this research is to explore the ὪὝ modified gravity, 

starting with TEGR rather than the GR. In this study, we employ the simple para-

metrization of a particular form of the Hubble parameter using Hubble, BAO, and 

Hubble+BAO observational datasets and generate exact solutions for the modified 

Friedmann equations in the FLRW spacetime. Specifically we employ a form of 

ὪὝ, ὪὝ Ὕ
ϳ

ϳ
, where ‌ and ὲ are constants with Ὕ φὌ , where 

Ὄ  is the current value of the Hubble parameter. Subsequently, we have examined 

all the dynamical and cosmological parameters followed by energy conditions and 

ὕάᾀ diagnostic. The work is organized as follows: in section 2, we commence 

by offering an overview to TG and then describe the ὪὝ gravity framework.  
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In section 3, a specific form of the Hubble parameter is parametrized using Hubble, 

BAO and Hubble+BAO datasets via MCMC approach. Section 4 presents solutions 

to the field equations and explores the cosmological elements of the specific form 

of ὪὝ. In sections 5 and 6, the viability of the model is checked by performing 

energy conditions and ὕάᾀ diagnostic respectively. Section 7 provides a thor-

ough conclusion to the work. 

Methods and materials. Framework of █╣. The torsion scalar-based modi-

fied theory of gravity, known as ὪὝ, has a geometric action determined by an alge-

braic function associated with torsion. To describe the geometric components, this 

theory incorporates orthonormal tetrad components that are defined within the tan-

gent space at each point of the manifold. Basically, the line element is presented as: 

Ὠί Ὣ ὨὼὨὼ –—— 

where Ὠὼ Ὡ —ȟ — ὩὨὼ  and – ὨὭὥὫ ρȟρȟρȟρ represents the 

metric associated with Minkowski spacetime and Ὡ represents the components of 

the tetrad satisfying the conditions: 

Ὡ Ὡ  ‏

The action [2] of the ὪὝ gravity can be defined as, 

Ὓ Ὠ᷿ὼὩὝ ὪὝ fl . 

where fl  is the total matter Lagrangian, Ὡ ὨὩὸὩ Ѝ Ὣ, and Ὃ is the gravita-

tional constant. The natural system, ‖ ψ “Ὃ ρ, is taken into consideration. 

The gravitational field equations can be found by varying the action with respect to 

vierbein as, 

Ὡ ‬ ὩὩὛ ρ Ὢ ὩὛ ‬ ὝὪ ὩὝ Ὓ ρ Ὢ  

ρ

τ
Ὡ Ὕ ὪὝ τ“ὋὩὝ  

Ὕ  is the total-energy momentum tensor, and we represent Ὢ ὪὝ and the 

first and second derivatives of Ὢ with regard to Ὕ as Ὢ and Ὢ , respectively. In 

this study, we will consider the FLRW metric to derive the modified Friedman 

equations. Then the ὪὝ gravity field equations are: 

σὌ ψ“Ὃ” ” ὝὪ; 

Ὄ . 

Where Ὄḳ  and the derivative of it with respect to cosmic time is represent-

ed by Ὄ. It is now possible to describe the field equations of ὪὝ gravity in the DE 

sector pressure ὴ  and energy density ”  as, 
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” ḳ
ρ

ρφ“Ὃ
Ὢ ςὝὪ  

and 

ὴ ḳ
ρ

ρφ“Ὃ

Ὢ ὝὪ ςὝὪ

ρ Ὢ ςὝὪ
Ȣ 

Then the EoS parameter can be expressed as, 

‫ ḳ ρ
Ὢ ςὝὪ Ὢ Ὕ ςὝὪ

ρ Ὢ ςὝὪ Ὢ ςὝὪ
Ȣ 

Model Parametrization. From [3], we introduce the following new para-

metrization of the Hubble parameter in the FLRW universe: 

Ὄᾀ ᾀ ὥ ρ ὦᾀ ρ ὥ, 

where Ὄ  is the current value of the Hubble parameter at ᾀ π, ὥ and ὦ are free 

parameters that must be ascertained via observational constraints. 

Analysis With Observational Datasets. In this part, we use observational da-

ta from several cosmological surveys to constrain the free parameters of Ὄᾀ, that 

is by investigating data describing the distance-redshift relation. 

Hubble Data: A sequence of 32 data points for the Hubble parameter are taken 

in the redshift range πȢπχ ᾀ ρȢωφυ. The chi-square function for the Hubble 

dataset is defined as, 

… ‪
Ὄ ᾀȟ‪ Ὄ ᾀ

„ ᾀ
ȟ 

where ‪ is the vector of the cosmological background parameters and 

Ὄ ᾀȟ‪and Ὄ ᾀ  refer to the developed and the observed Hubble parameters 

respectively. The observational errors in the observed values Ὄ ᾀ  are denoted 

by „ ᾀ . 

BAO Data: In this study, we utilize a dataset of 26 independent data points de-

rived from line-of-sight BAO measurements. The … function for the BAO data set 

is defined by, 

… ‰
Ὄ ᾀȟ‰ Ὄ ᾀ

„ ᾀ
ȟ 

where Ὄ ᾀȟ‰  represents the theoretical value of the hubble, the model parame-

ters are represented by ‰, Ὄ ᾀ  represents the observed value of the Hubble 

from the BAO analysis, and the related error in the observed BAO data points is 

denoted by „ ᾀ . 
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Once, Hubble and BAO datasets have been analyzed, we may also take the 

combination of both to determine the best-fit values of our model. To do this, the 

…  function can be set up as the sum of …  and … . 

 

 

 
 

  
 

Fig. 1. 2D-contour plot derived from the study of Hubble, BAO and Hubble+BAO datasets in the (i)upper left 
panel, (ii)upper right panel, and (iii) lower panel that display the most likely values and confidence regions up to 

σʎ for model parameters Á, Â, and (  
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Table 1 

Best-fit values with Ɑ, Ɑ, and Ɑ confidence intervals for the model parameters ╪, 

╫, and ╗  derived from the Hubble, BAO, and Hubble+BAO datasets 

Datasets  ╪ ╫ ╗  

Hubble ρ„ πȢτυȢ
Ȣ  ρȢπχȢ

Ȣ  χςȢχφȢ
Ȣ  

ς„ πȢτυȢ
Ȣ  ρȢπχȢ

Ȣ  χςȢχφȢ
Ȣ  

σ„ πȢτυȢ
Ȣ  ρȢπχȢ

Ȣ  χςȢχφȢ
Ȣ  

BAO ρ„ πȢπχφȢ
Ȣ  πȢωυςȢ

Ȣ  φωȢφψσȢ
Ȣ  

ς„ πȢπχφȢ
Ȣ  πȢωυςȢ

Ȣ  φωȢφψσȢ
Ȣ  

σ„ πȢπχφȢ
Ȣ  πȢωυςȢ

Ȣ  φωȢφψσȢ
Ȣ  

Hubble+BAO ρ„ πȢπφωȢ
Ȣ  πȢωχρȢ

Ȣ  φωȢυυπȢ
Ȣ  

ς„ πȢπφωȢ
Ȣ  πȢωχρȢ

Ȣ  φωȢυυπȢ
Ȣ  

σ„ πȢπφωȢ
Ȣ  πȢωχρȢ

Ȣ  φωȢυυπȢ
Ȣ  
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Fig. 2. (i) Left panel is the error bar plot of Hubble parameter, and (ii) right panel  
is the plot of deceleration parameter for Hubble, BAO and Hubble+BAO datasets 

We can see that the error bar plot of the HP presented in Fig. 2 left Pannel is 

perfectly fit with the observational data and consistent with ɤCDM model. In Fig. 

2 right Pannel, the behaviour of the deceleration parameter is staying negative 

throughout indicating that the expansion is slow at early time but increases when it 

moves towards late. Additionally, the estimation of the current values of the decel-

eration parameter for Hubble, BAO and Hubble+BAO datasets are ή πȢχτ, 
ή πȢυτ and ή πȢυσ respectively which are inn agreement with some pre-

vious literatures such as ή πȢυψτ [4], ή πȢυττ [5], ή πȢυυ [6], ή
πȢχτω [7], ή πȢχττ [8] etc. 

Dynamical study with the model. In analogous to ὪὙ theory, the form of 

ὪὝ will be given as, ὪὝ Ὕ
ϳ

ϳ
, [9], where ‌, ὲ are constants, and 

Ὕ φὌ  with the first and second derivatives denoted as Ὢ and Ὢ  and defined 

as 
ϳ

ϳ
ρ and, 

ϳ ϳ  

ϳ
 respectively. Then 

we can reduce the field equations as, 

” φ‒Ὄ ‌Ὕ ρ ; 

ὴ . 

‫  

ȟ

, 

Where ‒ ὥὦᾀὦᾀ ᾀ ρ and † . 

These are the parameters ὥ , ὦ, ‌, and ὲ on which the behaviour of the energy 

density and the EoS parameter depend from which two parameters ὥ and ὦ are 

constrained by the MCMC approach and the remaining two, that is, ‌ and ὲ are 

selected in such a way as to obtain a positive energy density. From Fig. 3, we can 

see that the EoS parameter remains staying negative throughout the graph. It lies in 

the region ρȟπ representing the quintessence phase for the observational Hubble 

dataset. But in the case of BAO and Hubble+BAO datasets, it is showing the anal-

ogous results. It lies in the range ρȟπ that is in the quintessence region in the 

early time, just after ᾀ π, it comes below ρ and stays in the phantom region 

that is below ρ in the late time. At the redshift ᾀ π, the value of the EoS pa-

rameter for this model are estimated to be ‫ πȢωρυȟ ‫ πȢωρρ, and ‫
πȢωρς which are consistent with the previous studies [10ï12]. 
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Fig. 3. (i) Left panel is the plot of energy density, and (ii) right panel is the plot  
of EoS parameter with parameter scheme ‌ τχȢτ and ὲ πȢπσψ 

 

Conclusion. In this study, we have reconstructed a cosmological model with 

accelerating behaviour emphasizing late-time evolution. In the context of TG, first 

the field equations got derived and to proceed for the dynamical study, a particular 

form of ὪὝ inspired from a ὪὙ theory is taken to determine the dynamical pa-

rameters. In order to describe the evolution, we considered a special Hubble pa-

rameter dependent upon three free parameters which got constrained through the 

MCMC approach using observational datasets such as Hubble, BAO and a combi-

nation of both. From the error bar plot of our Hubble parameter, we observed that 

the behaviour of the Hubble is consistent with the ɤCDM model. The graph of the 

Deceleration parameter is showing that the plot is staying negative throughout ad-

dressing the accelerating behaviour of our model. Where, the current values of both 

Hubble parameter and Deceleration parameter are carrying in the range range 
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φωȢυυπȟχςȢχφ and πȢυσȟπȢχτ, respectively with the values of the Decelera-

tion parameter are in agreement with the previous literatures mentioned in the cor-

responding section. In order to get to know about the dynamical behaviour of our 

model, the EoS parameter got investigated which remained negative throughout the 

graph. For the Hubble dataset it is lying in the quintessence region, but for BAO 

and Hubble+BAO datasets it is lying in the quintessence region at the early time 

and just after ᾀ π, it is coming to the phantom while moving towards the late 

time. The estimated current values of the EoS parameter are consistent with the 

previous results which are covered in the respective section. 

References  

[1] Riess A.G. et al. Observational Evidence from Supernovae for an Accelerating Universe and a 
Cosmological Constant. Astron. J., 1998, vol. 116, no. 3, pp. 1009ï1038.  

 https://doi.org/10.1086/300499 

[2] Cai Y.-F., Capozziello S., De Laurentis M., Saridakis E.N. F(T) teleparallel gravity and cos-
mology. Reports Prog. Phys., vol. 79, no. 10, art. no. 106901, Sep. 2016.  

https://doi.org/10.1088/0034-4885/79/10/106901 

[3] Shibesh Kumar Jas P., Myrzakulov R., Myrzakul S. Reconstruction of cosmic history from a 
simple parametrization of H. International Journal of Geometric Methods in Modern Physics, 

2017, vol. 14.07, art. no. 1750111. 

[4] Naik D.M. et al. Model-independent cosmological insights from three newly reconstructed de-
celeration parameters with observational data. Physics Letters B, 2023, vol. 844, art. no. 

138117. 

[5] Narawade S.A. et al. Modelling the accelerating universe with f (Q) gravity: observational con-
sistency. The European Physical Journal C, 2024, vol. 84.8, art. no. 773. 

[6] Shrivastava P. et al. The simplest parametrization of the equation of state parameter in the scalar 

field universe. Galaxies, 2023, vol. 11.2, art. no. 57. https://doi.org/10.3390/galaxies11020057 

[7] Najafi A., Hossienkhani H. Using Pantheon and Hubble parameter data to constrain the Ricci 
dark energy in a Bianchi I Universe. Communications in Theoretical Physics, 2022, vol. 74.6, 

art. no. 065401. 

[8] Mandal S. et al. Cosmological observational constraints on the power law f (Q) type modified 
gravity theory. The European Physical Journal C, 2023, vol. 83.12, art. no. 1141. 

[9] Yang R.-J. New types of f (T) gravity. The European Physical Journal C, 2011, vol. 71.11,  

art. no. 1797. 

[10] Duchaniya L.K. et al. Dynamical stability analysis of accelerating f (T) gravity models.  
The European Physical Journal, 2022, vol. C82.5, art. no. 448. 

[11] Siddheshwar Atmaram K., Mishra B., Tripathy S.K. Dynamical features of f (T, B) cosmology. 
Modern Physics Letters A, 2022, vol. 37.17, art. no. 2250104. 

[12] Mishra S.S. et al. Constraining extended teleparallel gravity via cosmography: A model-

independent approach. The Astrophysical Journal, 2024, vol. 970.1, art. no. 57. 

  



54  ˸͍ͦͫ͊͟Σ ˸˥́̂ ͙ͣΦ ˹Φ̏Φ ˣ͊ͯͣ͊ͤ͊Σ 7ς10 ͙ Ό͡Ύ нлнр ͎Φ   

̂˨˴ рнпΦуун 

˽͙͔͔͙͔ͪͣͤͤ ͔ͣͻ͙͙͊ͤ͟ ˶͎͊ͪ͊ͤ͗͊ ͒͡Ύ ͙͊ͤ͊͊͘͡ ͙͙͙͒ͤ͊ͣ͟ ;͙͊ͫͭͼ  
͍ ͎͍͙ͪ͊ͭ͊ͼ͙ͦͤͤͦͣ ͔ͨͦ͡ 

ˣ͔͡Ύ͔͍ ˤΦˣΦ (*) wbelayev@yandex.ru 

˾͙͔͍͊͒·͚ ͙͙ͤͫͭͭͯͭ ͙ͣΦ ˤΦ˥Φ ͙̆ͦͨͤ͊͡Σ ˿͊ͤͭ͟-˽͔͔͎ͭͪ͋ͯͪΣ ˾͙ͦͫͫΎ 

ɸʥʥʦʪʘʮʠʷ. ɼʠʥʘʤʠʢʘ ʯʘʩʪʠʮ ʚ ʛʨʘʚʠʪʘʮʠʦʥʥʦʤ ʧʦʣʝ ʠʩʩʣʝʜʫʝʪʩʷ ʩ ʠʩʧʦʣʴʟʦʚʘʥʠʝʤ 

ʤʝʭʘʥʠʢʠ ʃʘʛʨʘʥʞʘ. ʇʦʣʫʯʝʥʳ ʜʠʥʘʤʠʯʝʩʢʠʝ ʫʨʘʚʥʝʥʠʷ, ʚʢʣʶʯʘʶʱʠʝ ʩʢʦʨʦʩʪʴ ʧʝ-

ʨʝʜʘʯʠ ʵʥʝʨʛʠʠ ʠ ʠʤʧʫʣʴʩʘ ʛʨʘʚʠʪʘʮʠʦʥʥʦʤʫ ʧʦʣʶ. ʆʥʠ ʷʚʣʷʶʪʩʷ ʢʦʚʘʨʠʘʥʪʥʳʤʠ 

ʜʣʷ ʣʠʥʝʘʨʠʟʦʚʘʥʥʳʭ ʤʝʪʨʠʢ. ʈʘʩʩʤʦʪʨʝʥʦ ʜʚʠʞʝʥʠʝ ʯʘʩʪʠʮ ʚ ʧʦʣʝ ʐʚʘʨʮʰʠʣʴʜʘ ʠ 

ʚ ʩʣʫʯʘʝ ʩʣʘʙʦʡ ʛʨʘʚʠʪʘʮʠʠ ʦʧʨʝʜʝʣʝʥʘ ʧʘʩʩʠʚʥʘʷ ʛʨʘʚʠʪʘʮʠʦʥʥʘʷ ʤʘʩʩʘ ʬʦʪʦʥʘ ʠ 

ʤʘʩʩʠʚʥʦʡ ʯʘʩʪʠʮʳ ʧʨʠ ʫʩʣʦʚʠʠ ʧʨʠ ʫʩʣʦʚʠʠ ʩʦʦʪʥʦʰʝʥʠʷ ʤʝʞʜʫ ʛʨʘʚʠʪʘʮʠʦʥʥʳʤ 

ʧʦʪʝʥʮʠʘʣʦʤ ʠ ʝʝ ʩʢʦʨʦʩʪʴʶ 
2 2

/ << / .r V ca  ʅʘʡʜʝʥʘ ʘʢʪʠʚʥʘʷ ʛʨʘʚʠʪʘʮʠʦʥʥʘʷ ʤʘʩ-

ʩʘ ʜʣʷ ʯʘʩʪʥʦʛʦ ʩʣʫʯʘʷ ʩʠʩʪʝʤʳ ʠʟ ʜʚʫʭ ʦʜʠʥʘʢʦʚʳʭ ʪʝʣ, ʜʚʠʞʫʱʠʭʩʷ ʚ ʧʨʦʪʠʚʦʧʦ-

ʣʦʞʥʳʭ ʥʘʧʨʘʚʣʝʥʠʷʭ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʤʝʭʘʥʠʢʘ ʃʘʛʨʘʥʞʘ, ʧʨʠʥʮʠʧ ʩʪʘʮʠʦʥʘʨʥʦʛʦ ʜʝʡʩʪʚʠʷ, ʛʨʘʚʠʪʘʮʠ-

ʦʥʥʘʷ ʤʘʩʩʘ 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɺ ʜʦʢʘʟʘʪʝʣʴʩʪʚʝ ʌʦʢʘ ʜʚʠʞʝʥʠʷ ʩʚʝʪʘ 

ʧʦ ʛʝʦʜʝʟʠʯʝʩʢʠʤ [1] ʚ ʢʘʯʝʩʪʚʝ ʛʘʤʠʣʴʪʦʥʠʘʥʘ ʙʝʨʝʪʩʷ ʚʨʝʤʝʥʥʘʷ ʩʦʩʪʘʚʣʷ-

ʶʱʘʷ ʢʦʚʘʨʠʘʥʪʥʦʛʦ ʚʝʢʪʦʨʘ 4-ʩʢʦʨʦʩʪʠ. ɺ [2] ʙʳʣ ʧʨʝʜʣʦʞʝʥ ʦʙʦʙʱʝʥʥʳʡ 

ʧʨʠʥʮʠʧ ʌʝʨʤʘ, ʚ ʢʦʪʦʨʦʤ ʠʩʧʦʣʴʟʫʝʪʩʷ ʚʘʨʠʘʮʠʷ ʠʥʪʝʛʨʘʣʘ ʚʨʝʤʝʥʥʦʡ ʢʦʤ-

ʧʦʥʝʥʪʳ ʚʝʢʪʦʨʘ 4-ʩʢʦʨʦʩʪʠ, ʧʨʠʚʦʜʷʱʘʷ ʢ ʪʨʘʝʢʪʦʨʠʠ ʜʚʠʞʝʥʠʷ ʩʚʝʪʘ, ʩʦʚ-

ʧʘʜʘʶʱʝʡ ʩ ʛʝʦʜʝʟʠʯʝʩʢʦʡ. ʇʨʠʤʝʥʝʥʠʝ ʦʩʥʦʚʘʥʥʦʛʦ ʥʘ ʣʘʛʨʘʥʞʝʚʦʡ ʤʝʭʘ-

ʥʠʢʝ ʚʘʨʠʘʮʠʦʥʥʦʛʦ ʧʨʠʥʮʠʧʘ ʩʪʘʮʠʦʥʘʨʥʦʛʦ ʠʥʪʝʛʨʘʣʘ ʵʥʝʨʛʠʠ ʢ ʜʚʠʞʝʥʠʶ 

ʩʚʝʪʦ-ʧʦʜʦʙʥʦʡ ʯʘʩʪʠʮʳ ʚ ʛʨʘʚʠʪʘʮʠʦʥʥʦʤ ʧʦʣʝ [3ï5] ʥʝ ʧʨʠʚʦʜʠʪ ʢ ʥʘʨʫʰʝ-

ʥʠʶ ʠʟʦʪʨʦʧʥʦʩʪʠ ʩʚʝʪʦʚʦʛʦ ʧʫʪʠ. ɼʘʥʥʳʡ ʤʝʪʦʜ ʜʘʝʪ ʫʨʘʚʥʝʥʠʷ, ʪʦʞʜʝ-

ʩʪʚʝʥʥʳʝ ʧʦʣʫʯʝʥʥʳʤ ʩ ʧʦʤʦʱʴʶ ʦʙʦʙʱʝʥʥʦʛʦ ʧʨʠʥʮʠʧʘ ʌʝʨʤʘ, ʦʧʨʝʜʝʣʷʷ 

ʩʠʩʪʝʤʫ ʫʨʘʚʥʝʥʠʡ, ʠʤʝʶʱʫʶ ʥʘ ʦʜʥʦ ʫʨʘʚʥʝʥʠʝ ʙʦʣʴʰʝ. ʕʪʦ ʧʦʟʚʦʣʷʝʪ ʧʦ-

ʣʫʯʠʪʴ ʚʝʢʪʦʨ ʵʥʝʨʛʠʠ-ʠʤʧʫʣʴʩʘ ʯʘʩʪʠʮʳ. 

ɺ ʦʙʱʝʡ ʪʝʦʨʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦʩʪʠ (ʆʊʆ) ʦʧʨʝʜʝʣʝʥʠʝ ʠʤʧʫʣʴʩʦʚ ʤʘʩʩʠʚ-

ʥʳʭ ʠ ʩʚʝʪʦʚʳʭ ʯʘʩʪʠʮ, ʜʚʠʞʫʱʠʭʩʷ ʚ ʢʨʠʚʦʣʠʥʝʡʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ-

ʚʨʝʤʝʥʠ, ʠ ʩʠʣ, ʜʝʡʩʪʚʫʶʱʠʭ ʥʘ ʥʠʭ, ʠʤʝʝʪ ʮʝʣʴʶ, ʚ ʪʦʤ ʯʠʩʣʝ, ʥʘʡʪʠ ʨʝʣʷ-

ʪʠʚʠʩʪʩʢʠʝ ʧʦʧʨʘʚʢʠ ʢ ʪʝʦʨʠʠ ʪʷʛʦʪʝʥʠʷ ʅʴʶʪʦʥʘ ʜʣʷ ʩʣʘʙʦʛʦ ʛʨʘʚʠʪʘʮʠʦʥ-

ʥʦʛʦ ʧʦʣʷ. ɽʩʣʠ ʚ ʢʘʯʝʩʪʚʝ ʩʦʩʪʘʚʣʷʶʱʠʭ 4-ʚʝʢʪʦʨʘ ʩʠʣʳ, ʜʝʡʩʪʚʫʶʱʝʡ  

ʥʘ ʤʘʩʩʠʚʥʫʶ ʯʘʩʪʠʮʫ ʝʜʠʥʠʯʥʦʡ ʤʘʩʩʳ, ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʚʪʦʨʳʝ ʧʨʦʠʟʚʦʜʥʳʝ 

ʢʦʦʨʜʠʥʘʪ ʧʦ ʧʫʪʠ [6ï8], ʪʦ ʚ ʥʴʶʪʦʥʦʚʩʢʦʤ ʧʨʝʜʝʣʝ ʚʝʣʠʯʠʥʘ, ʠʛʨʘʶʱʘʷ 

ʨʦʣʴ ʧʘʩʩʠʚʥʦʡ ʛʨʘʚʠʪʘʮʠʦʥʥʦʡ ʤʘʩʩʳ, ʦʢʘʟʳʚʘʝʪʩʷ ʟʘʚʠʩʷʱʝʡ ʦʪ ʥʘʧʨʘʚʣʝ-

ʥʠʷ ʜʚʠʞʝʥʠʷ ʯʘʩʪʠʮʳ [6, 9]. ʕʪʦ ʞʝ ʠʤʝʝʪ ʤʝʩʪʦ ʠ ʜʣʷ ʬʦʪʦʥʘ, ʝʩʣʠ  
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ʩ 4-ʩʠʣʦʡ ʦʪʦʞʜʝʩʪʚʣʷʪʴ ʚʪʦʨʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʢʦʦʨʜʠʥʘʪ ʧʦ ʘʬʬʠʥʥʦʤʫ ʧʘ-

ʨʘʤʝʪʨʫ.  

ɼʨʫʛʠʤ ʧʦʜʭʦʜʦʤ ʷʚʣʷʝʪʩʷ ʚʳʙʦʨ ʣʘʛʨʘʥʞʠʘʥʘ ʯʘʩʪʠʮʳ, ʦʧʨʝʜʝʣʝʥʠʝ 

ʦʙʦʙʱʝʥʥʳʭ ʩʠʣ ʢʘʢ ʝʛʦ ʯʘʩʪʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ ʧʦ ʢʦʦʨʜʠʥʘʪʝ ʚ ʩʦʦʪʚʝʪʩʪʚʠʠ 

ʩ ʤʝʭʘʥʠʢʦʡ ʃʘʛʨʘʥʞʘ. [3ï5]. ʕʥʝʨʛʠʝʡ ʠ ʠʤʧʫʣʴʩʘʤʠ ʯʘʩʪʠʮ ʩʯʠʪʘʶʪʩʷ ʢʦʤ-

ʧʦʥʝʥʪʳ ʢʦʥʪʨʘʚʘʨʠʘʥʪʥʦʛʦ 4-ʚʝʢʪʦʨʘ ʵʥʝʨʛʠʠ-ʠʤʧʫʣʴʩʘ, ʢʘʢ ʵʪʦ ʜʝʣʘʝʪʩʷ  

ʚ [8] ʠ ʚ [6] ʜʣʷ ʯʘʩʪʠʮʳ, ʜʚʠʞʫʱʝʡʩʷ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ-ʚʨʝʤʝʥʠ ʄʠʥʢʦʚʩʢʦʛʦ. 

ʕʪʦ ʩʦʛʣʘʩʫʝʪʩʷ ʩ ʪʝʤ, ʯʪʦ ʚ ʆʊʆ ʬʠʟʠʯʝʩʢʠʝ ʩʢʦʨʦʩʪʠ ʯʘʩʪʠʮ ʩʪʘʚʷʪʩʷ ʚ ʩʦ-

ʦʪʚʝʪʩʪʚʠʝ ʢʦʤʧʦʥʝʥʪʘʤ ʢʦʥʪʨʘʚʘʨʠʘʥʪʥʦʛʦ ʚʝʢʪʦʨʘ 4-ʩʢʦʨʦʩʪʠ. ʇʦʵʪʦʤʫ  

ʩ ʬʠʟʠʯʝʩʢʦʡ ʩʠʣʦʡ ʩʚʷʟʳʚʘʝʪʩʷ ʚʝʢʪʦʨ ʩ ʚʝʨʭʥʠʤʠ ʠʥʜʝʢʩʘʤʠ, ʘʩʩʦʮʠʠʨʦ-

ʚʘʥʥʳʡ ʩ ʚʝʢʪʦʨʦʤ ʦʙʦʙʱʝʥʥʳʭ ʩʠʣ. ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʜʣʷ ʠʟʦʪʨʦʧʥʦʡ ʤʝʪʨʠʢʠ 

ʐʚʘʨʮʰʠʣʴʜʘ ʧʘʩʩʠʚʥʘʷ ʛʨʘʚʠʪʘʮʠʦʥʥʘʷ ʤʘʩʩʘ ʩʚʝʪʦʚʦʡ ʯʘʩʪʠʮʳ, ʦʢʘʟʳʚʘ-

ʝʪʩʷ ʥʝʟʘʚʠʩʷʱʝʡ ʦʪ ʥʘʧʨʘʚʣʝʥʠʷ ʜʚʠʞʝʥʠʷ. ʆʥʘ ʨʘʚʥʘ ʫʜʚʦʝʥʥʦʡ ʤʘʩʩʝ ʤʘʩ-

ʩʠʚʥʦʡ ʯʘʩʪʠʮʳ ʵʢʚʠʚʘʣʝʥʪʥʦʡ ʝʡ ʵʥʝʨʛʠʠ. ʕʪʦ ʩʦʛʣʘʩʫʝʪʩʷ ʩ ʚʝʣʠʯʠʥʦʡ ʘʢ-

ʪʠʚʥʦʡ ʛʨʘʚʠʪʘʮʠʦʥʥʦʡ ʤʘʩʩʳ ʩʚʝʪʦʚʦʡ ʯʘʩʪʠʮʳ, ʧʦʣʫʯʝʥʥʦʡ ʠʟ ʨʝʰʝʥʠʷ 

ʫʨʘʚʥʝʥʠʡ ʕʡʥʰʪʝʡʥʘ ð ʄʘʢʩʚʝʣʣʘ ʜʣʷ ʥʘʧʨʘʚʣʝʥʥʦʛʦ ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʦʛʦ 

ʠʟʣʫʯʝʥʠʷ ʚ ʩʣʫʯʘʝ ʩʣʘʙʦʡ ʛʨʘʚʠʪʘʮʠʠ [10]. ʂʚʘʥʪʦʚʘʷ ʪʝʦʨʠʷ ʛʨʘʚʠʪʘʮʠʠ ʜʘ-

ʝʪ ʘʥʘʣʦʛʠʯʥʳʡ ʨʝʟʫʣʴʪʘʪ ʜʣʷ ʘʢʪʠʚʥʦʡ ʛʨʘʚʠʪʘʮʠʦʥʥʦʡ ʤʘʩʩʳ ʬʦʪʦʥʘ [11]. 

ʇʘʩʩʠʚʥʘʷ ʛʨʘʚʠʪʘʮʠʦʥʥʘʷ ʤʘʩʩʘ ʜʚʠʞʫʱʝʡʩʷ ʧʦ ʥʝʦʛʨʘʥʠʯʝʥʥʦʡ ʪʨʘʝʢʪʦʨʠʠ 

ʤʘʩʩʠʚʥʦʡ ʯʘʩʪʠʮʳ ʪʘʢʞʝ ʥʝ ʙʫʜʝʪ ʟʘʚʠʩʝʪʴ ʦʪ ʥʘʧʨʘʚʣʝʥʠʷ ʝʝ ʜʚʠʞʝʥʠʷ. 
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Application of Lagrangian Mechanics to the Analysis  
of Particle Dynamics in a Gravitational Field 

Belayev V.B.(*) wbelayev@yandex.ru 

Khlopin Radium Institute, Saint-Petersburg, Russia 

Abstract. The dynamics of particles in a gravitational field is investigated using Lagrange 

mechanics. Dynamic equations are obtained, including the rate of energy and momentum 

transfer to the gravitational field. They are covariant for linearized metrics. The motion of 

particles in the Schwarzschild field is considered and, in the case of weak gravitation, it is 

determined the passive gravitational mass of a photon and a massive particle under condi-

tion of the relationship between gravitational potential and its velocity 2 2/ << / .r V ca  

The active gravitational mass is found for the system special case of two identical bodies 

moving in opposite directions. 

Keywords: Lagrange Mechanics, principle of stationary action, gravitational mass 

Methods and materials; results. In the Fock proof [1] of the light motion along 

geodesics, the time component of the covariant 4-velocity vector is taken as the 

Hamiltonian. In [2] a generalized Fermat's principle was proposed, which applies a 

variation of the integral of the time component of the 4-velocity vector and gives 

the trajectory of light propagation that coincides with geodesic. Application of the 

variational principle of energy stationery integral to the motion of a light-like parti-

cle in a gravitational field [3ï5] does not lead to a violation of the isotropy of the 

light path. This method yields equations identical to those obtained using the gen-

eralized Fermat's principle, defining a system of equations that has one more equa-

tion. This allows one to obtain the energy-momentum vector of the particle. 

In general relativity (GR), the definition of the momenta of massive and light-

like particles moving in curvilinear space-time, and the forces acting on them, aims 

in particular to find relativistic corrections to Newton's theory of gravitation for a 

weak gravitational field. If the second derivatives of the coordinates along the path 

[6ï8] are considered as components of the 4-vector of the force acting on a massive 

particle of a unit mass, then in the Newtonian limit, the value playing the role of 

the passive gravitational mass turns out to depend on the direction of motion of the 

particle [6, 9]. The same is true for a photon, if the second derivatives of coordi-

nates are identified with the 4-force by an affine parameter, as which the coordinate 

time is chosen. 

Another approach is the choice of the Lagrangian of the particle, the definition 

of generalized forces as its partial derivatives with respect to the coordinate in ac-

cordance with Lagrange mechanics [3ï5]. The energy and momenta of particles are 

considered as the components of the contravariant 4-vector of energy-momentum, 

as is done in [8] and in [6] for a particle moving in the Minkovsky space-time. This 

is consistent with the fact that in GR the physical velocities of particles are associ-

ated with the components of the contravariant 4-velocity vector. Therefore, the 
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physical force is aligned with the upper index vector associated with the general-

ized force vector. In this case, the passive gravitational mass light-like particle 

turns out to be independent of the direction of their motion. It is equal to twice the 

mass of the massive particle corresponding to its energy. This is consistent with the 

value of the active gravitational mass of the light-like particle obtained from the 

solution of the Einstein ð Maxwell equations for directed electromagnetic radia-

tion in the case of weak gravity [10]. Quantum gravity theory yields a similar result 

for the active gravitational mass of a photon [11]. The passive gravitational mass of 

a massive particle moving along an unrestricted trajectory will also not depend on 

the direction of its motion. 
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ɸʥʥʦʪʘʮʠʷ. ɺ ʩʪʘʥʜʘʨʪʥʦʡ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʡ ʤʦʜʝʣʠ ʦʪ ʜʘʚʣʝʥʠʷ ʚʘʢʫʫʤʘ ʟʘʚʠʩʠʪ 

ʫʩʢʦʨʝʥʠʝ ʨʘʩʰʠʨʝʥʠʷ ɺʩʝʣʝʥʥʦʡ. ɺ ʜʘʥʥʦʡ ʨʘʙʦʪʝ ʨʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʚʦʟʤʦʞʥʦʩʪʴ 

ʝʛʦ ʦʧʨʝʜʝʣʝʥʠʷ ʠʟ ʩʚʦʡʩʪʚ ʣʦʢʘʣʴʥʦʡ ʛʨʘʚʠʪʘʮʠʦʥʥʦʡ ʩʠʩʪʝʤʳ. ʈʘʩʩʤʦʪʨʝʥ ʤʝʭʘ-

ʥʠʟʤ ʚʦʟʥʠʢʥʦʚʝʥʠʷ ʜʘʚʣʝʥʠʷ ʚʘʢʫʫʤʘ, ʦʩʥʦʚʘʥʥʳʡ ʥʘ ʛʨʘʚʠʪʘʮʠʦʥʥʦʤ ʜʝʬʝʢʪʝ 

ʤʘʩʩ. ɽʛʦ ʟʥʘʯʝʥʠʝ ʧʦʣʫʯʝʥʦ ʜʣʷ ʚʥʫʪʨʝʥʥʝʡ ʦʙʣʘʩʪʠ ʩʣʘʙʦ ʛʨʘʚʠʪʠʨʫʶʱʝʛʦ ʩʬʝʨʠ-

ʯʝʩʢʦʛʦ ʩʪʘʪʠʯʝʩʢʦʛʦ ʠʩʪʦʯʥʠʢʘ ʛʨʘʚʠʪʘʮʠʠ ʩ ʧʦʩʪʦʷʥʥʦʡ ʧʣʦʪʥʦʩʪʴʶ. ʋʨʘʚʥʝʥʠʝ 

ʩʦʩʪʦʷʥʠʷ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʨʝʰʝʥʠʶ ʫʨʘʚʥʝʥʠʡ ʕʡʥʰʪʝʡʥʘ ʜʣʷ ʩʬʝʨʳ, ʚʥʫʪʨʠ ʢʦʪʦʨʦʡ 

ʚʨʝʤʷ ʚʝʟʜʝ ʪʝʯʝʪ ʦʜʠʥʘʢʦʚʦ. ʕʪʦ ʨʝʰʝʥʠʝ ʠʩʧʦʣʴʟʫʝʪʩʷ ʜʣʷ ʦʮʝʥʢʠ ʪʝʯʝʥʠʷ ʚʨʝʤʝʥʠ 

ʧʦʜ ʧʦʚʝʨʭʥʦʩʪʴʶ ɿʝʤʣʠ. ʈʝʟʫʣʴʪʘʪʳ ʩʨʘʚʥʠʚʘʶʪʩʷ ʩ ʚʝʣʠʯʠʥʘʤʠ, ʧʦʣʫʯʝʥʥʳʤʠ ʥʘ 

ʦʩʥʦʚʝ ʟʘʚʠʩʠʤʦʩʪʠ ʝʛʦ ʪʝʯʝʥʠʷ ʪʦʣʴʢʦ ʦʪ ʛʨʘʚʠʪʘʮʠʦʥʥʦʛʦ ʧʦʪʝʥʮʠʘʣʘ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʩʬʝʨʠʯʝʩʢʠʡ ʠʩʪʦʯʥʠʢ ʛʨʘʚʠʪʘʮʠʠ, ʜʘʚʣʝʥʠʝ ʚʘʢʫʫʤʘ, ʛʨʘʚʠʪʘʮʠ-

ʦʥʥʳʡ ʜʝʬʝʢʪ, ʟʘʤʝʜʣʝʥʠʝ ʚʨʝʤʝʥʠ 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɼʘʚʣʝʥʠʝ ʚʘʢʫʫʤʘ ʦʧʨʝʜʝʣʷʝʪʩʷ ʠʟ ʛʝʦ-

ʤʝʪʨʠʠ ʧʨʦʩʪʨʘʥʩʪʚʘ ʩʦʛʣʘʩʥʦ ʠʜʝʝ ɸ. ɼ. ʉʘʭʘʨʦʚʘ ʦ çʤʝʪʨʠʯʝʩʢʦʡ ʫʧʨʫʛʦʩʪʠè 

ʧʨʦʩʪʨʘʥʩʪʚʘ, ʪ. ʝ. ʚʦʟʥʠʢʥʦʚʝʥʠʠ ʦʙʦʙʱʝʥʥʦʡ ʩʠʣʳ, ʧʨʝʧʷʪʩʪʚʫʶʱʝʡ ʝʛʦ ʠʩ-

ʢʨʠʚʣʝʥʠʶ [1]. ʇʨʝʜʧʦʣʘʛʘʝʪʩʷ, ʯʪʦ ʵʢʚʠʚʘʣʝʥʪʥʘʷ ʛʨʘʚʠʪʘʮʠʦʥʥʦʤʫ ʜʝʬʝʢʪʫ 

ʤʘʩʩ ʵʥʝʨʛʠʷ, ʨʘʩʭʦʜʫʝʪʩʷ ʥʘ ʜʝʬʦʨʤʘʮʠʶ ʚʘʢʫʫʤʘ. ʆʧʨʝʜʝʣʷʝʪʩʷ ʛʨʘʚʠʪʘʮʠ-

ʦʥʥʦʝ ʚʦʟʜʝʡʩʪʚʠʝ ʥʘ ʥʝʛʦ ʚ ʩʣʫʯʘʝ ʩʣʘʙʦ ʛʨʘʚʠʪʠʨʫʶʱʝʛʦ ʩʪʘʪʠʯʝʩʢʦʛʦ ʮʝʥ-

ʪʨʘʣʴʥʦ-ʩʠʤʤʝʪʨʠʯʥʦʛʦ ʨʘʩʧʨʝʜʝʣʝʥʠʷ ʚʝʱʝʩʪʚʘ. ʉʬʝʨʠʯʝʩʢʠʝ ʠʩʪʦʯʥʠʢʠ ʛʨʘ-

ʚʠʪʘʮʠʠ ʩ ʧʦʩʪʦʷʥʥʳʤʠ ʧʣʦʪʥʦʩʪʷʤʠ ʠ ʦʜʠʥʘʢʦʚʳʤʠ ʛʨʘʚʠʪʘʮʠʦʥʥʳʤʠ 

ʤʘʩʩʘʤʠ m ʨʘʩʩʤʘʪʨʠʚʘʶʪʩʷ ʚ ʩʬʝʨʘʭ ʩ ʦʜʠʥʘʢʦʚʳʤ ʦʙʲʝʤʦʤ ʚ ʫʜʘʣʝʥʥʦʡ ʩʠ-

ʩʪʝʤʝ ʦʪʩʯʝʪʘ [2, 3]. ʈʘʟʥʠʮʘ ʤʝʞʜʫ ʩʦʙʩʪʚʝʥʥʳʤ ʦʙʲʝʤʦʤ ʩʬʝʨ ʠ ʠʭ ʦʙʲʝʤʦʤ  

ʚ ʫʜʘʣʝʥʥʦʡ ʩʠʩʪʝʤʝ ʦʪʩʯʝʪʘ ʫʚʝʣʠʯʠʚʘʝʪʩʷ ʩ ʫʚʝʣʠʯʝʥʠʝʤ ʜʝʬʝʢʪʘ ʤʘʩʩʳ, ʯʪʦ 

ʜʘʝʪ ʧʦʣʦʞʠʪʝʣʴʥʦʝ ʜʘʚʣʝʥʠʝ ʛʨʘʚʠʪʘʮʠʦʥʥʦʛʦ ʧʦʣʷ ʚʥʫʪʨʠ ʩʬʝʨʳ 
2(1/ 3) ,p c= r ʛʜʝ r ð ʝʝ ʧʣʦʪʥʦʩʪʴ. ɺ ʩʪʘʪʠʯʝʩʢʦʤ ʩʣʫʯʘʝ ʜʘʚʣʝʥʠʝ ʚʘʢʫʫʤʘ 

ʫʨʘʚʥʦʚʝʰʠʚʘʝʪ ʚʦʟʜʝʡʩʪʚʠʝ ʛʨʘʚʠʪʘʮʠʠ ʥʘ ʚʘʢʫʫʤ. ʕʪʦ ʧʨʠʥʦʩʠʪ ʫʨʘʚʥʝʥʠʝ 

ʩʦʩʪʦʷʥʠʷ ʚʥʫʪʨʠ ʩʣʘʙʦ ʛʨʘʚʠʪʠʨʫʶʱʝʡ ʩʬʝʨʳ 2(1/ 3) .vp c=- r ʈʘʩʧʨʝʜʝʣʝʥ-

ʥʘʷ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʤʘʪʝʨʠʷ ʚʦʟʙʫʞʜʘʝʪ ʚʘʢʫʫʤ, ʚ ʨʝʟʫʣʴʪʘʪʝ ʯʝʛʦ ʦʥ ʧʨʠʦʙʨʝ-

ʪʘʝʪ ʥʝʥʫʣʝʚʦʝ ʜʘʚʣʝʥʠʝ, ʢʦʪʦʨʦʝ, ʢʘʢ ʧʨʝʜʧʦʣʘʛʘʝʪʩʷ, ʷʚʣʷʝʪʩʷ ʠʩʪʦʯʥʠʢʦʤ 

ʛʨʘʚʠʪʘʮʠʠ. ʕʪʦ ʫʨʘʚʥʝʥʠʝ ʩʦʩʪʦʷʥʠʷ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʨʝʰʝʥʠʶ ʫʨʘʚʥʝʥʠʡ ʕʡʥ-

ʰʪʝʡʥʘ ʜʣʷ ʩʬʝʨʳ ʩ ʨʘʜʠʫʩʦʤ a ʠ ʧʦʩʪʦʷʥʥʦʡ ʧʣʦʪʥʦʩʪʴʶ 
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ʚʥʫʪʨʠ ʢʦʪʦʨʦʡ ʪʝʯʝʥʠʝ ʚʨʝʤʝʥʠ ʦʜʠʥʘʢʦʚʦ ʚʦ ʚʩʝʭ ʪʦʯʢʘʭ [4]. 

ʕʪʘ ʤʝʪʨʠʢʘ ʠʩʧʦʣʴʟʫʝʪʩʷ ʜʣʷ ʦʮʝʥʢʠ ʪʝʯʝʥʠʷ ʚʨʝʤʝʥʠ ʧʦʜ ʧʦʚʝʨʭʥʦ-

ʩʪʴʶ ɿʝʤʣʠ ʚ ʩʦʦʪʚʝʪʩʪʚʠʠ ʩ ʨʘʩʧʨʝʜʝʣʝʥʠʝʤ ʝʝ ʧʣʦʪʥʦʩʪʠ ʚ ʟʘʚʠʩʠʤʦʩʪʠ ʦʪ 

ʨʘʩʩʪʦʷʥʠʷ ʦʪ ʝʝ ʮʝʥʪʨʘ [5]. ʎʝʥʪʨ ɿʝʤʣʠ, ʩʦʛʣʘʩʥʦ ʧʨʠʤʝʥʝʥʥʦʤʫ ʤʝʪʦʜʫ, 

ʙʫʜʝʪ ʤʦʣʦʞʝ ʧʦʚʝʨʭʥʦʩʪʠ ʥʘ 0,5 ʣʝʪ. ʄʦʜʝʣʴ ʩ ʟʘʚʠʩʠʤʦʩʪʴʶ ʟʘʤʝʜʣʝʥʠʷ 

ʚʨʝʤʝʥʠ ʪʦʣʴʢʦ ʦʪ ʛʨʘʚʠʪʘʮʠʦʥʥʦʛʦ ʧʦʪʝʥʮʠʘʣʘ ʜʘʝʪ ʨʘʟʥʠʮʫ 2,49 ʣʝʪ [6]. 

ʆʪʥʦʩʠʪʝʣʴʥʦʝ ʠʟʤʝʥʝʥʠʝ ʧʨʦʤʝʞʫʪʢʦʚ ʚʨʝʤʝʥʠ ʥʘ ʧʦʚʝʨʭʥʦʩʪʠ ʠ ʥʘ 

ʨʘʩʩʪʦʷʥʠʠ l ʦʪ ʥʝʝ ʚ ʧʨʝʜʝʣʘʭ ʟʝʤʥʦʡ ʢʦʨʳ ʦʧʨʝʜʝʣʷʝʪʩʷ ʢʦʵʬʬʠʮʠʝʥʪʦʤ 

.ʧ

ʧ

K
l

t

Dt -Dt
=

Dt
 ɺ ʧʝʨʚʦʤ ʩʣʫʯʘʝ ʦʥ ʩʦʩʪʘʚʠʪ 17 15,36 10 ʤ- -Ö  ʜʣʷ ʩʨʝʜʥʝʡ 

ʧʣʦʪʥʦʩʪʠ ʟʝʤʥʦʡ ʢʦʨʳ ʠ 17 18,86 10 ʤ- -Ö  ʜʣʷ ʧʣʦʪʥʦʩʪʠ ʚʦʜʳ ʄʠʨʦʚʦʛʦ ʦʢʝ-

ʘʥʘ. ʇʨʠ ʟʘʚʠʩʠʤʦʩʪʠ ʪʦʣʴʢʦ ʦʪ ʛʨʘʚʠʪʘʮʠʦʥʥʦʛʦ ʧʦʪʝʥʮʠʘʣʘ ʜʣʷ Kt ʜʘʝʪʩʷ 

ʩʣʘʙʦ ʟʘʚʠʩʷʱʘʷ ʦʪ ʣʦʢʘʣʴʥʦʡ ʧʣʦʪʥʦʩʪʠ ʦʮʝʥʢʘ 16 11,11 10 ʤ .- -Ö  ʊʦʯʥʦʩʪʴ 

ʦʧʨʝʜʝʣʝʥʠʷ ʚʨʝʤʝʥʠ ʩ ʧʦʤʦʱʴʶ ʘʪʦʤʥʳʭ ʯʘʩʦʚ ʧʦʟʚʦʣʷʝʪ ʦʙʥʘʨʫʞʠʪʴ ʜʘʥ-

ʥʳʡ ʵʬʬʝʢʪ ʝʛʦ ʟʘʤʝʜʣʝʥʠʷ. 
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Abstract. In the standard cosmological model, the acceleration of the Universe expansion 

depends on the vacuum pressure. This work considers the possibility of determining it from 

the properties of a local gravitational system. Mechanism of vacuum pressure occurrence 

based on gravitational defect of masses is studied. Its value is obtained for the inner region 

of a weakly gravitating spherical static gravity source with constant density. The equation 

of state corresponds to the solution of Einstein's equations for a sphere within which time 

flows equally everywhere. This solution is used to estimate the flow of time under the 

Earth's surface. The results are compared with the values obtained on the basis on the de-

pendence of its flow only on the gravitational potential. 

Keywords: spherical gravitational source, vacuum pressure, gravitational defect, time dila-

tion 

The vacuum pressure is detected from the space geometry according to Sakharov's 

idea of a ñmetrical elasticityò of space i.e., the emergence of a generalized force 

that prevents its curvature [1]. It is assumed that the energy equivalent to gravita-

tional defect of masses is spent on vacuum deformation. The gravitational influ-

ence on it is determined in the case of a weakly gravitating static centrally symmet-

rical distribution of the substance. Spherical gravity sources with constant densities 

and the same gravitational masses m are considered in spheres with the same vol-

ume in a distant frame [2, 3]. The difference between the proper volume of spheres 

and their volume in the distant reference frame increases with increasing mass de-

fect, which gives a positive pressure of the gravitational field inside the sphere 
2(1/ 3) ,p c= r where r is its density. In static case the vacuum pressure balances 

impact of gravity on vacuum. This yields equation of state inside the weakly gravi-

tating sphere 2(1/ 3) .p c= r Matter distributed in space excites a vacuum, causing it 

to acquire a non-zero pressure, which is assumed to be the source of gravity. This 

equation of state corresponds to the solution of Einstein's equations for a sphere 

with radius a and constant density 

() ( )
2

22 2 2 2 2

2
2

3

2
1   sin  

2
1

m dr
ds d ct r d d

mc a r
a

gå õ
= - - - q + q jæ ö gç ÷ -

, 

within which the flow of time is the same at all points [4]. 

This metric is used to estimate the flow of time under the Earth's surface in ac-

cordance with the distribution of its density depending on the distance from its cen-

ter [5]. The center of the Earth, according to the applied method, will be younger 

than the surface by 0.5 years. The model with time dilation dependent only on the 

gravitational potential gives a difference 2.49 years [6]. The relative change in 

time intervals on the surface and at a distance from it within the earth's crust is de-

termined by the coefficient .ʧ

ʧ

K
l

t

Dt -Dt
=

Dt
 In the first case, it will be 
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17 15.36 10 m- -Ö  for the average density of the Earth's crust and 17 18.86 10 m- -Ö  for 

the density of the water in the World Ocean. If Kt depends only on the 

gravitational potential, it is given an estimate of 16 11.11 10 m ,- -Ö  which weakly 

depends on the local density. The accuracy of determining time using atomic 

clocks makes it possible to detect this effect of its slowing down. 
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Abstract. The accelerated expansion of the Universe remains a fundamental challenge in 

modern cosmology, often attributed to dark energy within the ȿCDM framework. However, 

issues such as fine-tuning and the cosmic coincidence problem motivate the exploration of 

alternative theories. This study investigates late-time cosmic acceleration within the frame-

work of Ὢ ὗȟὝ gravity, a modified gravity theory where gravity is governed by nonmet-

ricity ὗ instead of curvature or torsion. We formulate the field equations for Ὢ ὗȟὝ gravi-

ty and derive a specific model parameterized by ‌ and ‍. The model is constrained using 

observational data from Cosmic Chronometers (CC), and the Pantheon+ Supernova dataset. 

We employ Bayesian inference with a Markov Chain Monte Carlo (MCMC) approach to 

estimate key cosmological parameters, including the Hubble constant Ὄ , and the model-

specific parameters ‌ and ‍. The results are compared against ȿCDM using statistical crite-

ria such as Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC). 

Our findings suggest that Ὢ ὗȟὝ gravity can provide a viable explanation for cosmic ac-

celeration while offering insights into the nature of dark energy. 

Keywords: Ὢ ὗȟὝ gravity, symmetric teleparallel gravity, observational dataset, analysis 

of dynamic systems 

Introduction.  The observation of the Universes late-time acceleration has signifi-

cantly reshaped modern cosmological theories. Although the standard ȿCDM 

model attributes this phenomenon to the presence of dark energy, persistent theo-

retical challenges such as the fine-tuning problem and the cosmic coincidence issue 

have sparked interest in alternative explanations. One such approach is Ὢ ὗȟὝ 

gravity, a modified gravity theory that replaces the role of curvature and torsion 

with the nonmetricity scalar ὗ, and introduces an explicit dependence on the trace 

of the energy-momentum tensor T in the gravitational action [1]. This added cou-

pling enriches the interaction between matter and geometry, providing a broader 

framework for cosmological modeling. Both Ὢ ὗ  and Ὢ ὗȟὝ models hold 

promise for addressing foundational cosmological problems, including the cosmo-

logical constant dilemma and the elusive nature of dark energy [2ï4]. These modi-

fied gravity theories offer novel perspectives on gravitational dynamics and their 

influence on the Universes evolution. 

mailto:lohakaresv@gmail.com
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Methods and materials; results. I. Observational analysis in the Ὢ ὗȟὝ 

gravity framework. We consider the Ὢ ὗȟὝ gravity model as proposed in [1], 

where the action is given by  

Ὓ  
ρ

ρφ“
ὪὗȟὝ ὫὨὼ ὒ ὫὨὼȟ 

with ὒ  as the matter Lagrangian and Ὣ the determinant of the metric ὫА . 

Varying the action yields the field equations: 

ς

Ὣ
ᶯ Ὂ Ὣ

А
Ὂ ὖА ὗ ςὗ АὖА

ρ

ς
ὪὫА  

 ψ“ὝА ρ Ὃ ψ“ὋɡАȟ  (2) 

with Ὂ ‬Ὢ‬ὗϳ  and Ὃ  ρψ“ϳ  ‬Ὢ‬Ὕϳ Ȣ  
Using the FLRW metric 

Ὠί  ὔ ὸὨὸ ὥ ὸὨὼ Ὠώ Ὠᾀ ȟ 

the modified Friedmann equations become 

 ψ“” φὊὌ ὊὌ ὊὌȟ  (3) 

 ψ“” φὊὌ ςὊὌ ὊὌȟ  (4) 

Assuming a dust-dominated Universe, we adopt the exponential form 

ὪὗȟὝ  ὗὩ ‍Ὕ[5]. This form leads to a first-order differential equation 

for the Hubble parameter and matter density parameter, converted to redshift using 

ὨὨὸ ρ ᾀὌὨὨᾀϳϳ d. 

We numerically solve these eqns using the ñOdeintò method. To constrain the 

model parameters ‌ȟ‍ȟὌ  and initial conditions, we perform a Markov Chain 

Monte Carlo (MCMC) analysis. This approach samples the posterior distribution, 

providing best-fit values and uncertainty estimates. The model is tested against 

cosmological data to ensure observational consistency. 

Table. Constrained parameter values, deceleration parameter and ɢ2 for CC  

and pantheon+ data sets and its difference with ȿCDM 

 

 

Conclusion. The Ὢ ὗ  gravity model, examined here through both observa-

tional and dynamical lenses, demonstrates its potential to explain cosmic accelera-

tion without invoking dark energy explicitly. The consistency of the model with 

Data sets H0 Ŭ ɓ q0 ɢ2 
min AIC BIC ɢ2 

min AIC BIC 

CC +  Pantheon+
 72.76 Ñ 0.23 ī2.43+0.19 

ī0.085 2.24+2.27 
ī0.68 ī0.445 849.72 861.72 882.34 3.09 7.09 13.97 

Priors (60, 80) (ī10, 10) (ī10, 10) ī ī ī ī ī ī ī 
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recent observational datasets and its theoretical viability via stability analysis rein-

force its credibility as an alternative to the ȿCDM paradigm. 
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Abstract. This work explores a novel singularity-free relativistic solution to the Einstein 

field equations, focusing on dark energy stars within the framework of Rastall gravity. The 

Low-Mass X-ray Binary (LMXB) 4U 1608-52, characterized by a mass of 1.74 ὓἄ and a 

radius of 9.3 km (T. G¿ver et al., Astrophys. J. 712, 964 (2010)), is considered as a poten-

tial candidate for dark energy star. The analysis begins with the equation of state for dark 

energy, where its density is linearly related to an isotropic perfect fluid distribution via a 

coupling parameter Ŭ. To address the unknown constants within the model, the induced 

metric and extrinsic curvature tensors are computed at the stellar surface. A detailed inves-

tigation is conducted to examine how the physical properties of the model depend on the 

Rastall parameter ɝ. Notably, the results reveal the possibility of a phase transition from a 

dark energy-dominated regime to a baryonic matter profile, influenced by both Ŭ and ɝ. 

Additionally, the model evaluates the percentage of dark energy present by varying ɝ, 

demonstrating that for a fixed ɝ, the dark energy fraction is sensitive to the mass and radius 

of the star. The model satisfies the energy conditions and causality requirements, affirming 

its physical viability. Stability analysis further supports the stability of the stellar configura-

tion. The graphical representations of physical parameters, alongside the theoretical results, 

indicate that the proposed model is non-singular and provides a realistic description of a 

stable stellar structure composed of both dark energy and baryonic matter. 
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3 ˴ ̅̂Σ ˴͊͊ͤ͘ΈΣ ˾͙ͦͫͫΎ 

ɸʥʥʦʪʘʮʠʷ. ɺ ʨʘʙʦʪʝ ʧʦʣʫʯʝʥʳ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʝ ʨʝʰʝʥʠʷ ʜʣʷ ʤʦʜʝʣʠ ʩ ʧʦʪʝʥʮʠʘ-

ʣʦʤ ʍʠʛʛʩʘ ʚ ʩʮʝʥʘʨʠʷʭ ʩʪʝʧʝʥʥʦʡ ʠ ʧʨʦʤʝʞʫʪʦʯʥʦʡ ʠʥʬʣʷʮʠʠ ʚ ʨʘʤʢʘʭ ʩʢʘʣʷʨʥʦ-

ʪʦʨʩʠʦʥʥʦʡ ʪʝʦʨʠʠ ʛʨʘʚʠʪʘʮʠʠ. ʅʘʡʜʝʥʳ ʦʛʨʘʥʠʯʝʥʠʷ ʥʘ ʧʘʨʘʤʝʪʨʳ ʤʦʜʝʣʠ, ʧʦʟʚʦ-

ʣʷʶʱʠʝ ʩʦʛʣʘʩʦʚʘʪʴ ʧʦʣʫʯʝʥʥʳʝ ʨʝʰʝʥʠʷ ʩ ʥʘʙʣʶʜʘʪʝʣʴʥʳʤʠ ʜʘʥʥʳʤʠ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʩʢʘʣʷʨʥʦ-ʪʦʨʩʠʦʥʥʘʷ ʪʝʦʨʠʷ ʛʨʘʚʠʪʘʮʠʠ, ὪὝ-ʛʨʘʚʠʪʘʮʠʷ, ʧʦʪʝʥ-

ʮʠʘʣ ʍʠʛʛʩʘ, ʩʪʝʧʝʥʥʘʷ ʠʥʬʣʷʮʠʷ, ʧʨʦʤʝʞʫʪʦʯʥʘʷ ʠʥʬʣʷʮʠʷ, ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʝ ʧʘʨʘ-

ʤʝʪʨʳ 

ɺʚʝʜʝʥʠʝ. ʅʘʩʪʦʷʱʘʷ ʨʘʙʦʪʘ ʧʦʩʚʷʱʝʥʘ ʠʩʩʣʝʜʦʚʘʥʠʶ ʠʥʬʣʷʮʠʠ ʩ ʧʦʪʝʥʮʠ-

ʘʣʦʤ ʍʠʛʛʩʘ ʚ ʩʢʘʣʷʨʥʦ-ʪʦʨʩʠʦʥʥʦʡ ʪʝʦʨʠʠ ʛʨʘʚʠʪʘʮʠʠ (ʠʣʠ ὪὝ-

ʛʨʘʚʠʪʘʮʠʠ) [1]. ʅʘ ʜʘʥʥʳʡ ʤʦʤʝʥʪ ʩʫʱʝʩʪʚʫʝʪ ʪʦʣʴʢʦ ʦʜʥʘ ʨʘʙʦʪʘ, ʧʦʩʚʷ-

ʱʝʥʥʘʷ ʜʘʥʥʦʤʫ ʠʩʩʣʝʜʦʚʘʥʠʶ ʚ ʨʘʤʢʘʭ ὪὝ-ʛʨʘʚʠʪʘʮʠʠ [2].  

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɺ ʜʘʥʥʦʡ ʨʘʙʦʪʝ ʨʘʩʩʤʘʪʨʠʚʘʝʪʩʷ 

ʤʦʜʝʣʴ ʚ ʩʢʘʣʷʨʥʦ-ʪʦʨʩʠʦʥʥʦʡ ʪʝʦʨʠʠ ʛʨʘʚʠʪʘʮʠʠ, ʦʧʠʩʳʚʘʝʤʘʷ ʩʣʝʜʫʶʱʠʤ 

ʜʝʡʩʪʚʠʝʤ [1]:  

 ί Ὠ᷿ὼ Ὂ•Ὕ •‫‬• ‬• ὠ•  ,  (1) 

ʛʜʝ Ὡ Ὣ  ʪʝʪʨʘʜʘ, Ὂ•ȟ•ȟὠ•‫  ð ʧʨʦʠʟʚʦʣʴʥʳʝ ʬʫʥʢʮʠʠ ʩʢʘ-

ʣʷʨʥʦʛʦ ʧʦʣʷ •ȟὝ  ʩʢʘʣʷʨ ʢʨʫʯʝʥʠʷ. ʌʦʥʦʚʘʷ ʛʝʦʤʝʪʨʠʷ ʦʧʠʩʳʚʘʝʪʩʷ ʤʝʪ-

ʨʠʢʦʡ ʌʈʋ ʩ ʪʝʪʨʘʜʦʡ Ὡ ὨὭὥὫρȟὥὸȟὥὸȟὥὸ. ʋʨʘʚʥʝʥʠʷ ʢʦʩʤʦʣʦʛʠ-

ʯʝʩʢʦʡ ʜʠʥʘʤʠʢʠ, ʧʦʣʫʯʝʥʥʳʝ ʚʘʨʴʠʨʦʚʘʥʠʝʤ ʜʝʡʩʪʚʠʷ (1) ʧʦ ʪʝʪʨʘʜʝ, 

ʘʥʘʣʠʟʠʨʫʶʪʩʷ ʩ ʠʩʧʦʣʴʟʦʚʘʥʠʝʤ ʬʫʥʢʮʠʠ ʥʝʤʠʥʠʤʘʣʴʥʦʛʦ ʚʟʘʠʤʦʜʝʡʩʪʚʠʷ 

Ὂ•ὸ , ʛʜʝ ‗ πȟὲ ὧέὲίὸ. ʋʨʘʚʥʝʥʠʷ ʜʣʷ ʧʦʪʝʥʮʠʘʣʘ ὠ•   

ʠ ʢʠʥʝʪʠʯʝʩʢʦʡ ʬʫʥʢʮʠʠ •‫  ʠʤʝʶʪ ʚʠʜ [1]: 

 ὠ• σὌ Ὄρ ὲ , ••‫ Ὄρ ὲȢ  (2) 
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ʂʨʦʤʝ ʪʦʛʦ, ʧʦʣʫʯʝʥʳ ʩʣʝʜʫʶʱʠʝ ʫʨʘʚʥʝʥʠʷ [1]: 

 Ὄ ὌὌȟὌ• ὌὸȢ  (3) 

ʇʦʣʫʯʝʥʥʳʝ ʫʨʘʚʥʝʥʠʷ (2) ʠ (3) ʧʦʟʚʦʣʷʶʪ ʧʨʦʚʦʜʠʪʴ ʘʥʘʣʠʟ ʠʥʬʣʷʮʠ-

ʦʥʥʳʭ ʨʝʰʝʥʠʡ. ɿʥʘʷ, ʢʘʢ ʧʘʨʘʤʝʪʨ ʍʘʙʙʣʘ ʤʝʥʷʝʪʩʷ ʩʦ ʚʨʝʤʝʥʝʤ Ὄὸ, 

ʫʨʘʚʥʝʥʠʷ (3) ʧʦʟʚʦʣʷʶʪ ʥʘʡʪʠ ʝʛʦ ʟʘʚʠʩʠʤʦʩʪʴ Ὄ•. ɿʥʘʯʠʪ ʤʦʞʥʦ ʦʧʨʝʜʝ-
ʣʠʪʴ ʚʠʜ ʧʦʪʝʥʮʠʘʣʘ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ ὠὸ ʠʟ (2) [1]. ʊʝʧʝʨʴ ʟʘʜʘʝʤ ʧʨʘʚʫʶ 

ʯʘʩʪʴ ʚ ʫʨʘʚʥʝʥʠʠ (2) ʜʣʷ ὠὸ ʢʘʢ ʬʫʥʢʮʠʶ ʦʪ ʚʨʝʤʝʥʠ ὝρȾὸ [3], ʘ ʣʝʚʫʶ 

ʯʘʩʪʴ ʫʨʘʚʥʝʥʠʷ (2) ʧʨʠʨʘʚʥʠʚʘʝʤ ʢ ʧʦʪʝʥʮʠʘʣʫ ʍʠʛʛʩʘ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, 

ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʵʚʦʣʶʮʠʶ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ • ὸ ʚ ʫʩʣʦʚʠʷʭ ʟʘʜʘʥʥʦʛʦ ʧʘ-
ʨʘʤʝʪʨʘ ʍʘʙʙʣʘ ʠ ʧʦʪʝʥʮʠʘʣʘ ʍʠʛʛʩʘ. 

ɺ ʩʣʫʯʘʝ ʩʪʝʧʝʥʥʦʡ ʠʥʬʣʷʮʠʠ ʩ ʧʘʨʘʤʝʪʨʦʤ ʍʘʙʙʣʘ Ὄ άȾὸ, ʫʩʪʘʥʦʚ-
ʣʝʥʦ, ʯʪʦ ʜʣʷ ʩʦʦʪʚʝʪʩʪʚʠʷ ʥʘʙʣʶʜʘʪʝʣʴʥʳʤ ʦʛʨʘʥʠʯʝʥʠʷʤ ʧʘʨʘʤʝʪʨ n ʜʦʣ-

ʞʝʥ ʥʘʭʦʜʠʪʴʩʷ ʚ ʜʠʘʧʘʟʦʥʝ πȢωω  ὲ  πȢψσ. ɼʣʷ ʤʦʜʝʣʠ ʧʨʦʤʝʞʫʪʦʯ-

ʥʦʡ ʠʥʬʣʷʮʠʠ ʩ ʧʘʨʘʤʝʪʨʦʤ ʍʘʙʙʣʘ Ὄ  , ʛʜʝ ὃ  π ʠ π  ‍  ρ, 

ʧʦʣʫʯʝʥʳ ʩʣʝʜʫʶʱʠʝ ʨʝʟʫʣʴʪʘʪʳ: ʧʨʠ ‍  πȟωωω ʤʦʜʝʣʴ ʩʦʛʣʘʩʫʝʪʩʷ  

ʩ ʥʘʙʣʶʜʘʪʝʣʴʥʳʤʠ ʜʘʥʥʳʤʠ ʚ ʜʠʘʧʘʟʦʥʝ ρχȟτχω  ὲ  ρȟρ, ʘ ʧʨʠ ‍ 
 πȟππρ ð ʚ ʜʠʘʧʘʟʦʥʝ ρ  ὲ  πȟψσρ. 
ɿʘʢʣʶʯʝʥʠʝ. ʇʨʠʤʝʥʝʥʠʝ ʤʝʪʦʜʦʚ, ʧʨʝʜʩʪʘʚʣʝʥʥʳʭ ʚ ʨʘʙʦʪʘʭ [2, 3], ʜʘʝʪ 

ʚʦʟʤʦʞʥʦʩʪʴ ʧʦʣʫʯʝʥʠʷ ʨʝʰʝʥʠʡ ʩ ʧʦʪʝʥʮʠʘʣʦʤ ʍʠʛʛʩʘ ʜʣʷ ʨʘʟʣʠʯʥʳʭ ʪʠʧʦʚ 

ʧʘʨʘʤʝʪʨʘ ʍʘʙʙʣʘ. ɺ ʯʘʩʪʥʦʩʪʠ, ʤʦʜʝʣʠ ʩʪʝʧʝʥʥʦʡ ʠ ʧʨʦʤʝʞʫʪʦʯʥʦʡ ʠʥʬʣʷ-

ʮʠʠ ʩ ʥʝʤʠʥʠʤʘʣʴʥʦʡ ʩʚʷʟʴʶ Ὂ•ὸ  ʠ ʧʦʪʝʥʮʠʘʣʦʤ ʍʠʛʛʩʘ, ʜʝ-

ʤʦʥʩʪʨʠʨʫʶʪ ʫʜʦʚʣʝʪʚʦʨʠʪʝʣʴʥʦʝ ʩʦʛʣʘʩʠʝ ʩ ʵʢʩʧʝʨʠʤʝʥʪʘʣʴʥʳʤʠ ʦʛʨʘʥʠʯʝ-

ʥʠʷʤʠ. 

ʀʩʩʣʝʜʦʚʘʥʠʝ ʚʳʧʦʣʥʝʥʦ ʚ ʨʘʤʢʘʭ ʉʦʛʣʘʰʝʥʠʷ ʦ ʧʨʝʜʦʩʪʘʚʣʝʥʠʠ ʩʫʙʩʠʜʠʠ  

ʠʟ ʬʝʜʝʨʘʣʴʥʦʛʦ ʙʶʜʞʝʪʘ ʥʘ ʬʠʥʘʥʩʦʚʦʝ ʦʙʝʩʧʝʯʝʥʠʝ ʚʳʧʦʣʥʝʥʠʷ ʛʦʩʫʜʘʨ-

ʩʪʚʝʥʥʦʛʦ ʟʘʜʘʥʠʷ ʥʘ ʦʢʘʟʘʥʠʝ ʛʦʩʫʜʘʨʩʪʚʝʥʥʳʭ ʫʩʣʫʛ (ʚʳʧʦʣʥʝʥʠʷ ʨʘʙʦʪ)  
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Abstract. This study presents cosmological solutions for a model with the Higgs potential 

in the frameworks of power-law and intermediate inflation scenarios within the scalar-

torsion theory of gravity. Constraints on the model parameters are obtained, ensuring the 

consistency of the derived solutions with observational data. 

Keywords: scalar-torsion gravity, ὪὝ-gravity, Higgs potential, power-law inflation, in-

termediate inflation, cosmological parameters 

Introduction.  This work is devoted to the study of inflation with the Higgs poten-

tial in the framework of scalar-torsion gravity (or ὪὝ-gravity) [1]. To date, only 

one study has explored this issue within the ὪὝ-gravity framework [2]. 

Methods and materials; results. The model under consideration in scalar-

torsion gravity is described by the following action [1]: 

 Ὓ Ὠ᷿Ὡ Ὂ•Ὕ •‫‬• ‬• ὠ•  ,  (1) 

where Ὡ Ὣ is the tetrad determinant, and Ὂ•ȟ•ȟὠ•‫  are arbitrary 

functions of the scalar field •ȟ while Ὕ denotes the torsion scalar. The background 

geometry is described by the FLRW metric with the tetrad Ὡ

ÄÉÁÇρȟὥὸȟὥὸȟὥὸ . The cosmological dynamics equations, obtained by vary-

ing the action (1) with respect to the tetrad, are analyzed using the nonminimal 

coupling function Ὂ•ὸ , where ‗ πȟὲ ÃÏÎÓÔ. The equations for 

the potential ὠ•  and the kinetic function • ‫  take the form [1]: 

 ὠ• σὌ Ὄρ ὲ , ••‫ Ὄρ ὲȢ  (2) 

Additionally, the following equations are obtained [1]: 

 Ὄ ὌὌȟὌ• ὌὸȢ  (3) 

The obtained equations (2) and (3) allow for the analysis of inflationary solu-

tions. Knowing how the Hubble parameter evolves over time Ὄὸ, equations (3) 

enable us to determine its dependence Ὄ• . Consequently, the scalar field poten-
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tial ὠὸ can be determined from (2) [1]. By expressing the right-hand side of 

equation (2) for ὠὸ as a function of time ὝρȾὸ [3] and equating the left-hand 

side to the Higgs potential, we derive the evolution of the scalar field • ὸ under 

the conditions of a given Hubble parameter and Higgs potential. 

For the case of power-law inflation with the Hubble parameter Ὄ , it is es-

tablished that to satisfy observational constraints, the parameter nn must be in the 

range πȢωω  ὲ  πȢψσ. For the intermediate inflation model, where Ὄ  

 with ὃ  π and π  ‍  ρ, the following results are obtained: When 

‍  πȟωωω, consistency with observational data is achieved for ρχȟτχω  ὲ  
 ρȟρ, When ‍  πȟππρ, consistency is achieved for ρ  ὲ  πȟψσρȢ 

Conclusion. The methods presented in [2, 3] enable the derivation of solutions 

with the Higgs potential for various forms of the Hubble parameter. In particular, 

power-law and intermediate inflation models with a nonminimal coupling 

Ὂ•ὸ  and the Higgs potential demonstrate satisfactory agreement 

with experimental constraints.  

This research was carried out within the framework of the Agreement on  
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Ulyanovsk State Pedagogical University named after I.N. Ulyanov  
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1 ˹ ˮ ́˥̂Σ ́ͦͣͫ͟Σ ˾͙ͦͫͫΎ 

2 ˾ ˥˽̂ ͙ͣΦ ˢΦˮΦ ˥͔ͪͼ͔ͤ͊Σ ˿͊ͤͭ͟-˽͔͔͎ͭͪ͋ͯͪΣ ˾͙ͦͫͫΎ 

3 ̅ ˮˢ˹Σ ˸͍ͦͫ͊͟Σ ˾͙ͦͫͫΎ 

ɸʥʥʦʪʘʮʠʷ. ʅʘʡʜʝʥʳ ʨʝʰʝʥʠʷ ʜʣʷ ʘʩʠʤʤʝʪʨʠʯʥʦʛʦ ʧʦʪʝʥʮʠʘʣʘ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʵʣʝʢ-

ʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ, ʟʘʜʘʥʥʦʛʦ ʛʣʘʜʢʦʡ ʬʫʥʢʮʠʝʡ. ʉ ʧʦʤʦʱʴʶ ʥʝʧʝʨʪʫʨʙʘʪʠʚʥʦʛʦ ʬʦʨ-

ʤʘʣʠʟʤʘ ʂʕɼ ʩ ʠʥʪʝʥʩʠʚʥʳʤ ʥʝʦʜʥʦʨʦʜʥʳʤ ʵʣʝʢʪʨʠʯʝʩʢʠʤ ʧʦʣʝʤ ʩʬʦʨʤʠʨʦʚʘʥʳ 

ʧʦʣʥʳʝ ʥʘʙʦʨʳ ʨʝʰʝʥʠʡ, ʢʦʪʦʨʳʝ ʦʧʠʩʳʚʘʶʪ ʥʘʯʘʣʴʥʳʝ ʠ ʬʠʥʘʣʴʥʳʝ ʩʦʩʪʦʷʥʠʷ 

ʯʘʩʪʠʮ ʠ ʘʥʪʠʯʘʩʪʠʮ. ʏʪʦ ʧʦʟʚʦʣʠʣʦ ʠʩʩʣʝʜʦʚʘʪʴ ʦʩʥʦʚʥʳʝ ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ ʥʝʩʪʘ-

ʙʠʣʴʥʦʩʪʠ ʚʘʢʫʫʤʘ ʚ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʤ ʵʣʝʢʪʨʠʯʝʩʢʦʤ ʧʦʣʝ ʠ ʩʨʘʚʥʠʪʴ ʠʭ ʩ ʩʦʦʪʚʝʪ-

ʩʪʚʫʶʱʠʤʠ ʭʘʨʘʢʪʝʨʠʩʪʠʢʘʤʠ ʥʝʩʪʘʙʠʣʴʥʦʩʪʠ ʚʘʢʫʫʤʘ ʚ ʠʟʚʝʩʪʥʳʭ ʪʦʯʥʦ ʨʝʰʘʝʤʳʭ 

ʩʣʫʯʘʷʭ. ʇʨʦʘʥʘʣʠʟʠʨʦʚʘʥʘ ʟʘʚʠʩʠʤʦʩʪʴ ʯʠʩʣʘ ʨʦʞʜʝʥʥʳʭ ʧʘʨ ʦʪ ʧʘʨʘʤʝʪʨʘ, ʦʧʨʝʜʝ-

ʣʷʶʱʝʛʦ ʬʦʨʤʫ ʘʥʘʣʠʪʠʯʝʩʢʦʛʦ ʘʩʠʤʤʝʪʨʠʯʥʦʛʦ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ.  

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʂʕɼ ʩʠʣʴʥʦʛʦ ʧʦʣʷ, ʥʝʩʪʘʙʠʣʴʥʦʩʪʴ ʚʘʢʫʫʤʘ, ʵʬʬʝʢʪ ʐʚʠʥʛʝʨʘ, 

ʫʨʘʚʥʝʥʠʝ ɼʠʨʘʢʘ, ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ ɼʘʨʙʫ 

ɺʚʝʜʝʥʠʝ. ɼʣʷ ʢʚʘʥʪʦʚʳʭ ʵʬʬʝʢʪʦʚ ʩʠʣʴʥʦʛʦ ʧʦʣʷ, ʪʘʢʠʭ ʢʘʢ ʨʦʞʜʝʥʠʝ ʧʘʨ 

ʠʟ ʚʘʢʫʫʤʘ, ʚʦʟʤʦʞʥʦʩʪʴ ʚʳʧʦʣʥʝʥʠʷ ʚʳʯʠʩʣʝʥʠʡ ʩʫʱʝʩʪʚʝʥʥʦ ʟʘʚʠʩʠʪ  

ʦʪ ʩʪʨʫʢʪʫʨʳ ʚʥʝʰʥʠʭ ʧʦʣʝʡ.  

ɺ ʪʝʭ ʩʣʫʯʘʷʭ, ʢʦʛʜʘ ʢʚʘʟʠʢʣʘʩʩʠʯʝʩʢʦʝ ʧʨʠʙʣʠʞʝʥʠʝ ʥʝ ʨʘʙʦʪʘʝʪ, 

ʥʘʠʙʦʣʝʝ ʥʘʜʝʞʥʳʤ ʷʚʣʷʝʪʩʷ ʧʦʜʭʦʜ, ʩʬʦʨʤʫʣʠʨʦʚʘʥʥʳʡ ʚ ʨʘʤʢʘʭ ʢʚʘʥʪʦʚʦʡ 

ʪʝʦʨʠʠ ʠʥʪʝʥʩʠʚʥʦʛʦ ʧʦʣʷ, ʚ ʯʘʩʪʥʦʩʪʠ, ʜʣʷ ʂʕɼ. ɺ ʵʪʦʤ ʧʦʜʭʦʜʝ ʥʝʧʝʨʪʫʨ-

ʙʘʪʠʚʥʳʝ ʚʳʯʠʩʣʝʥʠʷ ʦʧʠʨʘʶʪʩʷ ʥʘ ʪʦʯʥʳʝ ʨʝʰʝʥʠʷ ʨʝʣʷʪʠʚʠʩʪʩʢʠʭ ʚʦʣʥʦ-

ʚʳʭ ʫʨʘʚʥʝʥʠʡ ʩ ʚʥʝʰʥʠʤ ʧʦʣʝʤ [1]. ʌʘʢʪʠʯʝʩʢʠ, ʦʜʥʘʢʦ, ʠʟʚʝʩʪʥʦ ʣʠʰʴ ʥʝ-

ʩʢʦʣʴʢʦ ʪʦʯʥʦ-ʨʝʰʘʝʤʳʭ ʩʣʫʯʘʝʚ, ʭʦʪʷ ʙʳ ʧʨʠʙʣʠʞʝʥʥʦ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ 

ʨʝʘʣʠʩʪʠʯʝʩʢʠʤ ʩʠʪʫʘʮʠʷʤ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʚʦʟʥʠʢʘʝʪ ʟʘʜʘʯʘ ʧʦʩʪʨʦʝʥʠʷ ʥʦ-

ʚʳʭ ʪʦʯʥʳʭ ʨʝʰʝʥʠʡ ʫʨʘʚʥʝʥʠʷ ɼʠʨʘʢʘ ʚ ʠʥʪʝʥʩʠʚʥʳʭ ʚʥʝʰʥʠʭ ʧʦʣʷʭ, ʨʝ-

ʰʝʥʠʝ ʢʦʪʦʨʦʡ ʧʦʟʚʦʣʠʣʦ ʙʳ ʨʘʩʰʠʨʠʪʴ ʢʣʘʩʩ ʪʦʯʥʦ ʨʝʰʘʝʤʳʭ ʩʣʫʯʘʝʚ  

ʚ ʂʕɼ, ʘ ʪʘʢʞʝ ʠ ʂʊʇ ʚ ʠʩʢʨʠʚʣʝʥʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ-ʚʨʝʤʝʥʠ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɼʣʷ ʠʩʩʣʝʜʦʚʘʥʠʷ ʵʬʬʝʢʪʘ ʨʦʞʜʝ-

ʥʠʷ ʧʘʨ ʚʥʝʰʥʠʤ ʵʣʝʢʪʨʠʯʝʩʢʠʤ ʧʦʣʝʤ ʠʩʧʦʣʴʟʫʝʪʩʷ ʦʙʱʠʡ ʬʦʨʤʘʣʠʟʤ  

ʠ ʤʝʪʦʜʳ ʢʚʘʥʪʦʚʦʡ ʪʝʦʨʠʠ ʧʦʣʷ, ʚ ʯʘʩʪʥʦʩʪʠ, ʢʘʨʪʠʥʘ ʌʘʨʨʠ ʜʣʷ ʂʕɼ  
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ʩ ʚʥʝʰʥʠʤʠ ʧʦʣʷʤʠ, ʥʘʨʫʰʘʶʱʠʤʠ ʩʪʘʙʠʣʴʥʦʩʪʴ ʚʘʢʫʫʤʘ [1]. ɼʣʷ ʧʦʩʪʨʦʝ-

ʥʠʷ ʪʦʯʥʳʭ ʨʝʰʝʥʠʡ ʫʨʘʚʥʝʥʠʷ ɼʠʨʘʢʘ ʧʨʠʤʝʥʷʝʪʩʷ ʤʝʪʦʜ ʨʘʟʜʝʣʝʥʠʷ ʧʝʨʝ-

ʤʝʥʥʳʭ ʠ ʤʝʪʦʜ ʦʙʦʙʱʝʥʥʦʛʦ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ɼʘʨʙʫ. ʏʪʦ ʧʦʟʚʦʣʠʣʦ ʧʦʩʪʨʦ-

ʠʪʴ ʥʦʚʫʶ ʪʦʯʥʦ ʨʝʰʘʝʤʫʶ ʤʦʜʝʣʴ ʚ ʂʕɼ ʩʠʣʴʥʦʛʦ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ 

ʘʩʠʤʤʝʪʨʠʯʥʦʛʦ ʧʦʣʷ, ʟʘʜʘʥʥʦʛʦ ʘʥʘʣʠʪʠʯʝʩʢʠʤ ʧʦ ʬʦʨʤʝ ʧʦʪʝʥʮʠʘʣʦʤ [2]. 

ɿʘʢʣʶʯʝʥʠʝ. ʅʝʧʝʨʪʫʨʙʘʪʠʚʥʦ ʧʨʦʘʥʘʣʠʟʠʨʦʚʘʥʦ ʚʣʠʷʥʠʝ ʘʩʠʤʤʝʪʨʠʠ 

ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ ʥʘ ʵʬʬʝʢʪʳ ʥʝʩʪʘʙʠʣʴʥʦʩʪʠ ʚʘʢʫʫʤʘ, ʚ ʯʘʩʪʥʦʩʪʠ ʧʦʢʘ-

ʟʘʥʦ, ʯʪʦ ʩʫʱʝʩʪʚʝʥʥʦ ʤʝʥʷʝʪʩʷ ʧʦʚʝʜʝʥʠʝ ʩʨʝʜʥʠʭ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʯʠʩʝʣ 

ʨʦʞʜʝʥʥʳʭ ʧʘʨ ʧʦ ʩʨʘʚʥʝʥʠʶ ʩ ʠʭ ʧʦʚʝʜʝʥʠʝʤ ʚ ʩʣʫʯʘʝ ʩʠʤʤʝʪʨʠʯʥʦʛʦ ʵʣʝʢ-

ʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ ʪʠʧʘ ɿʘʫʪʝʨʘ. ʀʩʩʣʝʜʦʚʘʥʘ ʥʝʩʪʘʙʠʣʴʥʦʩʪʴ ʚʘʢʫʫʤʘ ʚ ʤʝʜ-

ʣʝʥʥʦ ʤʝʥʷʶʱʝʤʩʷ ʧʦʣʝ. ʇʦʢʘʟʘʥʦ, ʯʪʦ ʚ ʜʦʩʪʘʪʦʯʥʦ ʰʠʨʦʢʦʤ ʜʠʘʧʘʟʦʥʝ 

ʠʤʧʫʣʴʩʦʚ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʝ ʩʨʝʜʥʠʝ ʯʠʩʣʘ ʨʦʞʜʘʶʱʠʭʩʷ ʧʘʨ ʥʝ ʟʘʚʠʩʷʪ ʦʪ 

ʬʦʨʤʳ ʘʥʘʣʠʪʠʯʝʩʢʦʛʦ ʘʩʠʤʤʝʪʨʠʯʥʦʛʦ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ ʠ ʩʦʚʧʘʜʘʶʪ ʩ 

ʪʝʤʠ, ʢʦʪʦʨʳʝ ʩʦʟʜʘʶʪʩʷ ʧʦʩʪʦʷʥʥʳʤ ʵʣʝʢʪʨʠʯʝʩʢʠʤ ʧʦʣʝʤ. ʇʨʦʚʝʜʝʥʦ ʩʨʘʚ-

ʥʝʥʠʝ ʦʙʱʝʛʦ ʩʨʝʜʥʝʛʦ ʯʠʩʣʘ ʨʦʞʜʝʥʥʳʭ ʧʘʨ ʚ ʨʝʞʠʤʝ ʤʝʜʣʝʥʥʦ ʤʝʥʷʶʱʝ-

ʛʦʩʷ ʧʦʣʷ ʩ ʦʮʝʥʢʦʡ, ʧʦʣʫʯʝʥʥʦʡ ʚ ʧʨʠʙʣʠʞʝʥʠʠ ʫʥʠʚʝʨʩʘʣʴʥʦʛʦ ʤʝʜʣʝʥʥʦ 

ʤʝʥʷʶʱʝʛʦʩʷ ʧʦʣʷ.  
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Abstract. Solutions have been found for the asymmetric potential of the heterogeneous 

electric field, given by a smooth function. With the help of non-perturbative formalism 

QED with intense heterogeneous electric field complete sets of solutions are formed, which 

describe initial and final states of particles and antiparticles. Which made it possible to 

study the main characteristics of vacuum instability in the electric field under consideration 

and to compare them with corresponding characteristics of vacuum instability in known 

mailto:dmitrygitman@hotmail.com


72  ˸͍ͦͫ͊͟Σ ˸˥́̂ ͙ͣΦ ˹Φ̏Φ ˣ͊ͯͣ͊ͤ͊Σ 7ς10 ͙ Ό͡Ύ нлнр ͎Φ   

precisely solved cases. The dependence of the number of created pairs on the parameter 

defining the form of an analytical asymmetric electric field was analyzed. 

Keywords: QED strong fields, vacuum instability, Schwinger effect, Dirac equation, Darby 

transformation 

Introduction.  For strong-field quantum effects, such as the creation of a pair from 

a vacuum, the ability to perform calculations depends significantly on the structure 

of the outer fields.  

In cases where the quasi-classical approximation does not work, the most reli-

able approach is the one formulated within the framework of SFQFT, in particular 

for SFQED. In this approach, non-perturbative computations rely on the precise 

solutions of relativistic wave equations with an external field [1]. In fact, however, 

only a few well-defined cases are known, even if they are close to realistic situa-

tions. Thus, there is the problem of constructing new exact solutions of Dirac equa-

tion in intense external fields, which solution would allow to expand the class of 

exactly solved cases in QED as well as in QFT in curved space-time. 

Methods and materials; results. To study the effect of pair production by an 

external electric field, the general formalism and methods of quantum field theory 

are used, in particular, the Farry picture for QED with external fields that violate 

the stability of the vacuum [1]. To construct exact solutions of the Dirac equation, 

the method of separation of variables and the method of generalized Darboux trans-

formation are used. This made it possible to construct a new exactly solvable mod-

el in QED of a strong electric asymmetric field specified by a potential of analyti-

cal form [2]. 

Conclusion. The influence of the electric field asymmetry on the effects of 

vacuum instability is analyzed nonperturbatively. In particular, it is shown that the 

behavior of the average differential numbers of produced pairs changes significant-

ly compared to their behavior in the case of a symmetric electric field of the Sauter 

type. The instability of the vacuum in a slowly varying field is investigated. It is 

shown that in a sufficiently wide range of momenta, the differential average num-

bers of produced pairs do not depend on the shape of the analytical asymmetric 

electric field and coincide with those created by a constant electric field. A compar-

ison is made of the total average number of produced pairs in the slowly varying 

field regime with the estimate obtained in the approximation of a universal slowly 

varying field. 
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ɸʥʥʦʪʘʮʠʷ. ʈʝʰʝʥʠʝ ʂʝʨʨʘ ð ʅʴʶʤʝʥʘ (ʂʅ) ʜʣʷ ʟʘʨʷʞʝʥʥʦʡ ʠ ʩʚʝʨʭʚʨʘʱʘʶʱʝʡʩʷ 

ʯʝʨʥʦʡ ʜʳʨʳ ʤʦʜʠʬʠʮʠʨʫʝʪʩʷ ʚ ʤʥʦʛʦʣʠʩʪʥʦʝ ʨʝʰʝʥʠʝ, ʢʦʪʦʨʦʝ ʥʝ ʪʦʣʴʢʦ ʧʦʪʨʝʙʣʷ-

ʝʪ ʤʘʩʩʫ-ʵʥʝʨʛʠʶ ʢʘʢ ʯʝʨʥʘʷ ʜʳʨʘ, ʥʦ ʪʘʢʞʝ ʠʟʣʫʯʘʝʪ ʢʣʘʩʩʠʯʝʩʢʦʝ ʵʣʝʢʪʨʦʤʘʛʥʠʪ-

ʥʦʝ (ʕʄ) ʠ ʛʨʘʚʠʪʘʮʠʦʥʥʦʝ ʧʦʣʝ, ʦʙʦʙʱʘʷ ʠʟʚʝʩʪʥʫʶ ʢʣʘʩʩʠʯʝʩʢʫʶ ʤʦʜʝʣʴ ʵʣʝʢʪʨʦ-

ʥʘ ʂʘʨʪʝʨʘ ð ʀʟʨʘʵʣʷ ð ʃʦʧʝʟʘ. ʇʨʠ ʵʪʦʤ ʵʣʝʢʪʨʦʥ ʂʅ ʧʨʠʦʙʨʝʪʘʝʪ ʪʦʧʦʣʦʛʠʶ 

ʙʫʪʳʣʢʠ ʂʣʷʡʥʘ ʩʦ ʩʚʝʨʭʧʨʦʚʦʜʷʱʠʤ ʚʘʢʫʫʤʥʳʤ ʷʜʨʦʤ, ʦʢʨʫʞʝʥʥʳʤ ʧʝʪʣʷʤʠ 

ɺʠʣʴʩʦʥʘ, ʧʦʨʦʞʜʘʶʱʠʤʠ ʢʣʘʩʩʠʯʝʩʢʫʶ ʩʪʨʫʥʥʫʶ ʩʠʩʪʝʤʫ, ʢʚʘʥʪʫʝʤʫʶ ʧʦ ɹʦʨʫ ð 

ɿʦʤʤʝʨʬʝʣʴʜʫ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʂʝʨʨʘ ð ʅʴʶʤʘʥʘ, ʢʣʘʩʩʠʯʝʩʢʘʷ ʛʨʘʚʠʪʘʮʠʷ, ʢʣʘʩʩʠʯʝʩʢʘʷ ʩʪʨʫ-

ʥʘ, ʩʚʝʨʭʧʨʦʚʦʜʠʤʦʩʪʴ, ʩʫʧʝʨʩʠʤʤʝʪʨʠʷ, ʷʜʨʦ ʵʣʝʢʪʨʦʥʘ, ʧʝʪʣʠ ɺʠʣʴʩʦʥʘ, ʤʘʛʥʠʪ-

ʥʳʡ ʤʦʥʦʧʦʣʴ 

ɺʚʝʜʝʥʠʝ. ɺ ʥʝʜʘʚʥʝʡ ʨʘʙʦʪʝ [1] ʢʣʘʩʩʠʯʝʩʢʦʝ ʨʝʰʝʥʠʝ ʂʝʨʨʘ ð ʅʴʶʤʝʥʘ 

(ʂʅ) ʜʣʷ ʟʘʨʷʞʝʥʥʦʡ ʠ ʩʫʧʝʨʚʨʘʱʘʶʱʝʡʩʷ ʯʝʨʥʦʡ ʜʳʨʳ ʙʳʣʦ ʤʦʜʠʬʠʮʠʨʦ-

ʚʘʥʦ ʚ ʤʥʦʛʦʣʠʩʪʥʦʝ, ʨʝʰʝʥʠʝ, ʢʦʪʦʨʦʝ ʥʝ ʪʦʣʴʢʦ ʧʦʪʨʝʙʣʷʝʪ ʤʘʩʩʫ-ʵʥʝʨʛʠʶ 

ʢʘʢ ʯʝʨʥʘʷ ʜʳʨʘ, ʥʦ ʤʦʞʝʪ ʪʘʢʞʝ ʠʩʧʫʩʢʘʪʴ ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʦʝ (ʕʄ) ʧʦʣʝ  

ʩ ʥʝʢʦʪʦʨʦʛʦ ʙʝʣʦʛʦ ʣʠʩʪʘ ʂʅ. ʕʪʦ ʠʟʤʝʥʷʝʪ ʩʪʨʫʢʪʫʨʫ ʵʣʝʢʪʨʦʥʘ ʂʅ, ʦʧʠ-

ʩʘʥʥʫʶ ɹ. ʂʘʨʪʝʨʦʤ [2], ɺ. ʀʟʨʘʠʣʝʤ [3] ʠ ʂ. ʃʦʧʝʟʦʤ [4], ʠ ʚʳʜʝʣʷʝʪ  

ʚ ʩʪʨʫʢʪʫʨʝ ʵʣʝʢʪʨʦʥʘ ʪʨʠ ʦʙʣʘʩʪʠ: ʜʚʝ ʯʠʩʪʦ ʢʣʘʩʩʠʯʝʩʢʠʝ ʟʦʥʳ çʧʨʦʰʣʦʛʦè 

ʠ çʙʫʜʫʱʝʛʦè ʠ ʦʜʥʫ ʩʤʝʰʘʥʥʫʶ ʟʦʥʫ, ʦʙʱʫʶ ʜʣʷ ʧʨʦʰʣʦʛʦ ʠ ʙʫʜʫʱʝʛʦ, ʢʦ-

ʪʦʨʘʷ ʦʪʦʞʜʝʩʪʚʣʷʝʪʩʷ ʩ ʩʫʧʝʨʩʠʤʤʝʪʨʠʯʥʳʤ ʠ ʩʚʝʨʭʧʨʦʚʦʜʷʱʠʤ ʚʘʢʫʫʤ-

ʥʳʤ ʷʜʨʦʤ ʵʣʝʢʪʨʦʥʘ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɸʥʘʣʠʟʠʨʫʷ ʦʙʣʘʩʪʴ ʙʫʜʫʱʝʛʦ  

ʚ ʤʦʜʝʣʠ ʦʜʥʦʣʠʩʪʥʦʛʦ ʵʣʝʢʪʨʦʥʘ ɺ. ʀʟʨʘʵʣʷ, ʤʳ ʧʨʝʜʩʪʘʚʣʷʝʤ ʝʝ ʧʨʦʝʢʪʠʚ-

ʥʳʤ ʦʪʦʙʨʘʞʝʥʠʝʤ ʥʝʙʝʩʥʦʡ ʩʬʝʨʳ ʩ ʉʝʚʝʨʥʦʛʦ ʧʦʣʶʩʘ ʥʘ ʵʢʚʘʪʦʨʠʘʣʴʥʫʶ 

ʧʣʦʩʢʦʩʪʴ ʨʝʰʝʥʠʷ ʂʅ, ʛʜʝ ʦʥʘ ʦʛʨʘʥʠʯʠʚʘʝʪʩʷ ʩʠʥʛʫʣʷʨʥʦʡ ʢʦʣʴʮʝʚʦʡ ʩʪʨʫ-

ʥʦʡ, ʛʨʘʥʠʮʝʡ ʨʝʣʷʪʠʚʠʩʪʩʢʠ ʚʨʘʱʘʶʱʝʛʦʩʷ ʜʠʩʢʘ ʚ ʩʠʩʪʝʤʝ çʩʦʙcʪʚʝʥʥʦʛʦ 

ʚʨʝʤʝʥʠ ð sè ʷʜʨʘ ʵʣʝʢʪʨʦʥʘ Kʅ ʩʤ. [5]. ɸʥʘʣʦʛʠʯʥʘʷ ʧʨʦʝʢʮʠʷ ʩ ʖʞʥʦʛʦ 

ʧʦʣʶʩʘ ʥʝʙʝʩʥʦʡ ʩʬʝʨʳ ʜʘʝʪ ʧʨʦʝʢʪʠʚʥʫʶ ʠʥʪʝʨʧʨʝʪʘʮʠʶ ʟʦʥʳ ʙʫʜʫʱʝʛʦ,  

ʠ ʚʤʝʩʪʝ ʦʥʠ ʦʙʨʘʟʫʶʪ ʜʚʫʣʠʩʪʥʫʶ ʢʦʣʴʮʝʚʫʶ ʩʪʨʫʥʫ Kʅ ð ʣʝʥʪʫ ʄʝʙʠʫʩʘ, 

ʩʦʝʜʠʥʷʶʱʫʶ ʩʝʚʝʨʥʫʶ ʠ ʶʞʥʫʶ ʧʨʦʝʢʮʠʶ ʥʘ ʢʨʘʶ ʨʝʣʷʪʠʚʠʩʪʩʢʠ ʚʨʘʱʘ-

ʶʱʝʛʦʩʷ ʷʜʨʘ ʨʝʰʝʥʠʷ Kʅ ʚ ʝʜʠʥʫʶ ʪʦʧʦʣʦʛʠʶ ʙʫʪʳʣʢʠ ʂʣʝʡʥʘ. ʇʨʠ ʵʪʦʤ, 

ʣʝʥʪʘ ʄʝʙʠʫʩʘ ʠʥʪʝʨʧʨʝʪʠʨʫʝʪʩʷ ʢʘʢ ʢʣʘʩʩʠʯʝʩʢʘʷ ʩʠʥʛʫʣʷʨʥʘʷ ʢʦʣʴʮʝʚʘʷ 

ʩʪʨʫʥʘ ʂʅ, ʢʦʪʦʨʘʷ ʠʤʝʝʪ (ʫʤʝʥʴʰʝʥʥʳʡ ʥʘ 2ˊ) ʨʘʜʠʫʩ ʂʦʤʧʪʦʥʘ  

 ὥ
ᴐ

 (1) 
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ʠ ʥʝʩʝʪ ʙʝʩʢʦʥʝʯʥʳʡ ʠʟʙʳʪʦʢ ʤʘʩʩʳ-ʵʥʝʨʛʠʠ, ʪʨʝʙʫʶʱʠʡ ʨʝʛʫʣʷʨʠʟʘʮʠʠ.  

ɼʚʝ ʩʪʨʫʥʥʳʝ ʧʝʪʣʠ ɽʄ ʧʦʪʝʥʮʠʘʣʘ ŭÑ(string), ʩʚʷʟʘʥʳ ʩʦ ʚʭʦʜʷʱʠʤ  

ʠ ʚʳʭʦʜʷʱʠʤ ʣʠʩʪʦʤ ʨʝʰʝʥʠʷ ʂʅ ʠ ʧʨʝʜʩʪʘʚʣʷʶʪ ʩʦʙʦʡ ʨʘʩʱʝʧʣʝʥʠʝ ʚʝʢ-

ʪʦʨʥʦʛʦ ʧʦʪʝʥʮʠʘʣʘ ʬʦʪʦʥʘ, ʟʘʭʚʘʯʝʥʥʦʛʦ ʛʨʘʚʠʪʘʮʠʦʥʥʳʤ ʧʦʣʝʤ ʥʘ ʢʦʣʴʮʝ-

ʚʫʶ ʦʨʙʠʪʫ. ʌʦʪʦʥ (ʢʘʢ ʠ ʛʨʘʚʠʪʘʮʠʦʥʥʦʝ ʧʦʣʝ) ʨʘʩʧʨʦʩʪʨʘʥʷʝʪʩʷ ʧʦ ʩʠʥʛʫ-

ʣʷʨʥʦʤʫ ʢʦʣʴʮʫ ʂʝʨʨʘ ʩʦ ʩʢʦʨʦʩʪʴʶ ʩʚʝʪʘ ʩ, ʠ ʝʛʦ ʪʨʘʝʢʪʦʨʠʷ ʦʧʠʩʳʚʘʝʪʩʷ 

ʢʘʢ ʦʢʨʫʞʥʦʩʪʴ ʚ ʢʦʦʨʜʠʥʘʪʘʭ ʄʠʥʢʦʚʩʢʦʛʦ (x, y, z, t), ʘ ʥʘʙʣʶʜʘʝʪʩʷ ʚ ʢʦʦʨ-

ʜʠʥʘʪʘʭ ʩʦʙʩʪʚʝʥʥʦʛʦ ʚʨʝʤʝʥʠ [5] (ʧʘʨ. 2, ʧʘʨ. 89) [6] ʩ ʠʥʪʝʨʚʘʣʦʤ 

 Ὠ† Ὠὸρ
Ⱦ

.  (2) 

ʇʨʠ v = c ʩʪʨʫʥʘ ʩʪʷʛʠʚʘʝʪʩʷ ʚ ʢʦʣʴʮʦ ʥʫʣʝʚʦʛʦ ʨʘʜʠʫʩʘ ð ʚ ʢʚʘʥʪʦʚʫʶ ʪʦʯʢʫ 

ʩʦʛʣʘʩʥʦ (2). 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʢʚʘʥʪʦʚʘʷ ʜʫʘʣʴʥʦʩʪʴ ʚʦʣʥʳ-ʯʘʩʪʠʮʳ ʦʢʘʟʳʚʘʝʪʩʷ ʯʠʩʪʦ 

ʢʦʦʨʜʠʥʘʪʥʳʤ ʵʬʬʝʢʪʦʤ, ʩʚʷʟʘʥʥʳʤ ʩ ʥʘʙʣʶʜʝʥʠʝʤ ʙʝʟʤʘʩʩʦʚʦʡ ʨʝʣʷʪʠ-

ʚʠʩʪʩʢʦʡ ʩʪʨʫʥʳ. ɺ ʯʘʩʪʥʦʩʪʠ, ʨʘʩʩʤʦʪʨʝʥʥʘʷ ʀʟʨʘʵʣʝʤ ʩʠʥʛʫʣʷʨʥʘʷ ʢʦʣʴʮʝ-

ʚʘʷ ʩʪʨʫʥʘ ʨʘʜʠʫʩʘ ʂʦʤʧʪʦʥʘ a ʥʝʩʝʪ ʤʘʩʩʫ-ʵʥʝʨʛʠʶ ʵʣʝʢʪʨʦʥʘ m, ʘ ʪʘʢʞʝ 

ʦʛʨʦʤʥʳʡ ʫʛʣʦʚʦʡ ʤʦʤʝʥʪ ὐ ᴐς ὥάϳ , ʢʦʪʦʨʳʡ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʢʘʢ 

ʘʢʩʠʘʣʴʥʳʡ ʚʝʢʪʦʨ ʩʦʩʪʦʷʥʠʷ ᴐς άὥ ‬‬•ϳϳ  ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʩʧʠʥʘ. 

 ɺʦʣʥʦʚʘʷ ʬʫʥʢʮʠʷ ʚ ʧʨʝʜʩʪʘʚʣʝʥʠʠ ɻʝʡʟʝʥʙʝʨʛʘ ‪ (t) ʩʚʷʟʘʥʘ ʩ ʬʫʥʢʮʠ-
ʝʡ ʐʨʝʜʠʥʛʝʨʘ ʫʥʠʪʘʨʥʳʤ ʧʨʝʦʙʨʘʟʦʚʘʥʠʝʤ [7] 

 ‪ ὸ Ὡ ‪ πȟ  (3) 

ʢʦʪʦʨʦʝ ʧʦʢʘʟʳʚʘʝʪ, ʯʪʦ ʫʥʠʪʘʨʥʳʡ ʤʥʦʞʠʪʝʣʴ Ὡ  ʚʨʘʱʘʝʪ ʚʝʢʪʦʨ ʩʦʩʪʦʷ-

ʥʠʷ ɻʝʡʟʝʥʙʝʨʛʘ ‪ , ʩ ʫʛʣʦʚʦʡ ʩʢʦʨʦʩʪʴʶ ‫ ςϳ ᴐς άὥὧϳ  (ʩʦʛʣʘʩʥʦ (1)), 

ʨʝʘʣʠʟʫʷ ʦʙʲʝʜʠʥʝʥʠʝ ʤʦʜʝʣʠ ʧʠʣʦʪʥʦʡ ʚʦʣʥʳ ʜʝ ɹʨʦʡʣʷ ʩ ʢʚʘʥʪʦʚʦʡ ʪʦʯʝʯ-

ʥʦʡ ʯʘʩʪʠʮʝʡ ʐʨʝʜʠʥʛʝʨʘ. 

ʋʨʘʚʥʝʥʠʷ ʕʡʥʰʪʝʡʥʘ ð ʄʘʢʩʚʝʣʣʘ ʜʣʷ ʨʝʰʝʥʠʷ ʂʅ ʙʳʣʠ ʧʨʦʠʥʪʝʛʨʠ-

ʨʦʚʘʥʳ ʚ [8], ʠ ʤʝʪʨʠʢʘ ʂʅ ʙʳʣʘ ʧʨʝʜʩʪʘʚʣʝʥʘ ʚ ʚʠʜʝ Ὣ – ςὬὩ Ὡ , 

ʛʜʝ ʬʫʥʢʮʠʷ h ʠʤʝʝʪ ʚʠʜ  

 Ὤ
ϳ

.  (4) 

ʄʝʪʨʠʢʘ ʨʝʛʫʣʷʨʠʟʫʝʪʩʷ ʦʙʨʝʟʘʥʠʝʤ ʧʨʠ h < 0, ʢʦʛʜʘ ʤʘʩʩʘ-ʵʥʝʨʛʠʷ ɽʄ 

ʧʦʣʷ m(re) = U(re), ʩʦʟʜʘʚʘʝʤʘʷ ʟʘʧʘʟʜʳʚʘʶʱʠʤ ʧʦʪʝʥʮʠʘʣʦʤ ʢʦʣʴʮʝʚʦʛʦ ʠʩ-

ʪʦʯʥʠʢʘ ʨʘʜʠʫʩʘ re, ʥʘʯʠʥʘʝʪ ʧʨʝʚʳʰʘʪʴ ʵʥʝʨʛʠʶ ʛʨʘʚʠʪʘʮʠʦʥʥʦʛʦ ʧʦʣʷ. ʉʦ-

ʦʪʚʝʪʩʪʚʫʶʱʝʝ ʨʝʛʫʣʷʨʠʟʦʚʘʥʥʦʝ ʷʜʨʦ ʵʣʝʢʪʨʦʥʘ ʂʅ ʥʝʩʢʦʣʴʢʦ ʫʜʘʣʷʝʪʩʷ  

ʦʪ ʩʠʥʛʫʣʷʨʥʦʛʦ ʢʦʣʴʮʘ, ʠ ʧʨʠʦʙʨʝʪʘʝʪ ʪʦʣʱʠʥʫ ŭr º a/137. ʇʦʪʝʥʮʠʘʣ ɽʄ 

ʧʦʣʷ ʨʘʩʪʝʢʘʝʪʩʷ ʧʦ ʧʦʚʝʨʭʥʦʩʪʠ ʷʜʨʘ, ʢʦʥʮʝʥʪʨʠʨʫʷʩʴ ʥʘ ʦʩʪʨʦʤ ʢʨʘʝ ʚ ʚʠʜʝ 

ʜʚʫʭ ŭÑ(string) ʨʘʩʧʨʝʜʝʣʝʥʠʡ ð ʧʝʪʝʣʴ ɺʠʣʴʩʦʥʘ, ʩ ʥʘʧʨʘʚʣʝʥʠʝʤ ʚʦʟʨʘʩʪʘ-

ʥʠʷ ʧʦʪʝʥʮʠʘʣʘ ʚʜʦʣʴ ʢʦʣʴʮʝʚʦʡ ʩʪʨʫʥʳ. ʇʝʪʣʠ ɺʠʣʴʩʦʥʘ ʜʝʣʘʶʪ ʚʘʢʫʫʤʥʦʝ 

ʷʜʨʦ ʵʣʝʢʪʨʦʥʘ ʩʫʧʝʨʩʠʤʤʝʪʨʠʯʥʳʤ ʠ ʩʚʝʨʭʧʨʦʚʦʜʷʱʠʤ, ʧʦʨʦʞʜʘʷ ʚ ʷʜʨʝ 

ʢʦʣʴʮʝʚʳʝ ʪʦʢʠ, ʬʦʨʤʠʨʫʶʱʠʝ ʵʣʝʢʪʨʦʥ ʂʅ ʢʘʢ ʤʘʛʥʠʪʥʦ-ʩʚʷʟʘʥʥʫʶ ʧʘʨʫ 

ʤʦʥʦʧʦʣʷ ʠ ʘʥʪʠʤʦʥʦʧʦʣʷ. 
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ɿʘʢʣʶʯʝʥʠʝ. ʂʣʘʩʩʠʯʝʩʢʦʝ ʨʝʰʝʥʠʝ ʂʅ ʦʧʠʩʳʚʘʝʪ ʚʟʘʠʤʦʜʝʡʩʪʚʠʝ ʛʨʘ-

ʚʠʪʘʮʠʠ ʩ ʕʄ ʧʦʣʝʤ, ʠ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʩʠʥʛʫʣʷʨʥʫʶ ʢʦʣʴʮʝʚʫʶ ʩʪʨʫʥʫ 

ʢʦʤʧʪʦʥʦʚʩʢʦʛʦ ʨʘʜʠʫʩʘ (1), ʪʨʝʙʫʶʱʫʶ ʨʝʛʫʣʷʨʠʟʘʮʠʠ. 

ʉʪʨʫʥʘ ʂʅ ʷʚʣʷʝʪʩʷ ʨʝʣʷʪʠʚʠʩʪʩʢʦʡ ʠ ʙʝʟʤʘʩʩʦʚʦʡ, ʠ ʚ ʢʦʦʨʜʠʥʘʪʘʭ ʩʦʙ-

ʩʪʚʝʥʥʦʛʦ ʚʨʝʤʝʥʠ ʥʘʙʣʶʜʘʪʝʣʷ, ʦʥʘ ʩʞʠʤʘʝʪʩʷ ʚ ʢʚʘʥʪʦʚʫʶ ʪʦʯʢʫ ʩʦʛʣʘʩʥʦ 

(2) ʠ (3), ʦʙʲʷʩʥʷʷ ʧʨʠʨʦʜʫ ʜʫʘʣʠʟʤʘ ʚʦʣʥʳ-ʯʘʩʪʠʮʳ. 

ʉʝʚʝʨʥʘʷ ʧʦʣʫʩʬʝʨʘ ʩ ʢʨʘʝʤ ʥʘ ʩʝʚʝʨʥʦʡ ʩʪʦʨʦʥʝ ʣʠʩʪʘ ʄʝʙʠʫʩʘ ʩʢʣʝʠ-

ʚʘʝʪʩʷ ʩ ʶʞʥʦʡ ʧʦʣʫʩʬʝʨʦʡ ʧʦ ʶʞʥʦʤʫ ʢʨʘʶ ʣʠʩʪʘ ʄʝʙʠʫʩʘ ʥʘ ʛʨʘʥʠʮʝ ʜʠʩ-

ʢʘ, ʢʘʢ ʜʚʝ ʧʦʣʦʚʠʥʢʠ ʙʫʪʳʣʢʠ ʂʣʷʡʥʘ. 

ʈʝʛʫʣʷʨʠʟʦʚʘʥʥʦʝ ʨʝʰʝʥʠʝ ʂʅ ʦʧʠʩʳʚʘʝʪ ʜʚʝ ʢʣʘʩʩʠʯʝʩʢʠʝ ʦʙʣʘʩʪʠ 

çʧʨʦʰʣʦʛʦè ʠ çʙʫʜʫʱʝʛʦè, ʘ ʪʘʢʞʝ ʪʨʝʪʴʶ ʦʙʣʘʩʪʴ ð ʩʫʧʝʨʩʠʤʤʝʪʨʠʯʥʦʝ  

ʠ ʩʚʝʨʭʧʨʦʚʦʜʷʱʝʝ ʷʜʨʦ ʵʣʝʢʪʨʦʥʘ, ʛʜʝ ʩʤʝʰʠʚʘʶʪʩʷ ʧʨʦʰʣʦʝ ʠ ʙʫʜʫʱʝʝ, 

ʛʝʥʝʨʠʨʫʷ ʦʙʱʫʶ ʪʦʧʦʣʦʛʠʶ ʠʥʩʪʘʥʪʦʥʘ. 
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Abstract. The Kerr-Newman (KN) solution for a charged and superrotating black hole is 

modified into a multisheet solution that not only consumes mass-energy like a black hole 

but also emits classical electromagnetic (EM) and gravitational fields, generalizing the 

well-known classical Carter-Israel-Lopez model of the electron KN. The modified KN elec-

tron acquires topology of a Klein bottle with a disk-like superconducting vacuum core sur-

rounded by Wilson loops, leading. to a classical ring string system quantized by Bohr-

Sommerfeld method. 
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Introduction.  In a recent paper [1], the classical Kerr-Newman (KN) solution for a 

charged and superrotating black hole was modified into a multi-sheet solution, which 

not only consumes mass-energy like a black hole but can also emit an electromagnet-

ic (EM) field from some white sheet of the KN. This modifies the KN electron struc-

ture described by B. Carter [2], V. Israel [3], and C. Lopez [4] and distinguishes three 

regions in the electron structure: two purely classical ñpastò and ñfutureò regions and 

one mixed region common to both past and future, which is identified with the super-

symmetric and superconducting vacuum core of the electron.  

Methods and materials; results. Analyzing the future region in the model of 

the single-sheet electron of W. Israel, we represent it as a projective mapping of the 

celestial sphere from the North Pole to the equatorial plane of the KN solution, 

where the future region is bounded by a singular ring string forming the boundary 

of a relativistically rotating disk in the system of proper time ñsò (see [5], par. 2, 

89). A similar projection from the South Pole of the celestial sphere gives a projec-

tive interpretation of the future region, and together they form a two-sheeted ring 

string of KN -- a Mºbius strip connecting the northern and southern projections at 

the edge of the relativistically rotating core of the KN solution into a single topolo-

gy of the Klein bottle. In this case, the Mobius strip is interpreted as a classical sin-

gular ring string KN, which has (reduced by 2ˊ) the Compton radius 

 ὥ
ᴐ

 (1)  

carries an infinite excess of mass-energy, requiring regularization.  

Two string loops of the EM potential ŭÑ(string) are associated with the incom-

ing and outgoing sheets of the KN solution and represent a splitting of the vector 

potential of a photon captured by the gravitational field into a ring orbit. The pho-

ton (as well as the gravitational field) propagates along the Kerr singular ring with 

the speed of light c, and its trajectory is described as a circle in Minkowski coordi-

nates (x, y, z, t), and is observed in the coordinates of proper time [5] (par. 89) [6] 

with an interval 

 Ὠ† Ὠὸρ
Ⱦ

.  (2) 

When v = c, the string contracts into a ring of zero radius ð into a quantum 

dot according to (2). 

Thus, the quantum duality of the particle wave turns out to be a purely coordi-

nate effect associated with the observation of a massless relativistic string. In par-

ticular, the singular ring string of Compton radius a considered by Israel carries the 

electron mass-energy m, as well as a huge angular momentum ὐ ᴐς ὥάϳ , 

which can be represented as an axial state vector ᴐς άὥ ‬‬•ϳϳ  in the direc-

tion of the spin. 
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The Heisenberg wave function ‪ (t) is related to the Schrºdinger function by 
the unitary transformation [7] 

 ‪ ὸ Ὡ ‪ πȟ  (3) 

which shows that the unitary factor Ὡ  rotates the Heisenberg state vector 

‪ π, with the angular velocity ‫ ςϳ ᴐς άὥὧϳ  (according to (1)), realizing 

the unification of the de Broglie pilot wave model with the Schrºdinger quantum 

point particle. 

The Einstein-Maxwell equations for the solution of the KH were integrated in 

[8], and the KH metric was represented as Ὣ – ςὬὩ Ὡ , where the func-

tion h has the form 

 Ὤ
ϳ

.  (4) 

The metric is regularized by cutting off singular part at h < 0, when the mass-

energy of the EM field m(re) = U(re), created by the retarded potential of a ring 

source of radius re, begins to exceed the energy of the gravitational field. The cor-

responding regularized core of the KH electron moves away from the singular ring 

somewhat and acquires a thickness ŭr º a/137. The EM field potential spreads over 

the surface of the core, concentrating on the sharp edge in the form of two ŭ Ñ 

(string) distributions ð Wilson loops, where the potential increases along the ring 

string being and is quantized according the Bohr-Sommerfeld quantization. Wilson 

loops make the vacuum core of the electron supersymmetric and superconducting, 

generating ring currents in the core, which form the KH electron as a magnetically 

coupled pair of a monopole and an antimonopole. 

Conclusion. The classical KN solution is based on interaction of gravity with 

the EM field, and forms a singular ring string of Compton radius (1) requiring reg-

ularization. 

The KN ring string is relativistic and massless, and in the observer's proper 

time coordinates, it is compressed into a quantum point according to (2) and (3), 

giving rise to wave-particle duality. 

The KN string carries the topology of the Mºbius strip, which in the multish-

eet KN solution folds with the second coil of the strip, gluing two parts of the Klein 

bottle together. 

The regularized KN solution describes two classical regions, the past and fu-

ture, and a mixing region of past-future that is supersymmetric and superconduct-

ing, giving rise to an instanton topology. 
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Abstract. The usual approach for the search of a stochastic background of gravitational 

waves relies on correlating data from different detectors that share common sensitivity 

bands. This method leverages the overlapping frequency ranges to enhance the signal-to-

noise ratio and improve detection confidence. However, here an alternative approach will 

be explored: detecting and characterizing a stochastic background using a network of detec-

tors with non-overlapping sensitivity bands, such as the Einstein Telescope (ET) and the 

Laser Interferometer Space Antenna (LISA). We will delve into the theoretical and practi-

cal conditions under which this method is viable, including the mathematical framework for 

cross-correlating data from detectors operating in different frequency ranges. The role of 

the non-Gaussianity of the stochastic background will be a focal point, as non-Gaussian 

features can provide additional information about the sources and the nature of the back-

ground. We will discuss how non-Gaussian statistics can be used to distinguish between 

different types of stochastic backgrounds, such as those arising from astrophysical sources 

like binary black hole mergers and those from cosmological sources like primordial gravita-

tional waves. 

Keywords: gravitational waves, stochastic background, data analysis, detection, Gaussian 

statistic 

Introduction.  Detecting a stochastic background of gravitational waves involves 

several sophisticated techniques and methodologies. The most common method 

used is cross-correlation statistic. It involves correlating the data from multiple de-

tectors to enhance the signal-to-noise ratio. By comparing the signals from differ-

ent detectors, it is possible to identify common patterns that indicate the presence 

of a stochastic background [1]. Both Bayesian and frequentist statistical methods 

are employed to analyze the data. Bayesian methods use prior probability distribu-

tions to update the likelihood of a signal being present, while frequentist methods 

rely on the frequency of observed data to make inferences [1]. 

Conventional methods for detecting a stochastic background of gravitational 

waves involve correlating data from multiple detectors that operate within overlap-

ping sensitivity bands. This technique takes advantage of the shared frequency 

ranges to boost the signal-to-noise ratio, thereby enhancing the confidence in detec-

tion. In this presentation an innovative approach is introduced: detecting and char-

acterizing a stochastic background using a network of detectors with non-

overlapping sensitivity bands, such as the Einstein Telescope (ET) and the Laser 

Interferometer Space Antenna (LISA). 
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Methods and materials; results. Starting from [2, 3], where ñimportance 

samplingò is used to determine relevant statistical parameters, the theoretical and 

practical conditions necessary for a multiband detection method to be effective will 

be investigated. A mathematical framework for cross-correlating data from detec-

tors that operate in different frequency ranges will be presented. A key aspect of 

this approach is the consideration of the non-Gaussianity of the stochastic back-

ground. Non-Gaussian features can reveal additional information about the sources 

and the nature of the background. We will discuss how non-Gaussian statistics can 

be employed to improve detection and parameter estimation, and to differentiate 

between various types of stochastic backgrounds, such as those originating from 

astrophysical sources like binary black hole mergers and those from cosmological 

sources like primordial gravitational waves. The case of an astrophysical stochastic 

background generated by a superposition of multi-band gravitational waves will be 

considered in detail. Multi-band gravitational waves refer to gravitational wave 

signals that can be detected across multiple frequency bands by different observa-

tories. These waves originate from astrophysical sources, such as binary black hole 

mergers, neutron star collisions, and extreme mass-ratio inspirals.  

The significance of multi-band gravitational wave astronomy [4, 5] in the case 

of a resolved source lies in its ability to track the evolution of compact binary sys-

tems over extended periods. For example, a binary black hole system first detected 

in the millihertz range by LISA could later be observed in the hertz range by LI-

GO/Virgo. This allows for more precise parameter estimation, better constraints on 

general relativity, and insights into black hole formation and population dynamics 

[6ï8]. Multi-band observations also help test modifications to gravity theories, as 

deviations from general relativity might be more pronounced at different frequen-

cies. As future detectors like the Einstein Telescope and Cosmic Explorer become 

operational, multi-band gravitational wave astronomy is expected to play a crucial 

role in advancing our understanding of the universe. It will be shown that these 

advantages can be generalized in the case of unresolved sources (stochastic back-

ground) in a way which depends on the level of non-Gaussianity. 

Conclusion. The possibility of improving the detection and the characteriza-

tion of a stochastic background of gravitational waves on a multi-band detector is 

connected to the non Gaussianity of the background. For a Gaussian stochastic 

background measurement on different bands are essentially statistically independ-

ent. When non-Gaussian contributions are present, it is possible to take advantage 

of them to extract relevant information from a multiband analysis. We think that 

conceptually the same approach could be used for multimessenger observations of 

backgrounds, but details still need to be investigated. 
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̅˥ˣ˻̂ ˤ˻ ζ̂͡˥˽̂ ͙ͣΦ ˮΦ˹Φ ̂͡ΈΎ͍ͤͦ͊ηΣ ̂͡ΈΎ͍ͤͦͫ͟Σ ˾͙ͦͫͫΎ 

ɸʥʥʦʪʘʮʠʷ. ʈʘʩʩʤʦʪʨʝʥ ʤʝʪʦʜ ʩʦʛʣʘʩʦʚʘʥʠʷ ʪʝʦʨʝʪʠʯʝʩʢʠʭ ʧʨʝʜʩʢʘʟʘʥʠʡ ʩʧʝʢʪʨʘʣʴ-

ʥʳʭ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʧʘʨʘʤʝʪʨʦʚ ʩ ʜʘʥʥʳʤʠ ʥʘʙʣʶʜʝʥʠʡ ʚ ʩʢʘʣʷʨʥʦ-ʪʦʨʩʠʦʥʥʦʡ 

ʛʨʘʚʠʪʘʮʠʠ ʩ ʥʝʤʠʥʠʤʘʣʴʥʦʡ ʩʚʷʟʴʶ ʢʨʫʯʝʥʠʷ ʠ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ ʥʘ ʦʩʥʦʚʝ ʩʪʝʧʝʥ-

ʥʦʡ ʧʘʨʘʤʝʪʨʠʟʘʮʠʠ ʩʚʷʟʠ ʬʫʥʢʮʠʠ ʥʝʤʠʥʠʤʘʣʴʥʦʛʦ ʚʟʘʠʤʦʜʝʡʩʪʚʠʷ ʠ ʧʘʨʘʤʝʪʨʘ 

ʍʘʙʙʣʘ. ʇʦʣʫʯʝʥʘ ʟʘʚʠʩʠʤʦʩʪʴ ʪʝʥʟʦʨʥʦ-ʩʢʘʣʷʨʥʦʛʦ ʦʪʥʦʰʝʥʠʷ ὶ ʦʪ ʩʧʝʢʪʨʘʣʴʥʦʛʦ 
ʠʥʜʝʢʩʘ ʩʢʘʣʷʨʥʳʭ ʚʦʟʤʫʱʝʥʠʡ ὲ  ὶρ  ὲ . ʅʘʡʜʝʥʳ ʟʥʘʯʝʥʠʷ ʢʦʥʩʪʘʥʪ ʩʚʷʟʠ 

ʤʦʜʝʣʠ ʠ ʪʝʥʟʦʨʥʦ-ʩʢʘʣʷʨʥʦʛʦ ʦʪʥʦʰʝʥʠʷ r ʧʨʠ ʟʘʜʘʥʥʦʤ ʟʥʘʯʝʥʠʠ ʩʧʝʢʪʨʘʣʴʥʦʛʦ 

ʠʥʜʝʢʩʘ ʩʢʘʣʷʨʥʳʭ ʚʦʟʤʫʱʝʥʠʡ ὲ ʠ ʩʧʝʢʪʨʘ ʤʦʱʥʦʩʪʠ ʩʢʘʣʷʨʥʳʭ ʚʦʟʤʫʱʝʥʠʡ ὖ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʩʢʘʣʷʨʥʦ-ʪʦʨʩʠʦʥʥʘʷ ʛʨʘʚʠʪʘʮʠʷ, ʚʩʝʣʝʥʥʘʷ ʌʨʠʜʤʘ-

ʥʘ, ʩʧʝʢʪʨʘʣʴʥʳʝ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʝ ʧʘʨʘʤʝʪʨʳ, ʪʝʥʟʦʨʥʦ-ʩʢʘʣʷʨʥʦʝ ʦʪʥʦʰʝ-

ʥʠʝ, ʩʧʝʢʪʨʘʣʴʥʳʡ ʠʥʜʝʢʩ ʩʢʘʣʷʨʥʳʭ ʚʦʟʤʫʱʝʥʠʡ 

ɺʚʝʜʝʥʠʝ. ʈʘʩʩʤʘʪʨʠʚʘʶʪʩʷ ʛʨʘʚʠʪʘʮʠʦʥʥʳʝ ʫʨʘʚʥʝʥʠʷ ʩʢʘʣʷʨʥʦ-

ʪʦʨʩʠʦʥʥʦʡ ʛʨʘʚʠʪʘʮʠʠ [1] ʩ ʟʘʜʘʥʥʳʤ ʥʘʙʦʨʦʤ ʬʫʥʢʮʠʡ Ὂ‰ȟ  
ὖ‰ȟὢȟὋ‰ȟὢ, ʧʘʨʘʤʝʪʨʦʤ ʍʘʙʙʣʘ Ὄ, ʩʢʘʣʷʨʥʳʤ ʧʦʣʝʤ ‰, ʢ ʢʦʪʦʨʳʤ ʧʨʠ-
ʤʝʥʷʶʪʩʷ ʫʩʣʦʚʠʷ ʨʝʞʠʤʘ ʤʝʜʣʝʥʥʦʛʦ ʩʢʘʪʳʚʘʥʠʷ, ʧʦʟʚʦʣʷʶʱʠʝ ʦʧʨʝʜʝʣʠʪʴ 

ʧʦʪʝʥʮʠʘʣ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ ὠ ‰. ʇʨʠʤʝʥʷʷ ʢ ʚʳʙʨʘʥʥʦʡ ʤʦʜʝʣʠ ʤʝʪʦʜ ʧʦ-
ʠʩʢʘ ʪʝʦʨʝʪʠʯʝʩʢʠʭ ʧʨʝʜʩʢʘʟʘʥʠʡ ʩʧʝʢʪʨʘʣʴʥʳʭ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʧʘʨʘʤʝʪʨʦʚ 

[1], ʥʘʡʜʝʥʘ ʟʘʚʠʩʠʤʦʩʪʴ ὶρ  ὲ . ɼʘʣʝʝ ʥʘʡʜʝʥʳ ʟʥʘʯʝʥʠʷ ʪʝʥʟʦʨʥʦ-

ʩʢʘʣʷʨʥʦʛʦ ʦʪʥʦʰʝʥʠʷ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʥʘʙʣʶʜʘʪʝʣʴʥʳʤ ʦʛʨʘʥʠʯʝʥʠʷʤ [3], 

ʢʦʥʩʪʘʥʪʳ ʩʚʷʟʠ, ʚʭʦʜʷʱʠʝ ʚ ʬʫʥʢʮʠʠ ʣʘʛʨʘʥʞʠʘʥʘ ʧʨʠ ʚʳʙʦʨʝ ʚʠʜʘ ʧʘʨʘ-

ʤʝʪʨʘ ʍʘʙʙʣʘ ʠ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ʃʘʛʨʘʥʞʠʘʥ ʩʢʘʣʷʨʥʦ-ʪʦʨʩʠʦʥʥʦʡ 

ʛʨʘʚʠʪʘʮʠʠ [1] ὒ  Ὂ‰Ὕ  ὖ‰ȟὢ  Ὃ‰ȟὢ‰ ʚʢʣʶʯʘʝʪ ʨʷʜ ʬʫʥʢʮʠʡ 

ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ, ʢʦʪʦʨʳʝ ʚʳʙʨʘʥʳ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ: Ὂ‰  
ᶻ

, ὲ,  

Ὂz ð ʧʨʦʠʟʚʦʣʴʥʳʝ ʢʦʥʩʪʘʥʪʳ ʩʚʷʟʠ; ὖ‰ȟὢ  ‫ὢ ὠ, ʛʜʝ ὠȟὢ ð ,‫ 

ʬʫʥʢʮʠʠ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ, ʧʨʠʯʝʤ ὢḊ ; Ὃ‰ȟὢ  ‎ὢ, ʛʜʝ ‎ ð ʢʦʥ-

ʩʪʘʥʪʘ ʩʚʷʟʠ, Ὕ ð ʩʢʘʣʷʨ ʢʨʫʯʝʥʠʷ. ɺ ʤʝʪʨʠʢʝ ʌʨʠʜʤʘʥʘ ð ʈʦʙʝʨʪʩʦʥʘ ð 

ʋʦʢʝʨʘ ʧʦʣʫʯʝʥʳ ʛʨʘʚʠʪʘʮʠʦʥʥʳʝ ʫʨʘʚʥʝʥʠʷ ʠ ʥʘʡʜʝʥʳ ʠʭ ʪʦʯʥʳʝ ʠʥʬʣʷʮʠ-

ʦʥʥʳʝ ʨʝʰʝʥʠʷ ʧʨʠ ʥʝʢʦʪʦʨʦʤ ʚʳʙʦʨʝ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ ʠ ʧʘʨʘʤʝʪʨʘ ʍʘʙʙʣʘ 

[2]. ʉʣʝʜʫʷ ʤʝʪʦʜʫ, ʠʟʣʦʞʝʥʥʦʤʫ ʚ ʨʘʙʦʪʝ [1], ʜʣʷ ʩʪʝʧʝʥʥʦʡ ʵʚʦʣʶʮʠʠ ʧʘʨʘ-
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ʤʝʪʨʘ ʍʘʙʙʣʘ ʠ ʣʠʥʝʡʥʦʛʦ ʧʦ ʚʨʝʤʝʥʠ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ ʥʘʡʜʝʥʘ ʟʘʚʠʩʠʤʦʩʪʴ 

ὶρ  ὲ ρȾ ς ρ ὲ . ʇʨʠ ʯʠʩʣʝ e-ʬʦʣʜʦʚ ὔ φπ ʠ ʩʧʝʢʪʨʘʣʴ-

ʥʦʤ ʠʥʜʝʢʩʝ ʩʢʘʣʷʨʥʳʭ ʚʦʟʤʫʱʝʥʠʡ ὲ πȟωφφσ ʪʝʥʟʦʨʥʦ-ʩʢʘʣʷʨʥʦʝ ʦʪʥʦ-

ʰʝʥʠʝ ʨʘʚʥʦ ὶ πȟπρχ, ʯʪʦ ʩʦʦʪʚʝʪʩʪʚʫʝʪ  

ɿʘʢʣʶʯʝʥʠʝ. ɺ ʧʨʠʤʝʥʷʝʤʳʡ ʤʝʪʦʜ ʚʥʦʩʠʣʠʩʴ ʥʝʢʦʪʦʨʳʝ ʠʟʤʝʥʝʥʠʷ.  

ɺ ʯʘʩʪʥʦʩʪʠ, ʠʩʧʦʣʴʟʦʚʘʣʦʩʴ ʟʥʘʯʝʥʠʝ ʬʫʥʢʮʠʠ -ʠʟ ʪʦʯʥʳʭ ʨʝʰʝʥʠʡ ʛʨʘʚʠ ‫

ʪʘʮʠʦʥʥʳʭ ʫʨʘʚʥʝʥʠʡ ʤʦʜʝʣʠ [2]. ʂʨʦʤʝ ʪʦʛʦ, ʧʣʘʥʠʨʫʝʪʩʷ ʧʨʠʤʝʥʠʪʴ ʠʩ-

ʧʦʣʴʟʫʝʤʳʡ ʤʝʪʦʜ ʜʣʷ ʩʦʛʣʘʩʦʚʘʥʠʷ ʪʝʦʨʝʪʠʯʝʩʢʠʭ ʧʨʝʜʩʢʘʟʘʥʠʡ ʩʧʝʢʪʨʘʣʴ-

ʥʳʭ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʧʘʨʘʤʝʪʨʦʚ ʧʨʠ ʨʘʟʣʠʯʥʳʭ ʚʳʙʦʨʘʭ ʧʘʨʘʤʝʪʨʘ ʍʘʙʙʣʘ 

ʠ ʚʠʜʘ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʪʦʯʥʳʤ ʨʝʰʝʥʠʷʤ, ʠʟʣʦʞʝʥʥʳʤ  

ʚ ʨʘʙʦʪʝ [2]. 

ɸʚʪʦʨ ʚʳʨʘʞʘʝʪ ʙʣʘʛʦʜʘʨʥʦʩʪʴ ʧʨʦʬʝʩʩʦʨʫ ʉʝʨʛʝʶ ɺʠʢʪʦʨʦʚʠʯʫ ʏʝʨʚʦʥʫ  

ʠ ʧʨʦʬʝʩʩʦʨʫ ʀʛʦʨʶ ɺʣʘʜʠʤʠʨʦʚʠʯʫ ʌʦʤʠʥʫ ʟʘ ʘʢʪʠʚʥʦʝ ʫʯʘʩʪʠʝ  

ʚ ʦʙʩʫʞʜʝʥʠʠ ʨʝʟʫʣʴʪʘʪʦʚ ʠ ʧʨʦʷʚʣʝʥʥʳʡ ʠʥʪʝʨʝʩ ʢ ʪʝʤʝ ʠʩʩʣʝʜʦʚʘʥʠʷ.  

ʀʭ ʮʝʥʥʳʝ ʨʝʢʦʤʝʥʜʘʮʠʠ ʠ ʩʦʚʝʪʳ ʩʧʦʩʦʙʩʪʚʦʚʘʣʠ ʙʦʣʝʝ ʢʘʯʝʩʪʚʝʥʥʦʤʫ  

ʚʳʧʦʣʥʝʥʠʶ ʠʩʩʣʝʜʦʚʘʥʠʷ. 
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Abstract. The method for reconciling theoretical predictions of spectral cosmological pa-

rameters with observational data in scalar-torsion gravity with non-minimal coupling of 

torsion and scalar fields was examined. This was based on a power parameterization of the 

relationship between the function of non-minimal interaction and the Hubble parameter.  

A dependence of the tensor-scalar ratio ὶ on the spectral index of scalar perturbations ὲ 
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 ὶρ  ὲ . The values of the coupling constants of the model and the tensor-scalar ratio ὶ 
were found for a given value of the spectral index of scalar perturbations ὲ and the scalar 

perturbation power spectrum ὖ. 

Keywords: scalar-torsion gravity, Friedman universe, spectral cosmological parameters, 

tensor-scalar ratio, spectral index of scalar perturbations 

Introduction.  The gravitational equations of scalar-torsion gravity [1] are consid-

ered with a specified set of functions Ὂ‰ȟὖ‰ȟὢȟὋ‰ȟὢ, the Hubble parame-

ter Ὄ, and the scalar field ‰, to which slow-roll conditions are applied, allowing for 

the determination of the scalar field potential ὠ‰ . By applying the method of 

searching for theoretical predictions of spectral cosmological parameters [1] to the 

chosen model, the dependence ὶρ  ὲ  was found. Furthermore, values of the 

tensor-scalar ratio corresponding to observational constraints were obtained [3], 

along with coupling constants that enter the Lagrangian functions when selecting 

the forms of the Hubble parameter and the scalar field. 

Methods and materials; results. The Lagrangian of scalar-torsion gravity [1] 

is given by ὒ  Ὂ‰Ὕ  ὖ‰ȟὢ  Ὃ‰ȟὢ‰, which includes a number of 

functions of the scalar field chosen as follows: Ὂ‰  
ᶻ

, where ὲ, and Ὂz are 

arbitrary coupling constants; ὖ‰ȟὢ  ‫ὢ ὠ, where ὠȟὢ are functions of ,‫ 

the scalar field, with ὢḊ ; and Ὃ‰ȟὢ  ‎ὢ, where ‎ is a coupling con-

stant. Here, Ὕ represents the scalar of torsion. In the Friedmann-Robertson-Walker 

metric, the gravitational equations have been obtained, and their exact inflationary 

solutions have been found for a certain choice of scalar field and Hubble parameter 

[2]. Following the method outlined in work [1], for the power-law evolution of the 

Hubble parameter and a linearly time-dependent scalar field, the dependence 

ὶρ  ὲ ρȾ ς ρ ὲ  has been derived. With the number of e-folds 

ὔ φπ and the spectral index of scalar perturbations ὲ πȟωφφσ, the tensor-

scalar ratio is ὶ πȟπρχ, which corresponds to observational constraints [3]. At the 

same time, the values of ὲ and ά are also calculated. 

Conclusion. The method applied underwent some modifications. Specifically, 

the value of the function ɤ from the exact solutions of the gravitational equations 

in model [2] was used. Furthermore, it is planned to apply the utilized method to 

reconcile theoretical predictions of the spectral cosmological parameters under dif-

ferent choices of the Hubble parameter and types of scalar fields corresponding to 

the exact solutions presented in work [2]. 

The author expresses gratitude to Professor Sergey Viktorovich Chervon and 

Professor Igor Vladimirovich Fomin for their active participation in discussing the 

results and their interest in the research topic. Their valuable recommendations and 

advice contributed to the higher quality of the research. 
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Abstract. This study examines the effects of a non-zero strange quark mass ά  and baryon 

number density ὲ on the structural properties, stability, and maximum mass of strange stars. 

An exact relativistic solution to the Einstein field equations is derived using the Tolman-IV 

metric potential and a modified MIT bag model equation of state (EoS), ὴ ” τὄ , 

where ὄ depends on the bag constant ὄ, ά , and ὲ. Here, ὄ represents the difference be-

tween perturbative and non-perturbative vacuum energy. According to CERN's findings, 

transition from hadronic matter to Quark-Gluon Plasma (QGP) can occur at high densities 

under favourable conditions. The standard MIT bag model, which assumes constant ὄ, 

cannot adequately describe this transition. Incorporating a finite ά  and employing Wood-

Saxon parametrization for ὄ, which depends on ὲ, provides a more realistic EoS capable of 

addressing this phase transition. As ά  increases, the EoS becomes softer, influencing the 

solutions of the TOV equations. For ά π, the maximum mass is 2.01 ὓṩ having radius 

of 10.96 Km when ὲ πȢφφ Ὢά . For ά υπ and ρππ ὓὩὠ, these values reduce to 

1.99 ὓṩ and 1.96 ὓṩ and radii of 10.88 Km and 10.69 Km, respectively. Phase transition 

from hadronic to quark matter occurs at higher ὲ values when ά  increases (ὲ  
πȢτψςȟπȢτψω and πȢυρὪά  for ά πȟυπ and ρππ ὓὩὠ respectively). Beyond these 

values, the energy per baryon ὄ drops below ωσπȢτ ὓὩὠ, indicating a complete transition 

to quark matter and the stability of the system increases. The proposed model satisfies cau-

sality, energy, and stability conditions, effectively describing strange star properties.  
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ɸʥʥʦʪʘʮʠʷ. ʈʘʩʩʤʦʪʨʝʥʳ ʩʦʣʠʪʦʥʳ ʨʝʣʷʪʠʚʠʩʪʩʢʠ ʠʥʚʘʨʠʘʥʪʥʳʭ ʧʦʣʝʚʳʭ ʤʦʜʝʣʝʡ 

ʠʣʠ ʨʝʣʷʪʠʚʠʩʪʩʢʠʝ ʩʦʣʠʪʦʥʳ. ʈʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʤʦʜʝʣʴ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦ-

ʚʨʝʤʝʥʥʦʡ ʧʣʝʥʢʠ ʚ ʢʘʯʝʩʪʚʝ ʤʦʜʝʣʠ ʝʜʠʥʦʛʦ ʧʦʣʷ. ɺʚʝʜʝʥʦ ʧʦʥʷʪʠʝ ʨʝʣʷʪʠʚʠʩʪ-

ʩʢʦʛʦ ʦʩʮʠʣʣʠʨʫʶʱʝʛʦ ʜʦʩʚʝʪʦʚʦʛʦ ʩʦʣʠʪʦʥʘ. ʇʦʢʘʟʘʥʦ, ʯʪʦ ʪʘʢʠʝ ʩʦʣʠʪʦʥʳ ʨʝʘ-

ʣʠʟʫʶʪ ʢʦʨʧʫʩʢʫʣʷʨʥʦ-ʚʦʣʥʦʚʦʡ ʜʫʘʣʠʟʤ, ʭʘʨʘʢʪʝʨʥʳʡ ʜʣʷ ʤʘʩʩʠʚʥʳʭ ʵʣʝʤʝʥʪʘʨ-

ʥʳʭ ʯʘʩʪʠʮ. ʈʘʩʩʤʦʪʨʝʥʳ ʩʣʘʙʳʝ ʩʬʝʨʠʯʝʩʢʠʝ ʩʦʣʠʪʦʥʳ ʣʠʥʝʘʨʠʟʦʚʘʥʥʦʡ ʧʦʣʝʚʦʡ 

ʤʦʜʝʣʠ. ʇʨʦʜʝʤʦʥʩʪʨʠʨʦʚʘʥʦ ʚʠʜʝʦ ʩʣʘʙʦʛʦ ʦʩʮʠʣʣʠʨʫʶʱʝʛʦ ʩʦʣʠʪʦʥʘ ʚ ʧʦʢʦʝ  

ʠ ʚ ʜʚʠʞʝʥʠʠ, ʢʦʪʦʨʦʝ ʧʦʜʪʚʝʨʞʜʘʝʪ ʢʦʥʮʝʧʮʠʶ ʢʦʨʧʫʩʢʫʣʷʨʥʦ-ʚʦʣʥʦʚʦʛʦ ʜʫʘʣʠʟ-

ʤʘ ʩʦʣʠʪʦʥʦʚ.  

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʢʦʨʧʫʩʢʫʣʷʨʥʦ-ʚʦʣʥʦʚʦʡ ʜʫʘʣʠʟʤ, ʩʦʣʠʪʦʥ, ʵʣʝʤʝʥʪʘʨʥʳʝ ʯʘʩʪʠ-

ʮʳ, ʪʝʦʨʠʷ ʝʜʠʥʦʛʦ ʧʦʣʷ, ʥʝʣʠʥʝʡʥʘʷ ʵʣʝʢʪʨʦʜʠʥʘʤʠʢʘ, ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦ-ʚʨʝʤʝʥʥʘʷ 

ʧʣʝʥʢʘ 

ɺʚʝʜʝʥʠʝ. ʉʦʣʠʪʦʥ ʤʦʞʥʦ ʦʧʨʝʜʝʣʠʪʴ ʢʘʢ ʦʙʲʝʢʪ ʬʠʟʠʯʝʩʢʠʡ ʠ ʤʘʪʝʤʘʪʠʯʝ-

ʩʢʠʡ. ʌʠʟʠʯʝʩʢʦʝ ʦʧʨʝʜʝʣʝʥʠʝ ʩʦʣʠʪʦʥʘ: çʉʦʣʠʪʦʥʦʤ ʥʘʟʳʚʘʝʪʩʷ ʫʝʜʠʥʝʥʥʘʷ 

ʠʣʠ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦ-ʣʦʢʘʣʠʟʦʚʘʥʥʘʷ ʚʦʣʥʘè. ɿʜʝʩʴ ʯʘʩʪʦ ʜʦʙʘʚʣʷʶʪ: çʨʘʩ-

ʧʨʦʩʪʨʘʥʷʶʱʘʷʩʷ ʚ ʥʝʣʠʥʝʡʥʦʡ ʩʨʝʜʝè. ʆʜʥʘʢʦ ʵʪʦ ʜʦʙʘʚʣʝʥʠʝ ʤʦʞʥʦ ʥʝ ʜʝ-

ʣʘʪʴ, ʧʦʩʢʦʣʴʢʫ ʣʶʙʘʷ ʬʠʟʠʯʝʩʢʘʷ ʩʫʙʩʪʘʥʮʠʷ ʥʝʣʠʥʝʡʥʘ, ʘ ʣʠʥʝʡʥʦʡ ʤʦʞʝʪ 

ʙʳʪʴ ʪʦʣʴʢʦ ʝʝ ʧʨʠʙʣʠʞʝʥʥʘʷ ʤʘʪʝʤʘʪʠʯʝʩʢʘʷ ʤʦʜʝʣʴ.  

ʄʘʪʝʤʘʪʠʯʝʩʢʦʝ ʦʧʨʝʜʝʣʝʥʠʝ ʩʦʣʠʪʦʥʘ: çʉʦʣʠʪʦʥʦʤ ʥʘʟʳʚʘʝʪʩʷ ʨʝʰʝʥʠʝ 

ʥʝʣʠʥʝʡʥʦʡ ʧʦʣʝʚʦʡ ʤʦʜʝʣʠ ʚ ʚʠʜʝ ʫʝʜʠʥʝʥʥʦʡ ʠʣʠ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦ-

ʣʦʢʘʣʠʟʦʚʘʥʥʦʡ ʚʦʣʥʳè. ɿʜʝʩʴ ʥʝʣʠʥʝʡʥʦʩʪʴ ʤʦʜʝʣʠ ʩʫʱʝʩʪʚʝʥʥʘ. 

ʀʥʪʝʨʝʩ ʢ ʪʝʤʝ ʩʦʣʠʪʦʥʦʚ ʩʚʷʟʘʥ, ʚ ʯʘʩʪʥʦʩʪʠ, ʩ ʪʝʤ, ʯʪʦ ʦʥʠ, ʷʚʣʷʷʩʴ 

ʚʦʣʥʦʚʳʤʠ ʦʙʲʝʢʪʘʤʠ, ʧʨʦʷʚʣʷʶʪ ʪʘʢʞʝ ʢʦʨʧʫʩʢʫʣʷʨʥʳʝ ʩʚʦʡʩʪʚʘ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɺ ʜʦʢʣʘʜʝ ʚ ʦʩʥʦʚʥʦʤ ʨʘʩʩʤʘʪʨʠ-

ʚʘʶʪʩʷ ʤʘʪʝʤʘʪʠʯʝʩʢʠʝ ʩʦʣʠʪʦʥʳ, ʪʦ ʝʩʪʴ ʨʝʰʝʥʠʷ ʧʦʣʝʚʳʭ ʤʦʜʝʣʝʡ ʚ ʚʠʜʝ 

ʫʝʜʠʥʝʥʥʳʭ ʚʦʣʥ. 

ɺ ʢʘʯʝʩʪʚʝ ʧʦʣʝʚʳʭ ʤʦʜʝʣʝʡ ʨʘʩʩʤʘʪʨʠʚʘʶʪʩʷ ʨʝʣʷʪʠʚʠʩʪʩʢʠ ʠʥʚʘʨʠʘʥʪ-

ʥʳʝ ʫʨʘʚʥʝʥʠʷ ʚ ʯʘʩʪʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ. ʀʭ ʩʦʣʠʪʦʥʥʳʝ ʨʝʰʝʥʠʷ ʤʦʛʫʪ ʙʳʪʴ 

ʥʘʟʚʘʥʳ ʨʝʣʷʪʠʚʠʩʪʩʢʠʤʠ ʩʦʣʠʪʦʥʘʤʠ.  

ʂ ʪʘʢʠʤ ʨʝʣʷʪʠʚʠʩʪʩʢʠʤ ʧʦʣʝʚʳʤ ʤʦʜʝʣʷʤ ʦʪʥʦʩʷʪʩʷ ʤʦʜʝʣʠ ʥʝʣʠʥʝʡʥʦʡ 

ʵʣʝʢʪʨʦʜʠʥʘʤʠʢʠ ʪʠʧʘ ɹʦʨʥʘ ð ʀʥʬʝʣʴʜʘ [1]. ʉʦʙʩʪʚʝʥʥʦ ʵʣʝʢʪʨʦʜʠʥʘʤʠʢʘ 

ɹʦʨʥʘ ð ʀʥʬʝʣʴʜʘ [2] ʧʦʟʠʮʠʦʥʠʨʦʚʘʣʘʩʴ ʢʘʢ ʤʦʜʝʣʴ ʝʜʠʥʦʛʦ ʧʦʣʷ ʚ ʩʦʦʪ-

ʚʝʪʩʪʚʠʠ ʩ ʢʦʥʮʝʧʮʠʝʡ ʥʝʣʠʥʝʡʥʦ-ʵʣʝʢʪʨʦʜʠʥʘʤʠʯʝʩʢʦʛʦ ʤʠʨʘ ɻ. ʄʠ [3].  

ɺ ʨʘʤʢʘʭ ʥʝʣʠʥʝʡʥʦʡ ʵʣʝʢʪʨʦʜʠʥʘʤʠʢʠ ʦʢʘʟʳʚʘʝʪʩʷ ʚʦʟʤʦʞʥʳʤ ʝʩʪʝʩʪʚʝʥ-
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ʥʳʤ ʦʙʨʘʟʦʤ ʦʙʲʝʜʠʥʠʪʴ ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʦʝ ʠ ʛʨʘʚʠʪʘʮʠʦʥʥʦʝ ʚʟʘʠʤʦʜʝʡ-

ʩʪʚʠʷ, ʨʘʩʩʤʘʪʨʠʚʘʷ ʯʘʩʪʠʮʳ ʢʘʢ ʩʦʣʠʪʦʥʳ [1]. 

ʕʣʝʢʪʨʦʤʘʛʥʠʪʥʦʝ ʠ ʛʨʘʚʠʪʘʮʠʦʥʥʦʝ ʚʟʘʠʤʦʜʝʡʩʪʚʠʷ ʚʦʟʥʠʢʘʶʪ ʢʘʢ ʜʚʘ 

ʜʘʣʴʥʠʭ ʚʟʘʠʤʦʜʝʡʩʪʚʠʷ ʩʦʣʠʪʦʥʦʚ, ʢʦʪʦʨʳʝ ʤʦʛʫʪ ʙʳʪʴ ʥʘʟʚʘʥʳ ʩʠʣʦʚʳʤ ʠ 

ʤʝʪʨʠʯʝʩʢʠʤ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ [4]. ʕʪʠ ʜʚʘ ʪʠʧʘ ʚʟʘʠʤʦʜʝʡʩʪʚʠʷ ʭʘʨʘʢʪʝʨʥʳ 

ʜʣʷ ʣʶʙʳʭ ʨʝʣʷʪʠʚʠʩʪʩʢʠ ʠʥʚʘʨʠʘʥʪʥʳʭ ʧʦʣʝʚʳʭ ʤʦʜʝʣʝʡ. ɺ ʩʚʷʟʠ ʩ ʵʪʠʤ 

ʮʝʣʝʩʦʦʙʨʘʟʥʦ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʚ ʢʘʯʝʩʪʚʝ ʝʜʠʥʦʡ ʙʦʣʝʝ ʧʨʦʩʪʫʶ ʩʢʘʣʷʨʥʫʶ 

ʧʦʣʝʚʫʶ ʤʦʜʝʣʴ. 

ʄʦʜʝʣʴ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦ-ʚʨʝʤʝʥʥʦʡ ʧʣʝʥʢʠ [5] ʦʙʣʘʜʘʝʪ ʤʥʦʛʠʤʠ ʟʘʤʝʯʘ-

ʪʝʣʴʥʳʤʠ ʩʚʦʡʩʪʚʘʤʠ. ɺ ʯʘʩʪʥʦʩʪʠ, ʥʘʡʜʝʥʳ ʝʝ ʪʦʯʥʳʝ ʩʦʣʠʪʦʥʥʳʝ ʨʝʰʝʥʠʷ, 

ʢʦʪʦʨʳʝ ʤʦʛʫʪ ʙʳʪʴ ʩʦʧʦʩʪʘʚʣʝʥʳ ʬʦʪʦʥʘʤ [5]. ʅʘʡʜʝʥʦ ʝʝ ʪʦʯʥʦʝ ʩʦʣʠʪʦʥʥʦʝ 

ʨʝʰʝʥʠʝ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʝ ʪʦʯʝʯʥʦʡ ʟʘʨʷʞʝʥʥʦʡ ʯʘʩʪʠʮʝ ʙʝʟ ʩʧʠʥʘ [6]. 

ʈʝʘʣʴʥʳʝ ʵʣʝʤʝʥʪʘʨʥʳʝ ʯʘʩʪʠʮʳ ʤʦʛʫʪ ʦʙʣʘʜʘʪʴ ʩʧʠʥʦʤ ʠʣʠ ʩʦʙʩʪʚʝʥʥʳʤ 

ʤʦʤʝʥʪʦʤ ʠʤʧʫʣʴʩʘ. ʊʘʢʠʝ ʩʦʣʠʪʦʥʥʳʝ ʨʝʰʝʥʠʷ ʨʘʩʩʤʘʪʨʠʚʘʣʠʩʴ ʚ ʨʘʤʢʘʭ 

ʪʝʦʨʠʠ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦ-ʚʨʝʤʝʥʥʦʡ ʧʣʝʥʢʠ [7]. ʂʨʦʤʝ ʪʦʛʦ, ʵʣʝʤʝʥʪʘʨʥʳʝ ʯʘ-

ʩʪʠʮʳ ʦʙʣʘʜʘʶʪ ʷʨʢʦ ʚʳʨʘʞʝʥʥʳʤʠ ʚʦʣʥʦʚʳʤʠ ʩʚʦʡʩʪʚʘʤʠ. ɺ ʵʪʦʡ ʩʚʷʟʠ 

ʥʝʦʙʭʦʜʠʤʦ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʦʩʮʠʣʣʠʨʫʶʱʠʝ ʨʝʣʷʪʠʚʠʩʪʩʢʠʝ ʜʦʩʚʝʪʦʚʳʝ ʩʦʣʠ-

ʪʦʥʳ ð ʩʦʣʠʪʦʥʳ ʩ ʧʝʨʠʦʜʠʯʝʩʢʦʡ ʟʘʚʠʩʠʤʦʩʪʴʶ ʦʪ ʚʨʝʤʝʥʠ ʚ ʩʦʙʩʪʚʝʥʥʦʡ 

ʩʠʩʪʝʤʝ ʢʦʦʨʜʠʥʘʪ. ʇʦʢʘʟʘʥʦ, ʯʪʦ ʪʘʢʠʝ ʩʦʣʠʪʦʥʳ ʨʝʘʣʠʟʫʶʪ ʢʦʨʧʫʩʢʫʣʷʨʥʦ-

ʚʦʣʥʦʚʦʡ ʜʫʘʣʠʟʤ, ʭʘʨʘʢʪʝʨʥʳʡ ʜʣʷ ʤʘʩʩʠʚʥʳʭ ʵʣʝʤʝʥʪʘʨʥʳʭ ʯʘʩʪʠʮ.  

ɺ ʧʨʝʜʝʣʝ ʩʣʘʙʦʛʦ ʧʦʣʷ ʫʨʘʚʥʝʥʠʝ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦ-ʚʨʝʤʝʥʥʦʡ ʧʣʝʥʢʠ ʧʝ-

ʨʝʭʦʜʠʪ ʚ ʦʙʳʯʥʦʝ ʣʠʥʝʡʥʦʝ ʚʦʣʥʦʚʦʝ ʫʨʘʚʥʝʥʠʝ ʠʣʠ ʫʨʘʚʥʝʥʠʝ ɼ'ɸʣʘʤʙʝʨʘ. 

ʕʪʦ ʫʨʘʚʥʝʥʠʝ ʪʘʢʞʝ ʦʙʣʘʜʘʝʪ ʨʝʰʝʥʠʷʤʠ ʚ ʚʠʜʝ ʫʝʜʠʥʝʥʥʳʭ ʚʦʣʥ, ʢʦʪʦʨʳʝ 

ʦʙʳʯʥʳʤʠ ʩʦʣʠʪʦʥʘʤʠ ʥʝ ʷʚʣʷʶʪʩʷ ʚʩʣʝʜʩʪʚʠʝ ʣʠʥʝʡʥʦʩʪʠ ʤʦʜʝʣʠ. ʊʘʢʠʝ ʧʨʦ-

ʩʪʨʘʥʩʪʚʝʥʥʦ-ʣʦʢʘʣʠʟʦʚʘʥʥʳʝ ʨʝʰʝʥʠʷ ʥʘʟʳʚʘʝʤ ʩʣʘʙʳʤʠ ʩʦʣʠʪʦʥʘʤʠ [8]. 

ʆʙʦʩʥʦʚʘʥʦ, ʯʪʦ ʩ ʥʘʩʪʦʷʱʠʤ ʩʦʣʠʪʦʥʦʤ-ʯʘʩʪʠʮʝʡ ʩʚʷʟʘʥ ʥʝʢʦʪʦʨʳʡ ʩʣʘʙʳʡ 

ʩʦʣʠʪʦʥ ʚ ʩʤʳʩʣʝ ʘʩʠʤʧʪʦʪʠʯʝʩʢʦʛʦ ʧʦʚʝʜʝʥʠʷ ʥʘ ʙʝʩʢʦʥʝʯʥʦʩʪʠ. 

ɺ ʢʘʯʝʩʪʚʝ ʧʨʠʤʝʨʘ ʨʘʩʩʤʦʪʨʝʥ ʩʣʘʙʳʡ ʦʩʮʠʣʣʠʨʫʶʱʠʡ ʩʬʝʨʠʯʝʩʢʠʡ ʩʦ-

ʣʠʪʦʥ ʧʦʢʦʷʱʠʡʩʷ ʢʘʢ ʮʝʣʦʝ ʠ ʜʚʠʞʫʱʠʡʩʷ. ʇʦʢʘʟʘʥʘ ʚʠʜʝʦ-ʩʠʤʫʣʷʮʠʷ ʩʦʦʪ-

ʚʝʪʩʪʚʫʶʱʠʭ ʨʝʰʝʥʠʡ. ʅʘ ʨʠʩ. 1 ʠ 2 ʧʨʝʜʩʪʘʚʣʝʥʳ ʢʘʜʨʳ ʵʪʠʭ ʩʠʤʫʣʷʮʠʡ. 
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ɿʘʢʣʶʯʝʥʠʝ. ɺʚʝʜʝʥʦ ʧʦʥʷʪʠʝ ʨʝʣʷʪʠʚʠʩʪʩʢʦʛʦ ʦʩʮʠʣʣʠʨʫʶʱʝʛʦ ʩʦʣʠ-

ʪʦʥʘ. ʇʦʢʘʟʘʥʦ, ʯʪʦ ʧʦʜʦʙʥʳʝ ʜʦʩʚʝʪʦʚʳʝ ʩʦʣʠʪʦʥʳ ʦʙʣʘʜʘʶʪ ʢʦʨʧʫʩʢʫʣʷʨ-

ʥʦ-ʚʦʣʥʦʚʳʤ ʜʫʘʣʠʟʤʦʤ, ʭʘʨʘʢʪʝʨʥʳʤ ʜʣʷ ʤʘʩʩʠʚʥʳʭ ʵʣʝʤʝʥʪʘʨʥʳʭ ʯʘʩʪʠʮ. 

ʇʨʦʜʝʤʦʥʩʪʨʠʨʦʚʘʥʦ ʚʠʜʝʦ ʩʣʘʙʦʛʦ ʦʩʮʠʣʣʠʨʫʶʱʝʛʦ ʩʦʣʠʪʦʥʘ ʚ ʧʦʢʦʝ ʠ 

ʚ ʜʚʠʞʝʥʠʠ, ʢʦʪʦʨʦʝ ʧʦʜʪʚʝʨʞʜʘʝʪ ʢʦʥʮʝʧʮʠʶ ʢʦʨʧʫʩʢʫʣʷʨʥʦ-ʚʦʣʥʦʚʦʛʦ ʜʫ-

ʘʣʠʟʤʘ ʩʦʣʠʪʦʥʦʚ.  

˿͙ͨͫͦ͟ ͙ͫͭͦ;͙͍ͤͦ͟ 
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Abstract. Solitons of relativistically invariant field models or relativistic solitons are con-

sidered. The model of a space-time film is considered as a model of a unified field. The 

concept of a relativistic oscillating sublight soliton is introduced. It is shown that such soli-

tons realize the wave-particle dualism characteristic of massive elementary particles. Weak 

spherical solitons of the linearized field model are considered. A video of a weak oscillating 

soliton at rest and in motion is demonstrated, which confirms the concept of wave-particle 

dualism of solitons. 

Keywords: wave-particle dualism, solitons, elementary particles, unified field theory, 

space-time film 

Introduction.  A soliton can be defined as a physical and mathematical object. The 

physical definition of a soliton is: ñA solitary or spatially localized wave is called a 

solitonò. It is often added here: ñpropagating in a nonlinear mediumò. However, 
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this addition should not be made, since any physical substance is nonlinear, and 

only its approximate mathematical model can be linear.  

Mathematical definition of a soliton: ñA soliton is a solution to a nonlinear 

field model in the form of a solitary or spatially localized waveò. Here, the nonlin-

earity of the model is significant. 

The interest in the topic of solitons is related, in particular, to the fact that they, 

being wave objects, also exhibit corpuscular properties. 

Methods and materials; results. The report mainly deals with mathematical 

solitons, that is, solutions of field models in the form of solitary waves. 

Relativistically invariant partial differential equations are considered as field 

models. Their soliton solutions can be called relativistic solitons.  

Such relativistic field models include models of nonlinear electrodynamics of 

the Born ïInfeld type [1]. Born ð Infeld electrodynamics proper [2] was posi-

tioned as a model of a unified field in accordance with the concept of the nonlinear 

electrodynamic world by G. Mi [3]. Within the framework of nonlinear electrody-

namics, it is possible to combine electromagnetic and gravitational interactions in a 

natural way, considering particles as solitons [1]. 

Electromagnetic and gravitational interactions arise as two long-range interac-

tions of solitons, which can be called force and metric, respectively [4]. These two 

types of interaction are characteristic of any relativistically invariant field models. 

In this regard, it is advisable to consider a simpler scalar field model as a unified 

one. 

The space-time film model [5] has many remarkable properties. In particular, 

its exact soliton solutions have been found, which can be compared to photons [5]. 

Its exact soliton solution corresponding to a point charged particle without spin has 

been found [6]. 

Real elementary particles can have spin or intrinsic angular momentum. Such 

solitonic solutions were considered in the framework of the theory of space-time 

film [7]. In addition, elementary particles have pronounced wave properties. In this 

regard, it is necessary to consider oscillating relativistic subluminal solitons ð 

solitons with periodic dependence on time in their own coordinate system. It is 

shown that such solitons realize the wave-particle dualism characteristic of massive 

elementary particles. 

In the weak field limit, the space-time film equation transforms into the usual 

linear wave equation or the D'Alembert equation. This equation also has solutions 

in the form of solitary waves, which are not ordinary solitons due to the linearity of 

the model. Such spatially localized solutions are called weak solitons [8]. It is 

proved that a weak soliton is associated with a real soliton particle in the sense of 

asymptotic behavior at infinity. 

As an example, a weak oscillating spherical soliton is considered, resting as a 

whole and moving. A video simulation of the relevant solutions is shown. Figures 

1 and 2 show the frames of these simulations. 
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Conclusion. The concept of a relativistic oscillating soliton is introduced. It is 

shown that such sublight solitons have a wave-particle dualism characteristic of 

massive elementary particles. 

  
Fig. 1. A frame from a video simulation of a weak 

oscillating spherical soliton at rest 
Fig. 2. A frame from a video simulation of a moving 

weak oscillating spherical soliton 

 

 

A video of a weak oscillating soliton at rest and in motion is demonstrated, 

which confirms the concept of wave-particle dualism of solitons. 
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Abstract. This report reviews the studies performed in the High Order Teleparallel Gravity 

(HO TG). In particular, the investigations of models using methods of qualitative analysis 

of differential equations show the presence of stable solutions for exponential and power-

law evolution of the scale factor for a certain choice of the Lagrangian density [4]. The via-

bility of the model by studying the energy conditions in terms of the cosmographical pa-

rameters like Hubble, deceleration, jerk, snap and lerk ones are also considered [5]. 

Keywords: teleparallel gravity, cosmological models, gravitation waves 

Introduction.  Within the framework of the HO TG, holographic models of dark 

energy were considered, with the correspondence scheme to construct models in 

the underlying scenario using various scale factor forms; the reconstructed func-

tions were found through the equation of state parameter [6]. 

Methods and materials; results. The study of gravitational waves in the HO 

TG showed a difference from a similar model in the Einstein gravity with higher 

(6-th order) derivatives. It was shown that in the weak field approximation there 

are three states of polarization are found: the two standard + and Ĭ polarizations, 

namely 2-helicity massless transverse tensor polarizations, and a 0-helicity mas-

sive, with partly transverse and partly longitudinal scalar polarization [7]. 

Conclusion. It is important to note that a parameterized post-Newtonian limit 

of modified teleparallel gravity with higher torsion derivatives is proposed. In par-

ticular, it is important to consider the second order post-Newtonian approximation 

or a parameterized post-Newtonian cosmological structure, where additional per-

turbative modes arising from general modifications of teleparallel gravity can lead 

to new observable imprints [8]. 
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Abstract. The Dirac's principle of superposition for evolution of time (DPSET) was devel-

oped to restore determinacy in the study of dynamic linear evolution of quantum system. 

Here we advance the formulation to non-linear dynamics by invoking the quantum noise-

extended nonlinear Schrodinger equation into the four motions in time conjecture of the 

DPSET. We observe that in the resultant non-linear temporal evolution of the wavefunc-

tion, the linear DPSET can be recovered from the nonlinear domain in the limit of Rabi 

oscillations. We then delineate the potential linear and non-linear regimes for the time-

reversal symmetry of the measurement problem. In conclusion, we postulate that the non-

linear domain provides information for understanding abruptness and strangeness in quan-

tum measurements.  

Keywords: quantum measurement indeterminacy, Diracôs principle of superposition, evo-

lution of time, non-linear dynamics, time reversal symmetry 

Introduction. The search for quantum determinism is still an open challenge as we 

celebrate the first century of the formulation of quantum mechanics. This has made 

it difficult to reach a consensus interpretation of quantum mechanics [1ï3]. There 

have been deluge of attempts to solve this measurement problem but yet the prob-

lem still lingers on [3ï5]. One consensus is that the quantum state evolves deter-

ministically under the Schrºdinger Equation leading to superpositions: however, 

when it is measured, it is stochastically governed by the Born rule to collapse into a 

single outcome [3]. This dual evolutions of quantum states is the cause of the dis-

harmony in the measurement problem.  

In Ref [4], we formulated the Diracôs Principle of Superposition of evolution 

of time (DPSET), in an attempt to harmonize the outcomes of the dual evolutions. 

We demonstrated that the DPSET four possible time evolutions were likely to be in 

one-on-one correspondence with the motions in the linear quantum process. For 

brevity, the DPSET was used to successfully account for the various bonding of 

beryllium as a linear quantum process.  

However, the DPSET evolution in time is unitary and therefore does not cap-

ture all the rich dynamics of indeterminacy. For example, there have been a num-

mailto:gjibeh@nda.edu.ng
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ber of studies on non linear quantum processes that need theoretical interpretation 

[5, 6]. Therefore, our plan in this paper is to advance the DPSET beyond the linear 

limit and then use it to investigate non linear quantum processes.  

Theoretical framework. The theoretical motivation is that the DPSET can be 

illuminated by the susceptibility of a quantum system to fluctuations and noise 

which can be interpreted as abrupt changes in the behavior of the quantum process 

with time. We employ the formulation in Ref [5] on the susceptibility of a quantum 

system to fluctuations and noise, thus the quantum noise-extended NSE which 

models the behavior of quantum systems more accurately:  

 É ᶯ ςȿȿ ςʍ ʎ π  (1) 

Ô π, Òɴ 2, = (r,t) is a complex variable, ʍ and ʎ are parameters,  represents 

the first derivative of the motional noise ʈ. Following the author [6], we have ob-

tained variants wavefunction solutions for the stable non-linear Schrodinger equa-

tion: 
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where m is mass of particle, Ô is the evolution of time in the DPSET conjecture, 6 

is the depth of optical lattice potential, Ò is particle position in 1-,2- or 3-D, Ò π 
is the shift in the particles position, ̯ is the reduced Planckôs constant, ЎὉ is transi-

tion energy between the two consecutive states, is the wavefunction correspond-

ing to the temporal evolution Ô. 

Results and discussion. The extended results in Eq. (2) poses Stochastic time 

dependance, but the actual physical dynamics to be observed depends on the Ener-

gy, in agreement with the DPSET [4]. In the model (2), it can be deduced that the 

classical dynamics of the measurement dynamics can be recovered by squaring the 

wavefunction or by treating the convolution of the forward and reversed wavefunc-

tion in temporal evolution of times Ô: ÒȟÔ . Another quantum property of 

interest in both the linear and non-linear DPSET formalism is the time-reversal 

symmetry [6] denoted by the Ὡ  term in the wavefunctions which pre-

dict that the present state of a quantum system defined by both the usual forward-

evolving wavefunction from the past and backward-evolving one from the future.  

Conclusion. The non-linear DPSET formalism presented here shows promis-

ing quantum features for probing into problem of indeterminacy in quantum meas-

urements due to abrupt and strange behavior inherent in quantum system dynamics. 
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The model presented here has been theoretically investigated and quantitatively 

shows intriguing features which include collapse, decoherence, decay, uncertainty, 

time-reversal symmetry and quantum transitions. We therefore propose this model 

as candidate for theoretical study of the recent negative time experiment and in the 

design and engineering of highly sensitive time measurement devices. 
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Abstract. This paper considers how the Chaplygin equation of state (EoS) parameters af-

fect the complexity of anisotropic compact stars. By solving the Einstein field equations, 

the model uses the Schwarzschild metric for the external region and applies boundary con-

ditions at the stellar surface. The research incorporates observational data for validation 

through graphical and tabular analysis. The results indicate that although the complexity 

factor is not directly linked to specific EoS parameters, it increases with their values. While 

these parameters influence internal properties like anisotropy and density inhomogeneity, 

the overall complexity exhibits a consistent growth pattern. 

Keywords: compact star, chaplygin EoS, anisotropy, Schwarzschild metric, complexity 

Introduction. The theoretical modeling of compact stellar objects [1, 2] within the 

framework of General Relativity (GR) is essential for understanding their structure, 

stability, and evolution. These models require solving Einsteinôs field equations in 

conjunction with a suitable equation of state (EoS) to describe the matter distribu-

tion within the star. Anisotropic pressures, where radial and tangential pressures 

differ, play a crucial role in compact star models and arise due to factors such as 

high densities, exotic matter, or strong magnetic fields [3ï9]. 

The Chaplygin EoS, initially from cosmology, is useful in compact star studies 

due to its non-linear nature, enabling smooth thermodynamic transitions. It sup-

ports exploring unconventional matter distributions and produces stellar models 

consistent with astrophysical observations. 

The concept of complexity in self-gravitating systems, as introduced by Herre-

ra [10], extends traditional uniformity concepts by incorporating anisotropy and 

density inhomogeneity into a complexity factor. This framework has been instru-

mental in deriving exact solutions to Einsteinôs equations and studying the internal 

composition of compact stars.  

This study aims to examine the influence of chaplygin EoS parameters on the 

internal structure and complexity of compact stars. By analyzing the roles of ani-

sotropy and inhomogeneity in complexity evolution using pulsar data, we establish 

a link between theoretical predictions and observational insights, providing deeper 

understanding of dense astrophysical objects. 

Methods and materials; results. To construct a physically consistent stellar 

model, we assume a metric potential of the form: 

Ὡ , 
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which has been successfully used in previous compact star studies under isotropic 

conditions and extended for anisotropic matter distributions. 

For the matter distribution, we adopt a chaplygin equation of state: 

ὴ ɻ ʍ
ɼ

ʍ
 ȟ 

where Ŭ and ɓ are constants characterizing the EoS. 

The Einstein field equations are solved for an anisotropic star to obtain the 

density, radial pressure, and tangential pressure. The interior solution is matched 

with the Schwarzschild exterior at the boundary, ensuring a smooth transition be-

tween the starôs interior and exterior spacetime. 

The constructed model is physically viable, regular, and free from singulari-

ties. It satisfies energy conditions, ensuring positive and physically meaningful 

density and pressure throughout the realistic star [11]. 

A key focus of this study is the complexity factor YTF. Our results reveal that 

for a fixed value of a, the complexity factor increases throughout the stellar interi-

or as ɓ grows. A similar trend is observed when Ŭ increases while b remains con-

stant. These findings suggest that both EoS parameters contribute in a comparable 

manner to the complexity evolution in compact stars. 

Conclusion. This study shows that while the complexity factor YTF is not di-

rectly dependent on individual chaplygin EoS parameters, it increases with either 

parameter. Variations in Ŭ and ɓ affect anisotropy and inhomogeneity but do not 

alter the overall complexity trend. The findings establish a clear link between the 

chaplygin EoS parameters and stellar complexity, highlighting its potential as an 

indicator of the equation of state and offering deeper insights into the internal 

structure of compact stars. 
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Abstract. An accelerating cosmological model is developed within the framework of 

ὪὙȟfl  gravity, incorporating a functional form Ὑȟfl ὙȾς ‌Ὑ fl  , inspired 

by the Starobinsky model and power-law matter coupling [1, 2]. The field equations for a 

flat FLRW Universe are derived, and the Hubble parameter is constrained using Hubble 

and Pantheon+ datasets via MCMC simulation. Observational data yield qϚ º ï0.63, indi-

cating a late-time accelerating Universe with a transition redshift z º 0.7. The present val-

ues of the jerk and snap parameters are jϚ å 0.78 and sϚ å 0.1, respectively, suggesting a 
quintessence phase. Diagnostic tests, including state-finder and Om(z), affirm the model's 

convergence towards ȿCDM. The age of the Universe is computed as tϚ = 13.64 Gyr, in 

good agreement with Planck results [3]. The analysis supports ὪὙȟfl  gravity as a viable 

alternative to study dark energy dynamics. 

Keywords: modified gravity, ὪὙȟfl  gravity, dark energy, cosmological diagnostics, 

accelerating Universe, cosmography 

Introduction. This study focuses on the modified gravity theory ὪὙȟfl  [4],  

a generalized form of f(R) gravity, where an explicit coupling between the Ricci 

scalar R and matter Lagrangian Lm is introduced. The motivation stems from the 

need to explain the accelerating expansion of the Universe as supported by obser-

vational data from Type Ia supernovae, CMB anisotropies, and large-scale struc-

ture. In contrast to the ȿCDM model, ὪὙȟfl  gravity may address dark energy 

phenomena without invoking an explicit cosmological constant. 

Methods and materials; results. Field equations are derived using the varia-

tional principle in a flat FLRW spacetime in ὪὙȟfl  gravity. We consider a spe-

cific functional form: ὪὙȟfl ὙȾς ‌Ὑ fl . The model parameters are 

constrained using observational Hubble and Pantheon + datasets. Markov Chain 

Monte Carlo (MCMC) methods are used for parameter estimation. From this, the 

deceleration (q), jerk (j), and snap (s) parameters are computed. We find qϚ º ï0.63 

and a transition redshift z º 0.7, showing compatibility with an accelerating Uni-

verse. The EoS parameter at present epoch is ɤϚ º ï0.72. Diagnostic tools includ-

ing state-finder and Om(z) indicate a quintessence-like nature, converging toward 

ȿCDM at late times. The age of the Universe calculated is tϚ º 13.64 Gyr. 

Conclusion. The ὪὙȟfl  gravity model considered here offers a viable cos-

mological framework explaining late-time acceleration. The use of observational da-
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tasets in constraining the parameters reveals consistency with known cosmological 

behaviour. Cosmographic parameters and diagnostics like Om(z) and state-finder 

support its closeness to ȿCDM at late epochs. Moreover, the age of the Universe as 

derived aligns closely with Planck mission estimates. Thus, the model presents a 

compelling alternative for understanding dark energy and cosmic dynamics [5]. 

References  

[1]  Capozziello S., De Laurentis M. Extended Theories of Gravity. Physics Reports, 2011, vol. 509, 

no. 4ï5, pp. 167ï321. 

[2]  Nojiri S., Odintsov S.D. Unified cosmic history in modified gravity: From F(R) theory to Lo-

rentz non-invariant models. Physics Reports, 2011, vol. 505, no. 2ï4, pp. 59ï144. 

[3]  Spergel D.N. et al. First-year Wilkinson Microwave Anisotropy Probe (WMAP) observations: 
Determination of cosmological parameters. Astrophysical Journal Supplement Series, 2003, vol. 

148, no. 1, pp. 175ï194. 

[4]  Tiberiu Harko, Francisco Lobo S.N. f(R, T) gravity. The European Physical Journal C, 2010, 
vol. 70, no. 1ï2, pp. 373ï379.  

[5]  Devi Y.K., Narawade S.A., Mishra B. Constraining parameters for the accelerating universe in 
f(R, Lm) gravity. Physics of the Dark Universe, 2024, vol. 46, art. no. 101640. 
https://doi.org/10.1016/j.dark.2024.101640 

  



102  ˸͍ͦͫ͊͟Σ ˸˥́̂ ͙ͣΦ ˹Φ̏Φ ˣ͊ͯͣ͊ͤ͊Σ 7ς10 ͙ Ό͡Ύ нлнр ͎Φ   

̂˨˴ рн+53.02+539 

ˤ·͋ͦͪ ͍͙ͨͪ͊͡Έ͚ͤͦ ͔͙͙ͭͦͪ ͎͍͙ͪ͊ͭ͊ͼ͙͙ ͨͦ ͤ͊͋͡Ό͔͙͒ͤΎͣ  
͙ͫͯ͡Ή͍ͭͦ ;͔ͪͤ·ͻ ͒·ͪ 

˨ͦͯ͟;͔͍͊ ˤΎ;͔͍ͫ͊͡ ˮ͍͍͙͊ͤͦ;(*)  dokuchaev@inr.ac.ru 
SPIN-ͦ͒͟Υ супт-2648 

˽ͪͦͦͨ͟Έ͔͍ ˴͙ͦͤͫͭ͊ͤͭͤ ͍͙̏͒ͯ͊ͪ͒ͦ;  prokopev@minus.inr.ac.ru 

̅˥ˣ̂ ˮ̒ˮ ˾ˢ˹Σ ˸͍ͦͫ͊͟Σ ˾͙ͦͫͫΎ 

ɸʥʥʦʪʘʮʠʷ. ɹʳʩʪʨʳʡ ʧʨʦʛʨʝʩʩ ʚ ʨʘʟʚʠʪʠʠ ʠ ʫʩʦʚʝʨʰʝʥʩʪʚʦʚʘʥʠʠ ʵʢʩʧʝʨʠʤʝʥʪʘʣʴ-

ʥʦʡ ʪʝʭʥʠʢʠ ʧʦʟʚʦʣʠʪ ʚ ʙʣʠʞʘʡʰʝʤ ʙʫʜʫʱʝʤ ʧʨʦʚʝʩʪʠ ʥʘʙʣʶʜʝʥʠʝ ʬʦʨʤ ʠʟʦʙʨʘʞʝ-

ʥʠʡ ʯʝʨʥʳʭ ʜʳʨ ʩ ʥʘʥʦʩʝʢʫʥʜʥʳʤ ʫʛʣʦʚʳʤ ʨʘʟʨʝʰʝʥʠʝʤ ʧʨʠ ʨʝʘʣʠʟʘʮʠʠ ʤʝʞʜʫʥʘ-

ʨʦʜʥʦʛʦ ʧʨʦʝʢʪʘ ʂʦʩʤʠʯʝʩʢʦʡ ʆʙʩʝʨʚʘʪʦʨʠʠ ʄʠʣʣʠʤʝʪʨʦʥ, ʨʘʟʨʘʙʦʪʘʥʥʦʛʦ 

ʨʦʩʩʠʡʩʢʠʤʠ ʫʯʝʥʳʤʠ. ʉ ʧʦʤʦʱʴʶ ʂʦʩʤʠʯʝʩʢʦʡ ʆʙʩʝʨʚʘʪʦʨʠʠ ʄʠʣʣʠʤʝʪʨʦʥ ʙʫʜʝʪ 

ʧʨʦʚʝʨʝʥʘ ʦʙʱʘʷ ʪʝʦʨʠʷ ʦʪʥʦʩʠʪʝʣʴʥʦʩʪʠ ʕʡʥʰʪʝʡʥʘ ʠ ʝʝ ʤʥʦʛʦʯʠʩʣʝʥʥʳʝ ʤʦʜʠʬʠ-

ʢʘʮʠʠ ʠ ʦʙʦʙʱʝʥʠʷ ʚ ʨʝʞʠʤʝ ʩʠʣʴʥʦʛʦ ʧʦʣʷ, ʢʦʛʜʘ ʵʬʬʝʢʪʠʚʥʳʡ ʛʨʘʚʠʪʘʮʠʦʥʥʳʡ 

ʧʦʪʝʥʮʠʘʣ ʧʦʨʷʜʢʘ ʢʚʘʜʨʘʪʘ ʩʢʦʨʦʩʪʠ ʩʚʝʪʘ. ɺ ʙʣʠʞʘʡʰʠʝ ʜʝʩʷʪʠʣʝʪʠʷ ʥʘʙʣʶʜʝʥʠʷ 

ʬʦʨʤ ʠʟʦʙʨʘʞʝʥʠʡ ʯʝʨʥʳʭ ʜʳʨ ʩʪʘʥʫʪ ʝʜʠʥʩʪʚʝʥʥʦʡ ʚʦʟʤʦʞʥʦʩʪʴʶ ʚʳʙʦʨʘ ʧʨʘʚʠʣʴ-

ʥʦʡ ʪʝʦʨʠʠ ʛʨʘʚʠʪʘʮʠʠ ʚ ʨʝʞʠʤʝ ʩʠʣʴʥʦʛʦ ʧʦʣʷ. ʌʦʨʤʘ ʠʟʦʙʨʘʞʝʥʠʷ ʯʝʨʥʦʡ ʜʳʨʳ 

ʟʘʚʠʩʠʪ ʦʪ ʪʝʦʨʠʠ ʛʨʘʚʠʪʘʮʠʠ. ʅʝʜʘʚʥʠʝ ʧʝʨʚʳʝ ʥʘʙʣʶʜʝʥʠʷ ʠʟʦʙʨʘʞʝʥʠʡ ʯʝʨʥʳʭ 

ʜʳʨ SgrA ʠ M87 ʨʘʜʠʦʠʥʪʝʨʬʝʨʦʤʝʪʨʦʤ ʊʝʣʝʩʢʦʧ ɻʦʨʠʟʦʥʪʘ ʉʦʙʳʪʠʡ ʧʦʜʪʚʝʨʞʜʘ-

ʶʪ ʧʨʘʚʠʣʴʥʦʩʪʴ ʆʙʱʝʡ ʊʝʦʨʠʠ ʆʪʥʦʩʠʪʝʣʴʥʦʩʪʠ (ʆʊʆ) ʕʡʥʰʪʝʡʥʘ ʣʠʰʴ ʩ ʥʝʙʦʣʴ-

ʰʦʡ ʪʦʯʥʦʩʪʴʶ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʛʨʘʚʠʪʘʮʠʷ, ʯʝʨʥʳʝ ʜʳʨʳ, ʢʦʩʤʦʣʦʛʠʷ, ʘʩʪʨʦʬʠʟʠʯʝʩʢʠʝ ʥʘʙʣʶ-

ʜʝʥʠʷ, ʢʦʩʤʠʯʝʩʢʠʝ ʪʝʭʥʦʣʦʛʠʠ 

ɺʚʝʜʝʥʠʝ. ʄʳ ʧʨʝʜʩʪʘʚʣʷʝʤ ʢʨʘʪʢʠʡ ʦʙʟʦʨ ʤʦʜʝʣʴʥʳʭ ʠʟʦʙʨʘʞʝʥʠʡ ʚʨʘʱʘ-

ʶʱʠʭʩʷ ʯʝʨʥʳʭ ʜʳʨ ʚ ʘʩʪʨʦʬʠʟʠʯʝʩʢʠʭ ʩʠʪʫʘʮʠʷʭ, ʢʦʛʜʘ ʩʫʱʝʩʪʚʫʝʪ ʷʨʢʠʡ 

ʬʦʥ, ʪʦʥʢʠʡ ʘʢʢʨʝʮʠʦʥʥʳʡ ʜʠʩʢ ʠ ʷʨʢʠʝ ʜʚʠʞʫʱʠʝʩʷ ʧʷʪʥʘ ʚ ʨʝʣʷʪʠʚʠʩʪʩʢʠʭ 

ʩʪʨʫʷʭ ʚʜʦʣʴ ʦʩʠ ʚʨʘʱʝʥʠʷ ʯʝʨʥʦʡ ʜʳʨʳ. ɼʝʪʘʣʴʥʳʝ ʥʘʙʣʶʜʝʥʠʷ ʘʩʪʨʦʬʠʟʠ-

ʯʝʩʢʠʭ ʩʚʝʨʭʤʘʩʩʠʚʥʳʭ ʯʝʨʥʳʭ ʜʳʨ SgrA* ʚ ʮʝʥʪʨʝ ʥʘʰʝʡ ɻʘʣʘʢʪʠʢʠ ʄʣʝʯ-

ʥʳʡ ʇʫʪʴ ʠ M87* ʚ ʮʝʥʪʨʝ ʛʠʛʘʥʪʩʢʦʡ ʵʣʣʠʧʪʠʯʝʩʢʦʡ ʛʘʣʘʢʪʠʢʠ M87 ʩ ʧʦ-

ʤʦʱʴʶ ʄʠʣʣʠʤʝʪʨʦʥʘ ʧʦʟʚʦʣʷʪ ʦʧʨʝʜʝʣʠʪʴ ʧʨʘʚʠʣʴʥʫʶ ʪʝʦʨʠʶ ʛʨʘʚʠʪʘʮʠʠ 

[1ï10]. ʌʦʨʤʘ ʠʟʦʙʨʘʞʝʥʠʷ ʯʝʨʥʦʡ ʜʳʨʳ ʟʘʚʠʩʠʪ ʦʪ ʪʝʦʨʠʠ ʛʨʘʚʠʪʘʮʠʠ ʚ ʨʝ-

ʞʠʤʝ ʩʠʣʴʥʦʛʦ ʧʦʣʷ, ʢʦʛʜʘ ʛʨʘʚʠʪʘʮʠʦʥʥʳʡ ʧʦʪʝʥʮʠʘʣ ʧʦʨʷʜʢʘ ʢʚʘʜʨʘʪʘ ʩʢʦ-

ʨʦʩʪʠ ʩʚʝʪʘ. ʅʝʜʘʚʥʠʝ ʧʝʨʚʳʝ ʥʘʙʣʶʜʝʥʠʷ ʠʟʦʙʨʘʞʝʥʠʡ ʯʝʨʥʳʭ ʜʳʨ SgrA*  

ʠ M87* ʨʘʜʠʦʠʥʪʝʨʬʝʨʦʤʝʪʨʦʤ ʊʝʣʝʩʢʦʧ ɻʦʨʠʟʦʥʪʘ ʉʦʙʳʪʠʡ ʧʦʜʪʚʝʨʞʜʘʶʪ 

ʧʨʘʚʠʣʴʥʦʩʪʴ ʆʙʱʝʡ ʊʝʦʨʠʠ ʆʪʥʦʩʠʪʝʣʴʥʦʩʪʠ (ʆʊʆ) ʕʡʥʰʪʝʡʥʘ ʣʠʰʴ ʩ ʥʝ-

ʙʦʣʴʰʦʡ ʪʦʯʥʦʩʪʴʶ. ɺ ʙʣʠʞʘʡʰʠʝ ʜʝʩʷʪʠʣʝʪʠʷ ʝʜʠʥʩʪʚʝʥʥʳʡ ʤʝʪʦʜ ʚʳʙʦʨʘ 

ʧʨʘʚʠʣʴʥʦʡ ʪʝʦʨʠʠ ʛʨʘʚʠʪʘʮʠʠ (ʤʝʞʜʫ ʆʊʆ ʕʡʥʰʪʝʡʥʘ ʠ ʝʝ ʤʦʜʠʬʠʢʘʮʠʷ-

ʤʠ) ʵʪʦ ʜʝʪʘʣʴʥʳʝ ʥʘʙʣʶʜʝʥʠʷ ʠʟʦʙʨʘʞʝʥʠʡ ʯʝʨʥʳʭ ʜʳʨ ʩ ʥʘʥʦʩʝʢʫʥʜʥʳʤ 

ʫʛʣʦʚʳʤ ʨʘʟʨʝʰʝʥʠʝʤ. 
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ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ʆʩʥʦʚʥʦʡ ʤʝʪʦʜ, ʠʩʧʦʣʴʟʫʝʤʳʡ  

ʚ ʵʪʦʡ ʩʪʘʪʴʝ ʜʣʷ ʦʧʠʩʘʥʠʷ ʠʟʦʙʨʘʞʝʥʠʡ ʯʝʨʥʳʭ ʜʳʨ ʵʪʦ ʯʠʩʣʝʥʥʦʝ ʨʝʰʝʥʠʝ 

ʛʝʦʜʝʟʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ ʂʘʨʪʝʨʘ [11] ʚ ʤʝʪʨʠʢʝ ʚʨʘʱʘʶʱʝʡʩʷ ʯʝʨʥʦʡ ʜʳʨʳ 

ʂʝʨʨʘ [12].  

ɿʘʢʣʶʯʝʥʠʝ. ʆʯʝʥʴ ʙʳʩʪʨʳʡ ʧʨʦʛʨʝʩʩ ʵʢʩʧʝʨʠʤʝʥʪʘʣʴʥʦʡ ʪʝʭʥʠʢʠ ʧʦʟ-

ʚʦʣʠʪ ʧʨʦʚʝʩʪʠ ʥʘʙʣʶʜʝʥʠʝ ʠʟʦʙʨʘʞʝʥʠʡ ʘʩʪʨʦʬʠʟʠʯʝʩʢʠʭ ʯʝʨʥʳʭ ʜʳʨ  

ʩ ʥʘʥʦʩʝʢʫʥʜʥʳʤ ʫʛʣʦʚʳʤ ʨʘʟʨʝʰʝʥʠʝʤ ʧʨʠ ʨʝʘʣʠʟʘʮʠʠ ʤʝʞʜʫʥʘʨʦʜʥʦʛʦ 

ʧʨʦʝʢʪʘ ʂʦʩʤʠʯʝʩʢʦʡ ʆʙʩʝʨʚʘʪʦʨʠʠ ʄʠʣʣʠʤʝʪʨʦʥ, ʨʘʟʨʘʙʦʪʘʥʥʦʛʦ ʨʦʩʩʠʡ-

ʩʢʠʤʠ ʫʯʝʥʳʤʠ. 
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Abstract. A fast progress in the observational technologies in astrophysics provides the 

unique possibility for detailed observations of black holes in the nearest future. It would be 

possible to verify general relativity and its numerous modifications in the strong field limit 

by using observational data from the advanced cosmic interferometric observatories. We 

review the modeled images of the rotating black hole in different appropriate cases: the 

luminous distant background, the thin accreting disk and the luminous moving hot spots in 

relativistic jets along the black hole rotation axis. The detailed observations of astrophysical 

supermassive black holes SgrA* and M87* would be possible by using the Millimetron 

Space Observatory proposed and developed by the domestic scientists.  

Keywords: gravitation, black holes, cosmology, astrophysical observations, cosmic tech-

nologies 

Introduction.  The possible forms of black hole images depend on the gravity theo-

ry in the strong field limit. Recent first observations of the supermassive black hole 

SgrA* at the center of our Milky Way Galaxy and M87* at the center of the giant 

elliptical galaxy M87 verified the general relativity theory only qualitatively [1-

10]. In recent decades only observations with Millimetron provide the unique pos-

sibility for choosing the valid gravity theory in the strong field limit. 

Methods and materials; results. The main method used in this paper for de-

scription of the black hole images is the numerical solutions of geodesic equations 

of motion by Brandon Carter [11] for test particles in the Kerr metric [12]. 

Conclusion. The possible forms of black hole images depend on the gravity 

theory in the strong field limit. Recent first observations of the supermassive black 

hole SgrA* at the center of our Milky Way Galaxy and M87* at the center of the 

giant elliptical galaxy M87 verified the general relativity theory only qualitatively. 

In the recent decades only observations with Millimetron provide the unique possi-

bility for choosing the valid gravity theory in the strong field limit. 

References  

[1]  Dokuchaev V.I. Physical origin of the dark spot at the image of supermassive black hole SgrA* 
revealed by the EHT collaboration. Astronomy, 2022, no. 1 (2), pp. 93ï98. 

[2]  Dokuchaev V.I., Nazarova N.O. Modeling the motion of a bright spot in jets from black holes 
M87* and SgrA*. Gen. Relativ. Gravit., 2021, no. 53, art. no. 83. 

[3]  Dokuchaev V.I., Nazarova N.O. Silhouettes of invisible black holes. Physics-Uspekhi, 2020,  

no. 63 (6), pp. 583ï600. 

mailto:dokuchaev@inr.ac.ru
mailto:prokopev@minus.inr.ac.ru


  XXIV ˸ ͔͗͒ͯͤ͊ͪͦ͒ͤ͊Ύ ͤ͊ͯ;ͤ͊Ύ ͦͤ͟ͺ͔͔ͪͤͼ͙Ύ ζ͙͙̅͘;͔͙͔ͫ͟ ͙͔͔ͤͭͪͨͪͭ͊ͼ͙͙ ͔͙͙ͭͦͪ ͙͔ͦͭͤͦͫͭ͡Έ͙ͤͦͫͭη 105 

[3]  Dokuchaev V.I., Nazarova N.O. Event horizon image within black hole shadow. JETP, 2019, 
no. 128, pp. 578ï585. 

[4]  Dokuchaev V.I., Nazarova N.O. Visible shapes of black holes M87* and SgrA*. Universe., 

2020, no. 6(9), art. no. 154. 

[5]  Dokuchaev V.I., Nazarova N.O. Brightest point in accretion disk and black hole spin: Implica-
tion to the image of black hole M87*. Universe., 2019, no. 5 (8), art. no. 183. 

[6]  Dokuchaev V.I., Nazarova N.O., Smirnov V.P. Event horizon silhouette: implications to super-

massive black holes M87* and SgrA*. Gen. Relativ. Gravit., 2019, no. 51, art. no. 81. 

[7]  Dokuchaev V.I. To see invisible: image of the event horizon within the black hole shadow. 
IJMPD, 2019, no. 28 (13), art. no. 1941005. 

[8]  Gralla S.E., Lupsasca A. Lensing by Kerr black holes. Phys. Rev. D, 2020, no. 101, art.  

no. 044031. 

[9]  Kasikci O., Deliduman C. Gravitational Lensing in Weyl Gravity. Phys. Rev. D, 2019, no. 100, 
art. no. 024019. 

[10]  Wang K., Feng Ch-J., Wang T. Image of Kerr-de Sitter black holes illuminated by equatorial 

thin accretion disks. Eur. Phys. J. C, 2024, no. 84, art. no. 457. 

[11]  Carter B. Global Structure of the Kerr Family of Gravitational Fields. Phys. Rev., 1968, no. 174, 

art. no. 1559. 

[12]  Kerr R. Gravitational Field of a Spinning Mass as an Example of Algebraically Special Metrics. 
Phys. Rev. Lett., 1963, no. 11, art. no. 237. 

 

  



106  ˸͍ͦͫ͊͟Σ ˸˥́̂ ͙ͣΦ ˹Φ̏Φ ˣ͊ͯͣ͊ͤ͊Σ 7ς10 ͙ Ό͡Ύ нлнр ͎Φ   

UDC 1683 

Economy of Reusability of Future Cosmonautics and Issues  
of Efficiency 

Duchaniya Lokesh Kumar1(*)  duchaniya98@gmail.com 

Mishra B.1 bivu@hyderabad.bits-pilani.ac.in 

Fomin I.V.2  ingvor@inbox.ru 

Chervon S.V.2, 3  chervon.sergey@gmail.com 

1 Department of Mathematics, Birla Institute of Technology and Science-Pilani, Hyderabad Campus, 
India 

2 Bauman Moscow State Technical University, Moscow, Russia 

2 Ulyanovsk State Pedagogical University, Ulyanovsk, Russia 

Abstract. In this work, we have investigated the phase space analysis in modified Galileon 

cosmology, where the Galileon term is considered a coupled scalar field, F(◖). We focus on 

the exponential type function of F(◖) and the three well-motivated potential functions V(◖). 

We obtain the critical points of the autonomous system, along with their stability conditions 

and cosmological properties. The critical points of the autonomous system describe differ-

ent phases of the Universe. The scaling solution for critical points was found in our analysis 

to determine the matter-dark energy and radiation-dark energy-dominated eras of the Uni-

verse. In these scaling solutions, dark energy is typically introduced alongside another 

component, such as radiation or matter, and helps explain the transition between cosmolog-

ical eras. The dark energy dominated critical points show stable behavior and indicate the 

late-time cosmic acceleration phase of the Universe. Further, the results are examined with 

the Hubble rate H(z) and the Supernovae Ia cosmological data sets. 

Keywords: dynamical system analysis, late-time cosmic acceleration, stability, dynamical 

parameters, cosmological observation 

Introduction.  In recent years, several cosmological models have been proposed in 

modified gravity theories to address the issue of late-time cosmic phenomen [1, 2] 

and in particular the resolution to Hubble tension issue [3]. Though several cosmo-

logical problems have been resolved in General Relativity (GR), some key issues still 

need to be addressed. Therefore, modification/extension in GR is inevitable. Some-

one can either modify the matter part or the underlying geometry. As part of the first 

approach, additional fields are introduced into the Universe, including canonical and 

phantom fields, vector and chiral fields, k-essence, etc. [4]. In the second approach, 

the geometry part is modified to produce modified/extended gravitational theories. 

The formalism of the modified gravity theory that produces second-order equations 

in four-dimensional space-time can originate from TEGR. A more interesting case 

could arise by introducing non-minimal coupling terms and higher derivative quan-

tum gravity modifications in the action. A modification of this might take the form of 
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a field self-interaction of the Galileon type [5] in the form G(◖, X)\Box ◖ where X is 

an arbitrary function of ◖ and kinetic energy X. Based on the Dvali-Gabadadze-

Porrati (DGP) model [6] decoupling limit and its cosmological implications, the 

Galileon theory was developed. In this article, we have studied late-time cosmic ac-

celeration in modified Galileon theory through the dynamical system analysis. 

Methods and materials; results. The dynamical system approach [7] is a po-

tent technique that helps to explain the overall development and global dynamics of 

the Universe. A specific cosmological model may be expressed as an independent 

system of certain differential equations by carefully selecting the dynamical varia-

bles. This also provides a prompt response to whether the model can replicate the 

observed expansion of the Universe. First, we need to define the autonomous sys-

tems: Xô=f(X), where X is the column vector and prime (') denotes the derivative 

for N=log(a). For that, we propose the dimensionless variables to generate the rele-

vant autonomous system associated with the set of cosmological equations. 

Through the behavior of the critical points of the autonomous system, we have ob-

tained the different phases of the Universe, such as radiation-dominated, matter-

dominated, stiff matter, and dark energy-dominated phases of the Universe. 

Conclusion. We performed the phase space analysis for the exponential form 

of F(◖) with three well-motivated functions of potential V(◖). The cosmological 

parameters, such as EoS parameters, density parameters, and deceleration parame-

ters, are obtained through the dynamical variables to analyze the cosmological fea-

tures of the models. In all three cases, we have obtained the stable critical points 

that can describe the late-time cosmic accelerated phase of the Universe. We have 

also obtained scaling solutions for critical points. The points show that non-

standard matter and radiation dominated eras of the Universe. We observe that the 

results obtained are similar to the standard quintessence model. We can conclude 

that the Galileon term has no contribution to the dark energy sector of the Uni-

verse. But there is the contribution of the Galileon term to the inflationary behavior 

of the Universe. 
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ɸʥʥʦʪʘʮʠʷ. ʀʩʭʦʜʷ ʠʟ ʧʨʝʜʩʪʘʚʣʝʥʠʷ ʦ ʪʦʤ, ʯʪʦ ʚ ʨʘʤʢʘʭ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʤʦʜʝʣʝʡ 
ʩ ʜʦʤʠʥʠʨʦʚʘʥʠʝʤ çʪʝʤʥʦʡ ʵʥʝʨʛʠʠè ʤʦʞʥʦ ʙʳʣʦ ʙʳ ʦʞʠʜʘʪʴ ʧʨʦʷʚʣʝʥʠʷ ʭʘʙʙʣʦʚ-
ʩʢʦʛʦ ʨʘʩʰʠʨʝʥʠʷ ʥʘ ʜʦʩʪʘʪʦʯʥʦ ʤʘʣʳʭ (ʤʝʞʧʣʘʥʝʪʥʳʭ) ʤʘʩʰʪʘʙʘʭ, ʩʜʝʣʘʥʘ ʧʦʧʳʪ-
ʢʘ ʦʮʝʥʠʪʴ ʚʝʣʠʯʠʥʫ ʧʘʨʘʤʝʪʨʘ ʍʘʙʙʣʘ ʧʦ ʪʝʧʣʦʚʦʡ ʵʚʦʣʶʮʠʠ ɿʝʤʣʠ ʠ ʄʘʨʩʘ ʚ ʪʝʯʝ-
ʥʠʝ ʧʦʩʣʝʜʥʠʭ 4 ʤʣʨʜ. ʣʝʪ. ʆʩʥʦʚʥʦʡ ʠʜʝʝʡ ʪʘʢʦʛʦ ʘʥʘʣʠʟʘ ʷʚʣʷʝʪʩʷ ʫʯʝʪ ʠʟʤʝʥʝʥʠʷ 
ʧʦʪʦʢʘ ʩʦʣʥʝʯʥʦʛʦ ʠʟʣʫʯʝʥʠʷ, ʧʦʩʪʫʧʘʶʱʝʛʦ ʥʘ ʵʪʠ ʧʣʘʥʝʪʳ, ʟʘ ʩʯʝʪ ʢʦʩʤʦʣʦʛʠʯʝ-
ʩʢʦʛʦ ʫʚʝʣʠʯʝʥʠʷ ʨʘʜʠʫʩʦʚ ʠʭ ʦʨʙʠʪ ʠ ʧʦʩʣʝʜʫʶʱʝʝ ʩʨʘʚʥʝʥʠʝ ʨʘʩʯʝʪʦʚ ʩ ʜʘʥʥʳʤʠ 
ʧʣʘʥʝʪʦʣʦʛʠʠ. ʅʘʡʜʝʥʥʳʝ ʪʘʢʠʤ ʩʧʦʩʦʙʦʤ ʟʥʘʯʝʥʠʷ ʣʦʢʘʣʴʥʦʛʦ ʧʘʨʘʤʝʪʨʘ ʍʘʙʙʣʘ 
ʦʢʘʟʳʚʘʶʪʩʷ ʜʦʩʪʘʪʦʯʥʦ ʙʦʣʴʰʠʤʠ ð 130ï150 ʢʤ/ʩ/ʄʧʩ ʜʣʷ ʦʨʙʠʪʳ ɿʝʤʣʠ ʠ 170ï
200 ʢʤ/ʩ/ʄʧʩ ʜʣʷ ʄʘʨʩʘ, ʪ. ʝ. ʚ 2ï3 ʨʘʟʘ ʙʦʣʴʰʝ ʦʙʱʝʧʨʠʥʷʪʦʛʦ ʤʝʞʛʘʣʘʢʪʠʯʝʩʢʦʛʦ 
ʟʥʘʯʝʥʠʷ. ʆʙʩʫʞʜʘʝʪʩʷ ʚʦʧʨʦʩ ʦʙ ʠʥʪʝʨʧʨʝʪʘʮʠʠ ʵʪʠʭ ʚʝʣʠʯʠʥ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʣʦʢʘʣʴʥʦʝ ʭʘʙʙʣʦʚʩʢʦʝ ʨʘʩʰʠʨʝʥʠʝ, ʪʝʤʥʘʷ ʵʥʝʨʛʠʷ, ʵʚʦʣʶʮʠʷ 
ɿʝʤʣʠ, ʵʚʦʣʶʮʠʷ ʄʘʨʩʘ 

ɺʚʝʜʝʥʠʝ. ɺʦʧʨʦʩ ʦ ʚʦʟʤʦʞʥʦʩʪʠ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʭʘʙʙʣʦʚʩʢʦʛʦ ʨʘʩʰʠʨʝʥʠʷ ʥʘ 
ʜʦʩʪʘʪʦʯʥʦ ʤʘʣʳʭ (ʥʘʧʨʠʤʝʨ, ʤʝʞʧʣʘʥʝʪʥʳʭ) ʤʘʩʰʪʘʙʘʭ ʦʙʩʫʞʜʘʝʪʩʷ ʫʞʝ 
ʩʚʳʰʝ 90 ʣʝʪ [1], ʦʜʥʘʢʦ ʦʩʪʘʝʪʩʷ ʥʝʨʝʰʝʥʥʳʤ ʚʧʣʦʪʴ ʜʦ ʥʘʩʪʦʷʱʝʛʦ ʚʨʝʤʝʥʠ. 
ʆʩʦʙʫʶ ʘʢʪʫʘʣʴʥʦʩʪʴ ʵʪʘ ʧʨʦʙʣʝʤʘ ʧʨʠʦʙʨʝʣʘ ʚ ʥʘʯʘʣʝ 2000-ʭ ʛʦʜʦʚ, ʢʦʛʜʘ 
ʦʩʥʦʚʥʦʡ ʧʘʨʘʜʠʛʤʦʡ ʚ ʢʦʩʤʦʣʦʛʠʠ ʩʪʘʣʠ ʤʦʜʝʣʠ ʩ ʜʦʤʠʥʠʨʫʶʱʠʤ ʚʢʣʘʜʦʤ 

çʪʝʤʥʦʡè ʵʥʝʨʛʠʠ (L-ʯʣʝʥʘ) ð ʪʘʢ ʢʘʢ ʪʝʤʥʘʷ ʵʥʝʨʛʠʷ ʨʘʩʧʨʝʜʝʣʝʥʘ ʚ ʧʨʦ-
ʩʪʨʘʥʩʪʚʝ ʠʜʝʘʣʴʥʦ ʦʜʥʦʨʦʜʥʦ, ʪʦ ʤʦʞʥʦ ʦʞʠʜʘʪʴ, ʯʪʦ ʩʦʟʜʘʚʘʝʤʦʝ ʝʶ ʭʘʙʙ-
ʣʦʚʩʢʦʝ ʨʘʩʰʠʨʝʥʠʝ ʙʫʜʝʪ ʧʨʦʷʚʣʷʪʴʩʷ ʜʘʞʝ ʥʘ ʦʯʝʥʴ ʤʘʣʳʭ ʤʘʩʰʪʘʙʘʭ [2]. 
ɺ ʨʘʙʦʪʘʭ ʄ. ʂʨʠʟʝʢʘ ʠ ʃ. ʉʦʤʝʨʘ [3, 4] ʙʳʣʦ ʫʢʘʟʘʥʦ, ʯʪʦ ʦʜʥʠʤ ʠʟ ʧʨʦ-

ʷʚʣʝʥʠʡ ʣʦʢʘʣʴʥʦʛʦ ʵʬʬʝʢʪʘ ʍʘʙʙʣʘ ʜʦʣʞʥʦ ʙʳʪʴ ʝʛʦ ʚʣʠʷʥʠʝ ʥʘ ʪʝʧʣʦʚʦʡ 
ʨʝʞʠʤ ɿʝʤʣʠ ʚ ʪʝʯʝʥʠʝ ʚʩʝʛʦ ʧʝʨʠʦʜʘ ʝʝ ʛʝʦʣʦʛʠʯʝʩʢʦʡ ʠ ʙʠʦʣʦʛʠʯʝʩʢʦʡ ʵʚʦ-
ʣʶʮʠʠ. ɺ ʯʘʩʪʥʦʩʪʠ, ʝʩʣʠ ʧʦʩʪʫʣʠʨʦʚʘʪʴ ʧʦʜʜʝʨʞʘʥʠʝ ʧʦʩʪʦʷʥʥʦʡ ʪʝʤʧʝʨʘ-
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ʪʫʨʳ ʟʝʤʥʦʡ ʧʦʚʝʨʭʥʦʩʪʠ ʥʘ ʠʥʪʝʨʚʘʣʝ ʚʨʝʤʝʥʠ ʧʦʨʷʜʢʘ 4 ʤʣʨʜ ʣʝʪ, ʪʦ ʪʨʝ-
ʙʫʝʤʳʡ ʜʣʷ ʵʪʦʛʦ ʣʦʢʘʣʴʥʳʡ ʧʘʨʘʤʝʪʨ ʍʘʙʙʣʘ ʦʢʘʟʳʚʘʝʪʩʷ ʨʘʚʥʳʤ ʧʨʠʤʝʨʥʦ 
ʧʦʣʦʚʠʥʝ ʝʛʦ ʩʪʘʥʜʘʨʪʥʦʛʦ ʤʝʞʛʘʣʘʢʪʠʯʝʩʢʦʛʦ ʟʥʘʯʝʥʠʷ, ʯʪʦ ʚʳʛʣʷʜʠʪ ʥʝ-
ʩʢʦʣʴʢʦ ʩʪʨʘʥʥʳʤ. ʎʝʣʴ ʥʘʩʪʦʷʱʝʛʦ ʠʩʩʣʝʜʦʚʘʥʠʷ ð ʚʳʡʪʠ ʟʘ ʧʨʝʜʝʣʳ 
ʧʨʝʜʧʦʣʦʞʝʥʠʷ ʦ ʧʦʩʪʦʷʥʩʪʚʝ ʪʝʤʧʝʨʘʪʫʨ ʧʣʘʥʝʪ, ʠʩʧʦʣʴʟʫʷ ʜʣʷ ʵʪʦʛʦ ʙʦʣʝʝ 
ʩʦʚʨʝʤʝʥʥʳʝ ʜʘʥʥʳʝ ʦ ʪʝʤʧʝʨʘʪʫʨʘʭ ʨʘʥʥʝʡ ɿʝʤʣʠ ʠ ʄʘʨʩʘ, ʠ ʪʝʤ ʩʘʤʳʤ 
ʪʦʯʥʝʝ ʦʮʝʥʠʪʴ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʠʤ ʧʘʨʘʤʝʪʨʳ ʍʘʙʙʣʘ. 
ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ʀʩʭʦʜʷ ʠʟ ʫʨʘʚʥʝʥʠʷ ʪʝʧʣʦʚʦʛʦ ʙʘ-

ʣʘʥʩʘ ʧʣʘʥʝʪʳ, ʦʨʙʠʪʘ ʢʦʪʦʨʦʡ ʠʩʧʳʪʳʚʘʝʪ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʝ ʨʘʩʰʠʨʝʥʠʝ, 

ʦʙʫʩʣʦʚʣʝʥʥʦʝ ʪʝʤʥʦʡ ʵʥʝʨʛʠʝʡ [5], ʤʦʞʥʦ ʥʘʡʪʠ, ʧʨʠ ʢʘʢʦʤ ʟʥʘʯʝʥʠʠ ʣʦ-

ʢʘʣʴʥʦʛʦ ʧʘʨʘʤʝʪʨʘ ʍʘʙʙʣʘ ʪʝʤʧʝʨʘʪʫʨʘ ʧʣʘʥʝʪʳ ʠʤʝʣʘ ʙʳ ʪʦ ʠʣʠ ʠʥʦʝ ʟʥʘ-

ʯʝʥʠʝ ʚ ʧʨʦʰʣʦʤ: 

 ( ) ( )(loc)
0 s s0

4,96
 ln ( ) 4ln ( )  ,H L t L T t T h

t
è ø= -ê ú (1) 

ʛʜʝ L ð ʩʚʝʪʠʤʦʩʪʴ ʉʦʣʥʮʘ, Ts ð ʪʝʤʧʝʨʘʪʫʨʘ ʧʦʚʝʨʭʥʦʩʪʠ ʧʣʘʥʝʪʳ, h = 

= 100 ʢʤ/ʩ/ʄʧʩ, ʠ t ð ʚʨʝʤʷ, ʠʟʤʝʨʷʝʤʦʝ ʚ ʤʣʨʜ. ʣʝʪ, ʢʦʪʦʨʦʝ ʩʣʝʜʫʝʪ ʙʨʘʪʴ 

ʩʦ ʟʥʘʢʦʤ ʤʠʥʫʩ, ʝʩʣʠ ʦʥʦ ʦʪʩʯʠʪʳʚʘʝʪʩʷ ʚ ʦʙʨʘʪʥʦʤ ʥʘʧʨʘʚʣʝʥʠʠ. ʅʘʧʦʤ-

ʥʠʤ, ʯʪʦ ʩʦʚʨʝʤʝʥʥʦʝ ʟʥʘʯʝʥʠʝ ʧʘʨʘʤʝʪʨʘ ʍʘʙʙʣʘ ʥʘ ʤʝʞʛʘʣʘʢʪʠʯʝʩʢʠʭ ʤʘʩ-

ʰʪʘʙʘʭ H0 º 0,7 h, ʘ ʧʨʠ ʧʨʠʙʣʠʞʝʥʥʳʭ ʦʮʝʥʢʘʭ ʜʣʷ ʚʨʝʤʝʥʠ t º -4 ʤʣʨʜ. ʣʝʪ 

ʤʦʞʥʦ ʙʨʘʪʴ L(t)/L0 º 0,7. 

ʂʘʢ ʚʳʪʝʢʘʝʪ ʠʟ ʩʦʚʨʝʤʝʥʥʳʭ ʜʘʥʥʳʭ ʧʘʣʝʦʭʠʤʠʠ ʠ ʧʘʣʝʦʙʠʦʣʦʛʠʠ [6], 

ʪʝʤʧʝʨʘʪʫʨʘ ʥʘ ɿʝʤʣʝ 3,5-4 ʤʣʨʜ. ʣʝʪ ʥʘʟʘʜ ʤʦʛʣʘ ʙʳʪʴ ʛʦʨʘʟʜʦ ʚʳʰʝ ʩʦʚʨʝ-

ʤʝʥʥʦʡ (Ts0 º 15̄ C = 288 K) ʠ ʜʦʭʦʜʠʪʴ ʜʦ Ts º 70̄ C= 343 K; ʧʨʠ ʵʪʦʤ  

ʠʟ ʬʦʨʤʫʣʳ (1) ʧʦʣʫʯʘʝʪʩʷ H(loc) º 1,3-1,5 h (ʪ. ʝ., ʚ 2 ʨʘʟʘ ʙʦʣʴʰʝ ʩʦʚʨʝʤʝʥ-

ʥʦʛʦ ʤʝʞʛʘʣʘʢʪʠʯʝʩʢʦʛʦ ʟʥʘʯʝʥʠʷ). ʏʪʦ ʞʝ ʢʘʩʘʝʪʩʷ ʄʘʨʩʘ, ʪʦ ʚ ʥʘʩʪʦʷʱʝʝ 

ʚʨʝʤʷ ʪʝʤʧʝʨʘʪʫʨʘ ʝʛʦ ʧʦʚʝʨʭʥʦʩʪʠ ʩʦʩʪʘʚʣʷʝʪ Ts0 º -63̄ C = 210 K; ʦʜʥʘʢʦ 

ʠʤʝʶʪʩʷ ʫʙʝʜʠʪʝʣʴʥʳʝ ʩʚʠʜʝʪʝʣʴʩʪʚʘ, ʯʪʦ 3,7-4 ʤʣʨʜ. ʣʝʪ ʥʘʟʘʜ ʥʘ ʝʛʦ ʧʦ-

ʚʝʨʭʥʦʩʪʠ ʪʝʢʣʠ ʨʝʢʠ, ʪ. ʝ., ʩʫʱʝʩʪʚʦʚʘʣʦ ʟʥʘʯʠʪʝʣʴʥʦʝ ʢʦʣʠʯʝʩʪʚʦ ʚʦʜʳ  

ʚ ʞʠʜʢʦʤ ʩʦʩʪʦʷʥʠʠ, ʪʘʢ ʯʪʦ Ts ² 0 C̄ = 273 K. ʇʨʠ ʵʪʦʤ ʠʟ ʬʦʨʤʫʣʳ (1) ʧʦ-

ʣʫʯʘʝʪʩʷ ʝʱʝ ʙʦʣʴʰʝʝ ʟʥʘʯʝʥʠʝ: H(loc) º 1,7-2 h. 

ɿʘʢʣʶʯʝʥʠʝ. ʅʘʡʜʝʥʥʳʝ ʟʥʘʯʝʥʠʷ ʣʦʢʘʣʴʥʦʛʦ ʧʘʨʘʤʝʪʨʘ ʍʘʙʙʣʘ, ʚ ʜʚʘ  

ʠ ʙʦʣʝʝ ʨʘʟ ʧʨʝʚʦʩʭʦʜʷʱʠʝ ʝʛʦ ʩʦʚʨʝʤʝʥʥʫʶ ʤʝʞʛʘʣʘʢʪʠʯʝʩʢʫʶ ʚʝʣʠʯʠʥʫ,  

ʥʘ ʧʝʨʚʳʡ ʚʟʛʣʷʜ ʚʳʛʣʷʜʷʪ ʜʦʚʦʣʴʥʦ ʩʪʨʘʥʥʳʤʠ. ʆʜʥʘ ʠʟ ʦʯʝʚʠʜʥʳʭ ʧʨʠʯʠʥ 

ʠʭ ʧʦʷʚʣʝʥʠʷ ʤʦʛʣʘ ʙʳ ʙʳʪʴ ʩʚʷʟʘʥʘ ʩʦ ʩʣʠʰʢʦʤ ʛʨʫʙʳʤ ʭʘʨʘʢʪʝʨʦʤ ʧʨʦʠʟ-

ʚʝʜʝʥʥʳʭ ʚʳʰʝ ʦʮʝʥʦʢ, ʘ ʠʤʝʥʥʦ, ʩ ʧʨʝʜʧʦʣʦʞʝʥʠʷʤʠ ʦ ʥʝ ʟʘʚʠʩʷʱʝʡ ʦʪ 

ʚʨʝʤʝʥʠ ʧʦʛʣʦʱʘʶʱʝʡ ʩʧʦʩʦʙʥʦʩʪʠ (ʘʣʴʙʝʜʦ) ʧʣʘʥʝʪ ʠ ʥʝʠʟʤʝʥʥʦʡ ʵʬʬʝʢ-

ʪʠʚʥʦʩʪʠ ʧʘʨʥʠʢʦʚʦʛʦ ʵʬʬʝʢʪʘ ʚ ʠʭ ʘʪʤʦʩʬʝʨʘʭ. 

ʉ ʜʨʫʛʦʡ ʩʪʦʨʦʥʳ, ʥʝ ʠʩʢʣʶʯʝʥʘ ʠ ʢʦʩʤʦʣʦʛʠʯʝʩʢʘʷ ʠʥʪʝʨʧʨʝʪʘʮʠʷ ʧʦʣʫ-

ʯʝʥʥʳʭ ʚʝʣʠʯʠʥ. ʇʨʝʞʜʝ ʚʩʝʛʦ, ʥʫʞʥʦ ʦʪʤʝʪʠʪʴ, ʯʪʦ ʠʤʝʶʱʠʝʩʷ ʪʝʦʨʝʪʠʯʝ-

ʩʢʠʝ ʨʘʩʯʝʪʳ ʚ ʧʨʝʜʧʦʣʦʞʝʥʠʠ, ʯʪʦ ʣʦʢʘʣʴʥʳʡ ʵʬʬʝʢʪ ʍʘʙʙʣʘ ʩʚʷʟʘʥ ʪʦʣʴʢʦ  

ʩ ʪʝʤʥʦʡ ʵʥʝʨʛʠʝʡ [7], ʜʘʶʪ ʣʠʰʴ ʥʠʞʥʶʶ ʦʮʝʥʢʫ ʥʘ ʦʪʥʦʰʝʥʠʝ H(loc)/H0. 

ʉʪʨʦʛʠʭ ʞʝ ʦʛʨʘʥʠʯʝʥʠʡ ʩʚʝʨʭʫ ʥʝ ʩʫʱʝʩʪʚʫʝʪ, ʪʘʢ ʢʘʢ ʦʙʳʯʥʘʷ (ʘʛʨʝʛʠʨʦʚʘʥ-
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ʥʘʷ) ʤʘʪʝʨʠʷ ʚ ʧʨʠʥʮʠʧʝ ʪʦʞʝ ʤʦʞʝʪ ʜʘʚʘʪʴ ʩʚʦʡ ʚʢʣʘʜ ʥʘ ʤʘʣʳʭ ʤʘʩʰʪʘʙʘʭ, 

ʧʨʠʯʝʤ ʵʪʦʪ ʚʢʣʘʜ ʤʦʞʝʪ ʦʢʘʟʘʪʴʩʷ ʜʘʞʝ ʙʦʣʴʰʝ, ʯʝʤ ʦʪ ʪʝʤʥʦʡ ʵʥʝʨʛʠʠ. ʂʨʦ-

ʤʝ ʪʦʛʦ, ʥʝ ʠʩʢʣʶʯʝʥʦ, ʯʪʦ ʘʥʦʤʘʣʴʥʦ ʙʦʣʴʰʠʝ ʟʥʘʯʝʥʠʷ ʣʦʢʘʣʴʥʦʛʦ ʧʘʨʘʤʝʪʨʘ 

ʍʘʙʙʣʘ ʤʦʛʫʪ ʙʳʪʴ ʩʚʷʟʘʥʳ ʩ ʵʬʬʝʢʪʦʤ çʫʩʢʦʨʝʥʥʦ ʨʘʩʢʨʫʯʠʚʘʶʱʝʡʩʷ ʩʧʠʨʘ-

ʣʠè, ʢʦʪʦʨʳʡ ʙʳʣ ʧʦʣʫʯʝʥ ʚ ʦʙʱʝʨʝʣʷʪʠʚʠʩʪʩʢʠʭ ʨʘʩʯʝʪʘʭ ʤʦʜʝʣʴʥʦʡ ʟʘʜʘʯʠ 

[8, 9] ʦ ʜʚʠʞʝʥʠʠ ʧʨʦʙʥʦʡ ʯʘʩʪʠʮʳ ʚ ʧʦʣʝ ʮʝʥʪʨʘʣʴʥʦʡ ʪʦʯʝʯʥʦʡ ʤʘʩʩʳ, ʧʦ-

ʛʨʫʞʝʥʥʦʡ ʚ ʦʜʥʦʨʦʜʥʳʡ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʡ ʬʦʥ, ʩʬʦʨʤʠʨʦʚʘʥʥʳʡ L-ʯʣʝʥʦʤ  

ʠ ʦʙʣʘʜʘʶʱʠʡ ʘʩʠʤʧʪʦʪʠʢʦʡ ʈʦʙʝʨʪʩʦʥʘ ð ʋʦʣʢʝʨʘ ʥʘ ʙʝʩʢʦʥʝʯʥʦʩʪʠ. 
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Abstract. Assuming that Hubble expansion should manifest itself even at the sufficiently 

small (interplanetary) scales in the framework of dark-energy-dominated cosmological 

models, we try to estimate Hubble parameter from the thermal evolution of Earth and Mars 

during the last 4 billion years. The basic idea of our analysis is taking into account the vari-

ations in solar irradiation arriving at these planets due to the cosmological expansion of 

their orbits and subsequent confrontation of these calculations with the planetological data. 

The corresponding values of the local Hubble parameter were found to be rather large: 

130-150 km/s/Mpc for the orbit of Earth and 170-200 km/s/Mpc for Mars, i.e., 2-3 times 

greater than the commonly-accepted intergalactic value. Finally, we discuss a possible in-

terpretation of these results. 

Keywords: local Hubble expansion, dark energy, evolution of Earth, evolution of Mars 

Introduction.  The problem if Hubble expansion can exist at the sufficiently small 

(e.g., interplanetary) scales is discussed for over 90 years [1] but remains unsolved 

till now. This issue became especially topical in the early 2000ôs, when a new par-

adigm in cosmology was based on the models with dominant contribution by the 

dark energy (L-term): since the dark energy is distributed perfectly uniform every-

where in space, one can expect that the corresponding Hubble expansion will mani-

fest itself even at very small scales [2]. 

As was pointed out in works by M. Krizek and L. Somer [3, 4], the local Hub-

ble effect should affect a thermal regime of the Earth throughout the entire period 

of its geological and biological evolution. Particularly, if the Earthôs surface tem-

perature is assumed to be constant over the interval of approximately 4 billion 

years, then the required local Hubble parameter turns out to be about a half of the 

standard intergalactic value, which might look somewhat strange. It is the aim of 

the present work to go beyond the assumption of constant planetary temperature by 

employing more recent data on the temperatures of the early Earth and Mars and, 

thereby, to evaluate the corresponding Hubble parameters more accurately. 

Methods and materials; results. Starting from the equation of heat balance of 

the planet whose orbit experiences the cosmological expansion caused by the dark 

energy [5], one can find a magnitude of the local Hubble parameter at which the 

planetary temperature would have a specified value in the past: 

 ( ) ( )(loc)
0 s s0

4.96
 ln ( ) 4ln ( )  ,H L t L T t T h

t
è ø= -ê ú (1) 

where L is the solar luminosity, Ts is the temperature of the planetary surface, h = 

100 km/s/Mpc, and t is the time measured in billion years, which should be taken 

with a negative sign if it is directed to the past. Let us remind that the present-day 

value of the Hubble parameter at intergalactic scales is H0 º 0.7 h; and it is reason-

able to take L(t)/L0 º 0.7 for the approximate estimates at t º -4 bln. yr. 

As follows from the modern data of paleochemisry and paleobiology [6], the 

Earthôs temperature 3.5-4 bln. years ago could be substantially greater than today 

(Ts0 º 15̄ C = 288 K) and estimated as Ts º 70̄ C= 343 K. Consequently, formu-
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la (1) gives H(loc) º 1.3-1.5 h (i.e., two times greater than its contemporary interga-

lactic value). As regards Mars, its present-day surface temperature is Ts0 º -63̄ C = 

= 210 K; but there is a clear evidence that rivers flowed across its surface 

3.7-4 bln. years ago, i.e., there was a considerable volume of liquid water, so that 

Ts ² 0 C̄ = 273 K. In such a case, formula (1) leads to the even greater value H(loc) º 

º 1.7-2 h. 

Conclusion. The above-mentioned values of the local Hubble parameterð

exceeding its contemporary intergalactic value by two or more timesðmight look 

quite strange. One of the most evident reasons could be caused by the oversimplifi-

cations employed in our estimates, namely, the time-independent absorption prop-

erties (albedo) of the planets as well as a permanent efficiency of the greenhouse 

effect in their atmospheres. 

On the other hand, there might be also a cosmological interpretation of these 

results. First of all, let us mention that the available theoretical calculationsðbased 

on the assumption that the local Hubble effect is caused solely by the dark ener-

gy [7]ðgive us only the lower limit on the ratio H(loc)/H0. On the other hand, there 

is no a rigorous upper limit, because the ordinary (aggregated) matter, in principle, 

can also give contribution at the small scales; and this contribution might be even 

greater than the one from the dark energy. Besides, the surprisingly large values of 

the local Hubble parameter might be associated with the effect of ñaccelerated un-

winding spiralò, which was derived in the general relativistic calculations of the 

model problem of motion of a test particle in the field of the central point-like mass 

embedded into the uniform cosmological background formed by the L-term and 

possessing the WalkerïRobertson asymptotics at infinity [8, 9]. 
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ɸʥʥʦʪʘʮʠʷ. ʀʩʩʣʝʜʦʚʘʥʦ ʩʣʠʷʥʠʝ ʜʚʦʡʥʳʭ ʧʝʨʚʠʯʥʳʭ ʯʝʨʥʳʭ ʜʳʨ ʚ ʵʚʦʣʶʮʠʦʥʠ-

ʨʫʶʱʝʤ ʛʘʣʦ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ. ɽʩʣʠ ʧʝʨʚʠʯʥʳʝ ʯʝʨʥʳʝ ʜʳʨʳ ʩʦʩʪʘʚʣʷʶʪ ʣʠʰʴ ʤʘ-

ʣʫʶ ʜʦʣʶ ʚʩʝʡ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ, ʘ ʦʩʪʘʣʴʥʘʷ ʝʝ ʯʘʩʪʴ ʩʦʩʪʦʠʪ, ʥʘʧʨʠʤʝʨ, ʠʟ ʵʣʝʤʝʥ-

ʪʘʨʥʳʭ ʯʘʩʪʠʮ, ʪʦ ʚʦʢʨʫʛ ʧʘʨʳ ʯʝʨʥʳʭ ʜʳʨ ʥʝʠʟʙʝʞʥʦ ʜʦʣʞʥʦ ʦʙʨʘʟʦʚʳʚʘʪʴʩʷ ʠ 

ʥʘʨʘʩʪʘʪʴ ʩʦ ʚʨʝʤʝʥʝʤ ʛʘʣʦ ʠʟ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ. ʇʦʢʘʟʘʥʦ, ʯʪʦ ʚ ʨʝʟʫʣʴʪʘʪʝ ʥʝʩʬʝ-

ʨʠʯʥʦʩʪʠ ʩʞʘʪʠʷ ʩʣʦʝʚ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ ʠʤʝʝʪʩʷ ʥʝʧʨʝʨʳʚʥʳʡ ʧʦʪʦʢ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ 

ʯʝʨʝʟ ʮʝʥʪʨ ʛʘʣʦ. ʇʨʦʣʝʪʳ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ ʚʣʠʷʶʪ ʥʘ ʵʚʦʣʶʮʠʶ ʦʨʙʠʪʳ ʧʘʨʳ ʯʝʨ-

ʥʳʭ ʜʳʨ, ʦʪʙʠʨʘʷ ʵʥʝʨʛʠʶ ʦʨʙʠʪʘʣʴʥʦʛʦ ʜʚʠʞʝʥʠʷ. ʕʪʦʪ ʵʬʬʝʢʪ ʧʨʠʚʦʜʠʪ ʢ ʫʩʢʦ-

ʨʝʥʥʦʤʫ ʩʞʘʪʠʶ ʦʨʙʠʪʳ ʧʘʨʳ ʠ ʫʤʝʥʴʰʝʥʠʶ ʚʨʝʤʝʥʠ ʜʦ ʩʣʠʷʥʠʷ ʯʝʨʥʳʭ ʜʳʨ. ʕʪʦ, ʚ 

ʩʚʦʶ ʦʯʝʨʝʜʴ, ʧʨʠʚʦʜʠʪ ʢ ʠʟʤʝʥʝʥʠʶ ʪʝʤʧʘ ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʚʩʧʣʝʩʢʦʚ, ʩʦʧʨʦʚʦʞ-

ʜʘʶʱʠʭ ʩʣʠʷʥʠʷ ʯʝʨʥʳʭ ʜʳʨ, ʠ ʤʦʞʝʪ ʠʤʝʪʴ ʟʥʘʯʝʥʠʷ ʜʣʷ ʛʨʘʚʠʪʘʮʠʦʥʥʦ-ʚʦʣʥʦʚʦʡ 

ʘʩʪʨʦʥʦʤʠʠ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʢʦʩʤʦʣʦʛʠʷ, ʛʨʘʚʠʪʘʮʠʦʥʥʳʝ ʚʦʣʥʳ, ʧʝʨʚʠʯʥʳʝ ʯʝʨʥʳʝ ʜʳʨʳ, 

ʪʝʤʥʘʷ ʤʘʪʝʨʠʷ 

ɺʚʝʜʝʥʠʝ. ɻʠʧʦʪʝʟʘ ʦ ʚʦʟʤʦʞʥʦʩʪʠ ʦʙʨʘʟʦʚʘʥʠʷ ʚ ʨʘʥʥʝʡ ɺʩʝʣʝʥʥʦʡ ʧʝʨʚʠʯ-

ʥʳʭ ʯʝʨʥʳʭ ʜʳʨ (ʇʏɼ) ʙʳʣʘ ʚʳʩʢʘʟʘʥʘ ʚ 1966 ʛ. ʚ ʨʘʙʦʪʝ ʗ.ɹ. ɿʝʣʴʜʦʚʠʯʘ ʠ 

ʀ.ɼ. ʅʦʚʠʢʦʚʘ [1]. ʉ ʪʝʭ ʧʦʨ ʙʳʣʦ ʨʘʟʨʘʙʦʪʘʥʦ ʥʝʩʢʦʣʴʢʦ ʤʦʜʝʣʝʡ ʠʭ ʦʙʨʘʟʦ-

ʚʘʥʠʷ. ʇʏɼ ʤʦʛʫʪ ʠʛʨʘʪʴ ʚʘʞʥʫʶ ʨʦʣʴ ʚ ʨʷʜʝ ʘʩʪʨʦʬʠʟʠʯʝʩʢʠʭ ʧʨʦʮʝʩʩʦʚ  

ʠ ʚ ʢʦʩʤʦʣʦʛʠʠ. ɺ ʯʘʩʪʥʦʩʪʠ, ʦʥʠ ʤʦʛʫʪ ʦʙʨʘʟʦʚʳʚʘʪʴ ʛʨʘʚʠʪʘʮʠʦʥʥʦ-

ʩʚʷʟʘʥʥʳʝ ʜʚʦʡʥʳʝ ʩʠʩʪʝʤʳ, ʠ ʠʭ ʩʣʠʷʥʠʷ ʚ ʧʘʨʘʭ ʤʦʞʝʪ ʦʙʲʷʩʥʷʪʴ ʥʝʢʦʪʦ-

ʨʫʶ ʯʘʩʪʴ ʛʨʘʚʠʪʘʮʠʦʥʥʦ-ʚʦʣʥʦʚʳʭ ʩʦʙʳʪʠʡ, ʨʝʛʠʩʪʨʠʨʫʝʤʳʭ ʜʝʪʝʢʪʦʨʘʤʠ 

LIGO/Virgo/KAGRA. ɽʩʣʠ ʇʏɼ ʩʦʩʪʘʚʣʷʶʪ ʪʦʣʴʢʦ ʤʘʣʫʶ ʯʘʩʪʴ ʪʝʤʥʦʡ ʤʘ-

ʪʝʨʠʠ, ʪʦ ʦʩʪʘʚʰʘʷʩʷ ʪʝʤʥʘʷ ʤʘʪʝʨʠʷ ʜʦʣʞʥʘ ʦʙʨʘʟʦʚʳʚʘʪʴ ʚʦʢʨʫʛ ʧʘʨ ʵʚʦ-

ʣʶʮʠʦʥʠʨʫʶʱʝʝ ʛʘʣʦ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ. ɺ ʜʘʥʥʦʡ ʨʘʙʦʪʝ ʨʘʩʩʤʦʪʨʝʥʦ ʚʣʠʷʥʠʝ 

ʧʦʪʦʢʦʚ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ ʩʞʠʤʘʶʱʠʭʩʷ ʩʣʦʝʚ ʛʘʣʦ ʥʘ ʵʚʦʣʶʮʠʶ ʦʨʙʠʪʳ ʧʘʨʳ 

ʯʝʨʥʳʭ ʜʳʨ ʚ ʮʝʥʪʨʝ ʛʘʣʦ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɺ ʨʘʙʦʪʝ ʟʘʧʠʩʳʚʘʶʪʩʷ ʫʨʘʚʥʝʥʠʷ 

ʜʣʷ ʵʚʦʣʶʮʠʠ ʛʘʣʦ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ ʚʦʢʨʫʛ ʧʘʨʳ ʇʏɼ ʠ ʨʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʧʦ-

ʩʣʝʜʦʚʘʪʝʣʴʥʳʡ ʧʨʦʣʝʪ ʥʝʩʬʝʨʠʯʝʩʢʠʭ ʩʣʦʝʚ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ ʧʦʩʣʝ ʠʭ ʦʪ-

ʱʝʧʣʝʥʠʷ ʦʪ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʛʦ ʨʘʩʰʠʨʝʥʠʷ ʠ ʧʝʨʚʦʛʦ ʩʞʘʪʠʷ. ʇʦʩʢʦʣʴʢʫ 

ʩʫʱʝʩʪʚʫʶʪ ʥʘʧʨʘʚʣʝʥʠʷ ʩ ʥʫʣʝʚʳʤ ʫʛʣʦʚʳʤ ʤʦʤʝʥʪʦʤ [2], ʩʣʦʠ ʪʝʤʥʦʡ ʤʘ-

ʪʝʨʠʠ ʧʨʠʥʠʤʘʶʪ ʫʧʣʦʱʝʥʥʫʶ ʬʦʨʤʫ ʠ ʧʨʦʭʦʜʷʪ ʯʝʨʝʟ ʮʝʥʪʨ ʛʘʣʦ ʜʦ ʪʝʭ 
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ʧʦʨ, ʧʦʢʘ ʧʨʦʠʩʭʦʜʠʪ ʦʪʱʝʧʣʝʥʠʝ ʥʦʚʳʭ ʩʣʦʝʚ (ʧʦʢʘ ʛʘʣʦ ʥʝ ʩʪʘʙʠʣʠʟʠʨʫʝʪ-

ʩʷ). ɺ ʨʘʙʦʪʝ ʨʘʩʩʯʠʪʘʥ ʧʦʪʦʢ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ ʯʝʨʝʟ ʮʝʥʪʨ ʛʘʣʦ. ʉ ʧʦʤʦʱʴʶ 

ʥʘʡʜʝʥʥʦʛʦ ʧʦʪʦʢʘ ʚʳʯʠʩʣʷʝʪʩʷ ʚʣʠʷʥʠʝ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ ʥʘ ʦʨʙʠʪʫ ʧʘʨʳ 

ʇʏɼ ʩ ʧʦʤʦʱʴʶ ʬʦʨʤʘʣʠʟʤʘ ʂʚʠʥʣʘʥʘ [3].  

ɺ ʢʘʯʝʩʪʚʝ ʬʘʢʪʦʨʦʚ, ʦʧʨʝʜʝʣʷʶʱʠʭ ʥʝʩʬʝʨʠʯʥʦʩʪʴ ʩʞʘʪʠʷ ʛʘʣʦ, ʨʘʩ-

ʩʤʦʪʨʝʥʦ ʧʨʠʣʠʚʥʦʝ ʛʨʘʚʠʪʘʮʠʦʥʥʦʝ ʚʣʠʷʥʠʝ ʠʥʬʣʷʮʠʦʥʥʳʭ ʚʦʟʤʫʱʝʥʠʡ 

ʧʣʦʪʥʦʩʪʠ ʠ ʩʦʩʝʜʥʠʭ (ʧʦ ʦʪʥʦʰʝʥʠʶ ʢ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʡ ʧʘʨʝ) ʇʏɼ. ʇʦʣʫ-

ʯʝʥʦ, ʯʪʦ ʧʦʪʦʢ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ ʠʟ ʵʚʦʣʶʮʠʦʥʠʨʫʶʱʝʛʦ ʛʘʣʦ ʩʫʱʝʩʪʚʝʥʥʦ 

ʫʩʢʦʨʷʝʪ ʧʨʦʮʝʩʩ ʩʣʠʷʥʠʷ ʇʏɼ ʩ ʤʘʩʩʘʤʠ 30 ʤʘʩʩ ʉʦʣʥʮʘ. ɼʣʷ ʦʙʲʷʩʥʝʥʠʷ 

ʜʘʥʥʳʭ LIGO/Virgo/KAGRA ʪʨʝʙʫʝʪʩʷ ʧʨʠʤʝʨʥʦ ʥʘ ʧʦʨʷʜʦʢ ʤʝʥʴʰʝ ʇʏɼ ʧʦ 

ʩʨʘʚʥʝʥʠʶ ʩʦ ʩʣʫʯʘʝʤ, ʢʦʛʜʘ ʛʘʣʦ ʥʝ ʫʯʠʪʳʚʘʝʪʩʷ. 

ɿʘʢʣʶʯʝʥʠʝ. ʈʘʩʯʝʪ ʵʚʦʣʶʮʠʠ ʦʨʙʠʪʳ ʧʘʨʳ ʇʏɼ ʧʦʢʘʟʘʣ ʚʘʞʥʦʩʪʴ ʫʯʝ-

ʪʘ ʧʦʪʦʢʘ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ ʠʟ ʦʢʨʫʞʘʶʱʝʛʦ ʛʘʣʦ ʯʝʨʝʟ ʦʙʣʘʩʪʴ ʦʨʙʠʪʳ. ɺ 

ʩʣʫʯʘʝ ʇʏɼ ʩ ʤʘʩʩʘʤʠ ʧʦʨʷʜʢʘ 30 ʤʘʩʩ ʉʦʣʥʮʘ ʪʝʤʧ ʩʣʠʷʥʠʷ ʟʥʘʯʠʪʝʣʴʥʦ 

ʫʩʢʦʨʷʝʪʩʷ, ʯʪʦ ʚʘʞʥʦ ʜʣʷ ʦʙʲʷʩʥʝʥʠʷ ʜʘʥʥʳʭ ʛʨʘʚʠʪʘʮʠʦʥʥʦ-ʚʦʣʥʦʚʳʭ ʜʝ-

ʪʝʢʪʦʨʦʚ LIGO/Virgo/KAGRA ʚ ʤʦʜʝʣʷʭ ʩ ʇʏɼ. 
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Abstract. The merge of binary primordial black holes in an evolving dark matter halo has 

been investigated. If primordial black holes make up only a small fraction of all dark mat-

ter, and the rest of it consists, for example, of elementary particles, then a halo of dark mat-

ter must inevitably form and grow over time around a pair of black holes. It is shown that as 

a result of the non-spherical compression of the dark matter layers, there is a continuous 

flow of dark matter through the center of the halo. The passage of dark matter affects the 

evolution of the orbit of a pair of black holes, taking away the energy of the orbital motion. 

This effect leads to an accelerated contraction of the pair's orbit and a decrease in the time 

before the black holes merge. This, in turn, leads to a change in the rate of gravitational 
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bursts accompanying black hole mergers, and may have implications for gravitational-wave 

astronomy. 

Keywords: cosmology, gravitational waves, primordial black holes, dark matter 

Introduction.  The hypothesis about the possibility of the primordial black holes 

(PBHs) formation in the early Universe was proposed in 1966 in the work of Ya.B. 

Zeldovich and I.D. Novikov [1]. Since then, several models of their formation have 

been developed. PBHs can play an important role in a number of astrophysical pro-

cesses and in cosmology. In particular, they can form gravitationally bounded bina-

ry systems, and their mergers in pairs can explain some of the gravitational wave 

events detected by the LIGO/Virgo/KAGRA detectors. If the PBHs make up only a 

small part of the dark matter, then the remaining dark matter should form an evolv-

ing halo of dark matter around the pairs. In this paper, we consider the influence of 

dark matter fluxes from shrinking halo layers on the evolution of the orbits of a 

pair of PBHs in the center of the halo. 

Methods and materials; results. In this paper, we write down equations for 

the evolution of a dark matter halo around a pair of PBHs and consider the sequen-

tial passage of non-spherical layers of dark matter after their separation from cos-

mological expansion and first contraction. Since there are directions with zero an-

gular momentum [2], the layers of dark matter take on a flattened shape and pass 

through the center of the halo until new layers are split off (until the halo stabiliz-

es). The paper calculates the flow of dark matter through the center of the halo. 

Using the found flow, the influence of dark matter on the orbit of a PBH pair is 

calculated using the Quinlan formalism [3].  

The tidal gravitational influence of inflationary density perturbations and 

neighboring (relative to the pair under consideration) PBHs is considered as factors 

determining the non-spherical compression of the halo. It has been found that the 

flow of dark matter from the evolving halo significantly accelerates the process of 

the PBHs merge (with masses of 30 solar masses). To explain the LIGO/ 

Virgo/KAGRA data, it takes about an order of magnitude less PBHs compared to 

the case when the halo is not taken into account. 

Conclusion. The calculation of the evolution of the orbit of a pair of PBHs 

showed the importance of taking into account the flow of dark matter from the sur-

rounding halo through the orbital region. In the case of black holes with masses of 

about 30 mass of the Sun, the rate of merge accelerates significantly, which is im-

portant for explaining the data of the LIGO/Virgo/KAGRA gravitational wave de-

tectors in models with PBHs. 
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ɸʥʥʦʪʘʮʠʷ. ʀʩʩʣʝʜʦʚʘʥʦ ʩʦʩʪʦʷʥʠʝ ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʦʛʦ ʧʦʣʷ ʚ ʬʦʪʦʥʥʦʤ ʢʨʠʩʪʘʣʣʝ 

ī ʤʝʪʘʤʘʪʝʨʠʘʣʝ ʩ ʧʝʨʠʦʜʠʯʝʩʢʦʡ ʦʧʪʠʯʝʩʢʦʡ ʩʚʝʨʭʩʪʨʫʢʪʫʨʦʡ. ʋʩʪʘʥʦʚʣʝʥʦ, ʯʪʦ  

ʚ ʢʨʠʪʠʯʝʩʢʠʭ ʪʦʯʢʘʭ ʟʦʥʳ ɹʨʠʣʣʶʵʥʘ ʧʦʣʷʨʠʪʦʥʥʦʝ ʧʦʣʝ C-, P- ʠ T-ʩʠʤʤʝʪʨʠʯʥʦ 

(ʪʦ ʝʩʪʴ, ʩʠʤʤʝʪʨʠʷ ʢʘʣʠʙʨʦʚʦʯʥʦʛʦ ʧʦʣʷ U(1) ʥʝ ʥʘʨʫʰʝʥʘ), ʧʣʦʪʥʦʩʪʴ ʢʚʘʥʪʦʚʳʭ 

ʩʦʩʪʦʷʥʠʡ ʩʠʥʛʫʣʷʨʥʘ, ʦʪʢʨʳʪʳ ʥʝʣʠʥʝʡʥʳʝ ʢʘʥʘʣʳ ʢʚʘʥʪʦʚʦʡ ʵʣʝʢʪʨʦʜʠʥʘʤʠʢʠ,  

ʘ ʪʘʢʞʝ ʨʘʟʨʝʰʝʥʘ ʧʘʨʘʤʝʪʨʠʯʝʩʢʘʷ down-ʢʦʥʚʝʨʩʠʷ ʚʳʩʦʢʦʵʥʝʨʛʝʪʠʯʝʩʢʦʛʦ ʧʦʣʷʨʠ-

ʪʦʥʥʦʛʦ ʙʦʟʝ-ʢʦʥʜʝʥʩʘʪʘ ʚ ʥʠʟʢʦʵʥʝʨʛʝʪʠʯʝʩʢʠʡ. ʈʝʟʫʣʴʪʘʪʳ ʚʦʩʧʨʦʠʟʚʦʜʷʪ ʵʬʬʝʢʪʳ 

ʣʦʞʥʦʛʦ ʢʚʘʥʪʦʚʦʛʦ ʚʘʢʫʫʤʘ ʚ ʣʘʙʦʨʘʪʦʨʥʦʤ ʦʧʪʠʯʝʩʢʦʤ ʵʢʩʧʝʨʠʤʝʥʪʝ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ɹʦʣʴʰʦʡ ʚʟʨʳʚ, ʣʦʞʥʳʡ ʢʚʘʥʪʦʚʳʡ ʚʘʢʫʫʤ, ʩʧʦʥʪʘʥʥʦʝ ʥʘʨʫʰʝ-

ʥʠʝ ʩʠʤʤʝʪʨʠʠ, ʬʦʪʦʥʥʳʡ ʢʨʠʩʪʘʣʣ, ʢʦʥʜʝʥʩʘʪ ɹʦʟʝ ð ʕʡʥʰʪʝʡʥʘ 

ɺʚʝʜʝʥʠʝ. ʃʦʞʥʦʚʘʢʫʫʤʥʦʝ (ʠʥʘʯʝ: ʤʝʪʘʩʪʘʙʠʣʴʥʦʝ) ʩʦʩʪʦʷʥʠʝ ʢʚʘʥʪʦʚʦʛʦ 

ʧʦʣʷ ī ʪʘʢʦʝ ʩʦʩʪʦʷʥʠʝ ʢʚʘʥʪʦʚʦʛʦ ʚʘʢʫʫʤʘ (ʦʙʣʘʩʪʠ ʧʨʦʩʪʨʘʥʩʪʚʘ-ʚʨʝʤʝʥʠ, 

ʩʦʜʝʨʞʘʱʝʡ ʪʦʣʴʢʦ ʚʠʨʪʫʘʣʴʥʳʝ ʯʘʩʪʠʮʳ), ʢʦʪʦʨʦʝ ʣʦʢʘʣʴʥʦ ʩʪʘʙʠʣʴʥʦ, ʥʦ 

ʥʝ ʵʥʝʨʛʝʪʠʯʝʩʢʠ-ʤʠʥʠʤʘʣʴʥʦ. ʇʨʝʜʧʦʣʘʛʘʝʪʩʷ, ʯʪʦ ʨʘʩʧʘʜ ʣʦʞʥʦʛʦ ʢʚʘʥʪʦ-

ʚʦʛʦ ʚʘʢʫʫʤʘ ʩ ʚʤʦʨʦʞʝʥʥʳʤ ʭʠʛʛʩʦʚʩʢʠʤ ʧʦʣʝʤ ʥʘ ʧʣʘʥʢʦʚʩʢʦʤ ʤʘʩʰʪʘʙʝ 

ʧʦʩʣʫʞʠʣ ʪʦʣʯʢʦʤ ʢ ɹʦʣʴʰʦʤʫ ʚʟʨʳʚʫ, ʧʦʨʦʜʠʚ ʯʝʪʳʨʝʭʤʝʨʥʦʝ ʧʨʦʩʪʨʘʥ-

ʩʪʚʦ-ʚʨʝʤʷ ʩʦ ʩʚʦʙʦʜʥʦʡ ʵʥʝʨʛʠʝʡ, ʠʟ ʢʦʪʦʨʦʡ ʚ ʜʘʣʴʥʝʡʰʝʤ ʢʦʥʜʝʥʩʠʨʦʚʘ-

ʣʠʩʴ ʵʣʝʤʝʥʪʘʨʥʳʝ ʯʘʩʪʠʮʳ. ɺ ʩʚʷʟʠ ʩ ʵʪʠʤ ʠʟʫʯʝʥʠʝ ʩʚʦʡʩʪʚ ʣʦʞʥʦʛʦ ʢʚʘʥ-

ʪʦʚʦʛʦ ʚʘʢʫʫʤʘ ʷʚʣʷʝʪʩʷ ʟʘʜʘʯʝʡ ʯʨʝʟʚʳʯʘʡʥʦʡ ʚʘʞʥʦʩʪʠ, ʩʧʦʩʦʙʥʦʡ ʧʨʦʣʠʪʴ 

ʩʚʝʪ ʥʘ ʚʦʧʨʦʩ ʦ ʚʦʟʥʠʢʥʦʚʝʥʠʠ ɺʩʝʣʝʥʥʦʡ.  

ɺ ʥʘʩʪʦʷʱʝʡ ʨʘʙʦʪʝ ʩʦʦʙʱʘʝʪʩʷ ʦ ʣʘʙʦʨʘʪʦʨʥʦʤ ʚʦʩʧʨʦʠʟʚʝʜʝʥʠʠ ʣʦʞ-

ʥʦʚʘʢʫʫʤʥʳʭ ʵʬʬʝʢʪʦʚ ʚ ʦʧʪʠʯʝʩʢʦʤ ʵʢʩʧʝʨʠʤʝʥʪʝ ʩ ʬʦʪʦʥʥʳʤ ʢʨʠʩʪʘʣʣʦʤ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ʉʦʚʨʝʤʝʥʥʘʷ ʢʚʘʥʪʦʚʘʷ ʪʝʦʨʠʷ ʧʦʣʷ 

ʧʨʝʜʦʩʪʘʚʣʷʝʪ ʤʦʱʥʳʝ ʪʝʦʨʝʪʠʯʝʩʢʠʝ ʤʝʪʦʜʳ, ʧʦʟʚʦʣʷʶʱʠʝ ʝʜʠʥʦʦʙʨʘʟʥʦ 

ʦʧʠʩʘʪʴ ʷʚʣʝʥʠʷ ʢʘʢ ʬʠʟʠʢʠ ʚʳʩʦʢʠʭ ʵʥʝʨʛʠʡ, ʪʘʢ ʠ ʢʦʥʜʝʥʩʠʨʦʚʘʥʥʦʛʦ ʩʦ-

ʩʪʦʷʥʠʷ. ɺ ʯʘʩʪʥʦʩʪʠ, ʵʢʩʪʨʝʤʘʣʴʥʦʤʫ ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʦʤʫ ʧʦʣʶ ɹʦʣʴʰʦʛʦ 

ʚʟʨʳʚʘ ʤʘʪʝʤʘʪʠʯʝʩʢʠ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʩʠʥʛʫʣʷʨʥʘʷ ʧʣʦʪʥʦʩʪʴ ʩʦʩʪʦʷʥʠʡ ʧʦʣʷ-

ʨʠʪʦʥʥʦʛʦ ʢʦʥʜʝʥʩʘʪʘ ɹʦʟʝ-ʕʡʥʰʪʝʡʥʘ (ɹʕʂ), ʯʪʦ ʧʦʟʚʦʣʷʝʪ ʠʩʧʦʣʴʟʦʚʘʪʴ 

ʧʦʩʣʝʜʥʠʡ ʚ ʢʘʯʝʩʪʚʝ ʤʦʜʝʣʠ ʜʣʷ ʠʟʫʯʝʥʠʷ ʦʩʦʙʝʥʥʦʩʪʝʡ, ʭʘʨʘʢʪʝʨʥʳʭ ʜʣʷ 
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ʨʘʥʥʝʡ ɺʩʝʣʝʥʥʦʡ. ʇʦʣʷʨʠʪʦʥʥʳʡ ɹʕʂ ʤʦʞʝʪ ʙʳʪʴ ʧʦʣʫʯʝʥ ʣʘʙʦʨʘʪʦʨʥʦ 

ʢʦʥʜʝʥʩʘʮʠʝʡ ʩʚʝʪʦʚʦʛʦ ʧʦʣʷ ʚ ʨʝʟʦʥʘʥʩʥʦʡ ʦʧʪʠʯʝʩʢʦʡ ʤʠʢʨʦʧʦʣʦʩʪʠ, 

ʥʘʧʨʠʤʝʨ, ʬʦʪʦʥʥʦʛʦ ʢʨʠʩʪʘʣʣʘ ð ʤʝʪʘʤʘʪʝʨʠʘʣʘ ʩ ʦʧʪʠʯʝʩʢʦʡ ʩʚʝʨʭʨʝʰʝʪ-

ʢʦʡ ʠ ʫʜʦʙʥʳʤʠ ʝʩʪʝʩʪʚʝʥʥʳʤʠ (ʨʝʰʝʪʦʯʥʳʤʠ) ʧʫʩʪʦʪʘʤʠ. 

ʅʘʤʠ ʫʩʪʘʥʦʚʣʝʥʦ, ʯʪʦ ʚʦʟʙʫʞʜʝʥʠʝ ʬʦʪʦʥʥʦʛʦ ʢʨʠʩʪʘʣʣʘ ʚʥʝʰʥʠʤ ʦʧ-

ʪʠʯʝʩʢʠʤ ʠʟʣʫʯʝʥʠʝʤ ʧʨʠʚʦʜʠʪ ʢ ʬʦʨʤʠʨʦʚʘʥʠʶ ʚ ʢʨʠʪʠʯʝʩʢʠʭ ʪʦʯʢʘʭ ʝʛʦ 

ʟʦʥʳ ɹʨʠʣʣʶʵʥʘ ʧʦʣʷʨʠʪʦʥʥʦʛʦ ɹʕʂ, ʦʧʠʩʳʚʘʝʤʦʛʦ ʉ-, P- ʠ T-ʩʠʤʤʝʪʨʠʯʥʦʡ 

(ʧʦ ʦʪʜʝʣʴʥʦʩʪʠ) ʚʦʣʥʦʚʦʡ ʬʫʥʢʮʠʝʡ [1] (ʦʩʦʙʝʥʥʦ ʦʪʤʝʪʠʤ T-ʩʠʤʤʝʪʨʠʶ, 

ʦʟʥʘʯʘʶʱʫʶ ʣʦʢʘʣʴʥʦʝ ʠʩʯʝʟʥʦʚʝʥʠʝ ʩʪʨʝʣʳ ʚʨʝʤʝʥʠ). ʉʠʥʛʫʣʷʨʥʘʷ ʧʣʦʪ-

ʥʦʩʪʴ ʩʦʩʪʦʷʥʠʡ ɹʕʂ ʜʝʣʘʝʪ ʜʦʩʪʫʧʥʳʤ ʠʩʢʣʶʯʠʪʝʣʴʥʦ ʫʟʢʠʡ ʥʝʣʠʥʝʡʥʳʡ 

ʜʚʫʭʧʦʣʷʨʠʪʦʥʥʳʡ ʢʘʥʘʣ ɔɔ Ÿ a, ʧʦʨʦʞʜʘʶʱʠʡ çʪʝʤʥʳʝè ʘʢʩʠʦʥʦʧʦʜʦʙʥʳʝ 

ʯʘʩʪʠʮʳ ʧʦ ʤʝʭʘʥʠʟʤʫ, ʧʨʝʜʧʦʣʦʞʠʪʝʣʴʥʦ ʜʦʤʠʥʠʨʦʚʘʚʰʝʤʫ ʚ ʨʘʥʥʝʡ ɺʩʝ-

ʣʝʥʥʦʡ [2]. ʇʨʠ ʵʪʦʤ ʚ ʩʧʝʢʪʨʘʭ ʚʪʦʨʠʯʥʦʛʦ ʠʟʣʫʯʝʥʠʷ ʥʘʙʣʶʜʘʶʪʩʷ [3] ʩʣʝ-

ʜʳ ʥʝ ʪʦʣʴʢʦ ʜʘʥʥʦʛʦ ʧʨʦʮʝʩʩʘ, ʥʦ ʠ ʨʘʩʧʘʜʘ ʧʦʣʷʨʠʪʦʥʥʦʛʦ ʢʦʥʜʝʥʩʘʪʘ  

ʚ ʤʝʥʝʝʵʥʝʨʛʝʪʠʯʝʩʢʠʡ, ʯʪʦ ʠʥʪʝʨʧʨʝʪʠʨʫʝʪʩʷ ʢʘʢ ʧʝʨʝʭʦʜ çʣʦʞʥʦʛʦè ɹʕʂ  

ʚ çʠʩʪʠʥʥʳʡè. 

ɿʘʢʣʶʯʝʥʠʝ. ʀʪʘʢ, ʧʦʚʝʜʝʥʠʝ ʧʦʣʷʨʠʪʦʥʥʦʛʦ ʙʦʟʝ-ʢʦʥʜʝʥʩʘʪʘ ʚ ʦʩʦʙʳʭ 

ʪʦʯʢʘʭ ʟʦʥʳ ɹʨʠʣʣʶʵʥʘ ʬʦʪʦʥʥʦʛʦ ʢʨʠʩʪʘʣʣʘ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʦʞʠʜʘʝʤʦʤʫ ʜʣʷ 

ʣʦʞʥʦʛʦ ʚʘʢʫʫʤʘ ʠ ʤʦʞʝʪ ʠʩʧʦʣʴʟʦʚʘʪʴʩʷ ʜʣʷ ʣʘʙʦʨʘʪʦʨʥʦʛʦ ʤʦʜʝʣʠʨʦʚʘʥʠʷ 

ʧʦʩʣʝʜʥʝʛʦ. 
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Abstract. The paper investigates the electromagnetic field in a photonic crystal that is a 

metamaterial with periodic optical superstructure. It is found that at the critical points of 

Brillouin zone, the polariton field is C-, P-, and T-symmetric (i.e., the symmetry of the 

gauge field U(1) is restored), the density of quantum states is singular, nonlinear process of 

quantum electrodynamics are observable, and parametric down-conversion of a high-

energy polariton Bose condensate into a low-energy one is permitted. The results allow to 

optically reproduce the false vacuum effects at a laboratory. 

Keywords: Big Bang, false vacuum, spontaneous symmetry breaking, photonic crystal, 

Bose-Einstein condensate 

Introduction.  In quantum field theory, a false vacuum is a vacuum state that is 

locally stable but does not occupy the most stable possible ground state. Nowadays 

the most common view is that the decay of the Planck-scale trapped Higgs field 

false vacuum into the true vacuum was a key step to the Big Bang. For this reason, 

understanding the false vacuum, its properties and behavior is important for unrav-

eling the origin of the Universe. 

This paper reports the laboratory reproduction of quantum electrodynamics' 

(QED) false vacuum in an optical experiment with a photonic crystal. 

Methods and materials; results. A modern quantum field theory offers pow-

erful theoretical methods to uniformly describe both high-energy physics phenom-

ena and condensed matter ones. This way, the extreme electromagnetic field of the 

Big Bang can be dealt through a singular density of states of the polariton Bose-

Einstein condensate (BEC). The latter can be obtained through condensation of a 

light in a resonant optical microcavity. This way, the light field inside a photonic 

crystal, a metamaterial with an optical superlattice and natural (lattice) voids, is 

capable to reproduce early Universe at a lab. 

We found a light directed onto a photonic crystal condense in the nearest-to-

the-surface optical microcavity and form polariton BEC at the critical point of the 

Brillouin zone with C-, P- and T-symmetric wavefunction [1] (note the T-

symmetry meaning the arrow of time has disappeared). The BEC's singular density 

of states opens an extremely narrow nonlinear two-polariton channel ɔɔ Ÿ a gener-

ating ñdarkò axion-like particles via a mechanism that presumably dominated in the 

early Universe [2]. In the spectra of the secondary radiation we observe not only 
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this process, but also the transform of the polariton condensate into a lower-energy 

one, that can be interpreted as a decay of a ñfalseò BEC into a ñtrueò one [3]. 

Conclusion. The polariton BEC in the special points of the Brillouin zone of a 

photonic crystal is able to reproduce the QED false vacuum and makes it possible 

to investigate the latter at a laboratory. 
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Abstract. The levels of quantization in gravity theory have been classified. The objects and 

processes in gravitationally bound systems and their general properties are analyzed to cre-

ate a consistent theory of gravity quantization by constructing quantum models of compact 

astrophysical objects and the early Universe. 

Keywords: gravity quantization, compact astrophysical objects, early Universe, quantum 

mechanics, quantum field theory, quantum geometrodynamics, graviatom, Universe birth 

Introduction.  The gravitationally bound systems in quantizing particle motion, 

extraneous fields and geometry as a whole are considered. To these quantization 

levels correspond such quantum objects and processes as graviatoms, Lemaitreôs 

atom, the Universeôs birth and particle creation [1ï4]. The general properties of the 

gravitationally bound systems are due to several levels of quantization being simul-

taneously present at the same quantum object or process. This research is aimed to 

create a consistent theory of gravity quantization by constructing quantum models 

of compact astrophysical objects and the early Universe.  

Methods and materials; results. Gravity quantization is considered in the 

framework of general relativity and quantum theory. The latter ð in terms of quan-

tum mechanics and quantum field theory in curved space-time. The quantum ob-

jects involved are graviatoms, comprising miniholes, which capture microparticles, 

and Lemaitreôs atom simulating the early Universe. The quantum processes are ð 

Universeôs birth, interpreted as a tunnel effect, and particle creation in Hawkingôs 

effect [5] and in the early Universe due to a decay of leptoquarks [6]. The result 

obtained is that the product of the masses of miniholes and particles captured by 

them in the graviatom and that of the masses of miniholes and leptoquarks being 

born in the early Universe are of the order of the Planckian mass squared. 

Conclusion. The graviatom and Lemaitreôs atom are described by Schrºding-

erôs type equation. The similarity between the relationships for graviatoms and the 

formation of miniholes and leptoquarks in the early Universe is due to the presence 

of miniholes and quantum field effects in both cases. The product of the masses of 

miniholes and particles captured by them and that for the masses of miniholes and 

leptoquarks being born in the early Universe are of the order of the Planckian mass 

squared. The consideration of gravitationally bound quantum systems may play a 
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part in the creation of a consistent theory of gravity quantization allowing loop and 

string cosmology to be combined.  
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ɸʥʥʦʪʘʮʠʷ. ʇʦʢʘʟʘʥʦ, ʯʪʦ ʜʣʷ ʩʧʝʮʠʬʠʯʝʩʢʦʡ ʩʚʷʟʠ ʤʝʞʜʫ ʧʘʨʘʤʝʪʨʘʤʠ ʢʦʩʤʦʣʦʛʠ-

ʯʝʩʢʠʭ ʤʦʜʝʣʝʡ ʥʘ ʦʩʥʦʚʝ ʩʢʘʣʷʨʥʦ-ʪʦʨʩʠʦʥʥʦʡ ʛʨʘʚʠʪʘʮʠʠ ʥʝʬʠʟʠʯʝʩʢʠʝ ʤʦʜʳ ʢʦʩ-

ʤʦʣʦʛʠʯʝʩʢʠʭ ʚʦʟʤʫʱʝʥʠʡ ʤʦʞʥʦ ʠʩʢʣʶʯʠʪʴ ʢʘʢ ʠ ʜʣʷ ʩʣʫʯʘʷ ʪʝʣʝʧʘʨʘʣʣʝʣʴʥʦʛʦ 

ʵʢʚʠʚʘʣʝʥʪʘ ʦʙʱʝʡ ʪʝʦʨʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦʩʪʠ. ʅʘ ʦʩʥʦʚʝ ʧʨʝʜʩʪʘʚʣʝʥʥʦʛʦ ʧʦʜʭʦʜʘ 

ʧʦʣʫʯʝʥʳ ʚʳʨʘʞʝʥʠʷ ʜʣʷ ʧʘʨʘʤʝʪʨʦʚ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʚʦʟʤʫʱʝʥʠʡ, ʢʦʪʦʨʳʝ ʧʦʟʚʦ-

ʣʷʶʪ ʩʦʧʦʩʪʘʚʠʪʴ ʜʘʥʥʳʝ ʧʘʨʘʤʝʪʨʳ ʜʣʷ ʩʣʫʯʘʷ ʩʢʘʣʷʨʥʦ-ʪʝʥʟʦʨʥʦʡ ʛʨʘʚʠʪʘʮʠʠ ʠ 

ʪʝʣʝʧʘʨʘʣʣʝʣʴʥʦʛʦ ʵʢʚʠʚʘʣʝʥʪʘ ʦʙʱʝʡ ʪʝʦʨʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦʩʪʠ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʢʦʩʤʦʣʦʛʠʷ, ʩʢʘʣʷʨʥʦʝ ʧʦʣʝ, ʤʦʜʠʬʠʮʠʨʦʚʘʥʥʳʝ ʪʝʦʨʠʠ ʛʨʘʚʠʪʘ-

ʮʠʠ, ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʝ ʚʦʟʤʫʱʝʥʠʷ, ʨʝʣʠʢʪʦʚʳʝ ʛʨʘʚʠʪʘʮʠʦʥʥʳʝ ʚʦʣʥʳ 

ɺʚʝʜʝʥʠʝ. ʉʢʘʣʷʨʥʦ-ʪʦʨʩʠʦʥʥʳʝ ʪʝʦʨʠʠ ʛʨʘʚʠʪʘʮʠʠ, ʧʦʜʨʘʟʫʤʝʚʘʶʱʠʝ ʥʝ-

ʤʠʥʠʤʘʣʴʥʫʶ ʩʚʷʟʴ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ ʠ ʢʨʫʯʝʥʠʷ, ʠʩʧʦʣʴʟʫʶʪʩʷ ʜʣʷ ʧʦʩʪʨʦʝ-

ʥʠʷ ʤʦʜʝʣʝʡ ʢʘʢ ʠʥʬʣʷʮʠʦʥʥʦʛʦ, ʪʘʢ ʠ ʩʦʚʨʝʤʝʥʥʦʛʦ ʵʪʘʧʦʚ ʵʚʦʣʶʮʠʠ ɺʩʝ-

ʣʝʥʥʦʡ [1ï3].  

ʊʝʤ ʥʝ ʤʝʥʝʝ, ʥʝʦʙʭʦʜʠʤʦ ʦʪʤʝʪʠʪʴ, ʯʪʦ ʤʦʜʠʬʠʢʘʮʠʠ ʪʝʣʝʧʘʨʘʣʣʝʣʴʥʦ-

ʛʦ ʵʢʚʠʚʘʣʝʥʪʘ ʦʙʱʝʡ ʪʝʦʨʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦʩʪʠ ʧʨʠʚʦʜʷʪ ʢ ʥʘʨʫʰʝʥʠʶ ʣʦ-

ʢʘʣʴʥʦʡ ʣʦʨʝʥʮ-ʠʚʘʨʠʘʥʪʥʦʩʪʠ [3, 4]. ʅʘ ʠʥʬʣʷʮʠʦʥʥʦʡ ʩʪʘʜʠʠ ʵʚʦʣʶʮʠʠ 

ʚʩʝʣʝʥʥʦʡ ʥʘʨʫʰʝʥʠʝ ʣʦʢʘʣʴʥʦʡ ʣʦʨʝʥʮ-ʠʚʘʨʠʘʥʪʥʦʩʪʠ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʧʦʷʚ-

ʣʝʥʠʶ ʜʦʧʦʣʥʠʪʝʣʴʥʳʭ ʥʝʬʠʟʠʯʝʩʢʠʭ ʤʦʜ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʚʦʟʤʫʱʝʥʠʡ, ʯʪʦ 

ʧʨʠʚʦʜʠʪ ʢ ʥʝʦʙʭʦʜʠʤʦʩʪʠ ʜʦʧʦʣʥʠʪʝʣʴʥʦʛʦ ʘʥʘʣʠʟʘ ʵʚʦʣʶʮʠʠ ʢʦʩʤʦʣʦʛʠʯʝ-

ʩʢʠʭ ʚʦʟʤʫʱʝʥʠʡ ʚ ʠʥʬʣʷʮʠʦʥʥʳʭ ʤʦʜʝʣʷʭ ʥʘ ʦʩʥʦʚʝ ʪʝʦʨʠʡ ʛʨʘʚʠʪʘʮʠʠ 

ʜʘʥʥʦʛʦ ʪʠʧʘ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ʆʩʥʦʚʦʡ ʧʨʝʜʣʦʞʝʥʥʦʛʦ ʧʦʜʭʦʜʘ ʢ 

ʫʩʪʨʘʥʝʥʠʶ ʥʝʬʠʟʠʯʝʩʢʠʭ ʤʦʜ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʚʦʟʤʫʱʝʥʠʡ ʚ ʨʘʩʩʤʘʪʨʠʚʘ-

ʝʤʳʭ ʤʦʜʝʣʷʭ ʷʚʣʷʝʪʩʷ ʘʥʘʣʠʟ ʭʘʨʘʢʪʝʨʠʩʪʠʢ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʚʦʟʤʫʱʝʥʠʡ 

ʥʘ ʦʩʥʦʚʝ ʤʝʪʦʜʘ ɸʨʥʦʚʠʪʪʘ-ɼʝʟʝʨʘ-ʄʠʩʥʝʨʘ ʜʣʷ ʪʝʪʨʘʜʥʳʭ ʧʦʣʝʡ [4].  

ʅʘ ʦʩʥʦʚʝ ʘʥʘʣʠʟʘ ʭʘʨʘʢʪʝʨʠʩʪʠʢ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʚʦʟʤʫʱʝʥʠʡ ʙʳʣʦ 

ʧʦʢʘʟʘʥʦ, ʯʪʦ ʩʪʝʧʝʥʥʘʷ ʟʘʚʠʩʠʤʦʩʪʴ ʤʝʞʜʫ ʬʫʥʢʮʠʝʡ, ʦʧʨʝʜʝʣʷʶʱʝʡ ʪʠʧ 

ʥʝʤʠʥʠʤʘʣʴʥʦʡ ʩʚʷʟʠ ʤʝʞʜʫ ʩʢʘʣʷʨʥʳʤ ʧʦʣʝʤ ʠ ʢʨʫʯʝʥʠʝʤ ( )G j  ʠ ʧʘʨʘʤʝʪ-

ʨʦʤ ʍʘʙʙʣʘ ( ),H t  ʦʧʨʝʜʝʣʷʶʱʠʤ ʪʠʧ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʡ ʜʠʥʘʤʠʢʠ ʫʩʢʦʨʝʥ-

ʥʦʛʦ ʨʘʩʰʠʨʝʥʠʷ ʨʘʥʥʝʡ ʚʩʝʣʝʥʥʦʡ ʚʠʜʘ ,nG H  ʛʜʝ n ð ʥʝʢʦʪʦʨʘʷ ʧʦʩʪʦ-

ʷʥʥʘʷ, ʧʨʠʚʦʜʠʪ ʢ ʦʪʩʫʪʩʪʚʠʶ ʥʝʬʠʟʠʯʝʩʢʠʭ ʤʦʜ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ 
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ʚʦʟʤʫʱʝʥʠʡ. ʊʘʢʞʝ ʙʳʣʦ ʧʦʢʘʟʘʥʦ, ʯʪʦ ʚ ʯʘʩʪʥʦʤ ʩʣʫʯʘʝ 1 2n=  ʟʥʘʯʝʥʠʷ 

ʧʘʨʘʤʝʪʨʦʚ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʚʦʟʤʫʱʝʥʠʡ ʚ ʪʦʯʥʦʩʪʠ ʩʦʦʪʚʝʪʩʪʚʫʶʪ ʩʣʫʯʘʶ 

ʪʝʣʝʧʘʨʘʣʣʝʣʴʥʦʛʦ ʵʢʚʠʚʘʣʝʥʪʘ ʦʙʱʝʡ ʪʝʦʨʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦʩʪʠ.  

ɺ ʢʘʯʝʩʪʚʝ ʚʘʞʥʦʛʦ ʨʝʟʫʣʴʪʘʪʘ ʦʪʤʝʯʝʥʦ, ʯʪʦ ʩʪʝʧʝʥʥʘʷ ʧʘʨʘʤʝʪʨʠʟʘʮʠʷ 

ʚʣʠʷʥʠʷ ʥʝʤʠʥʠʤʘʣʴʥʦʡ ʩʚʷʟʠ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ ʠ ʢʨʫʯʝʥʠʷ ʧʦʟʚʦʣʷʝʪ ʚʝʨʠ-

ʬʠʮʠʨʦʚʘʪʴ ʤʦʜʝʣʠ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʡ ʠʥʬʣʷʮʠʠ ʧʦ ʥʘʙʣʶʜʘʪʝʣʴʥʳʤ ʦʛʨʘʥʠ-

ʯʝʥʠʷʤ ʥʘ ʧʘʨʘʤʝʪʨʳ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʚʦʟʤʫʱʝʥʠʡ ʜʣʷ ʧʨʦʠʟʚʦʣʴʥʳʭ ʬʠʟʠ-

ʯʝʩʢʠʭ ʧʦʪʝʥʮʠʘʣʦʚ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ.  

ɿʘʢʣʶʯʝʥʠʝ. ʇʨʝʜʩʪʘʚʣʝʥ ʘʥʘʣʠʟ ʵʚʦʣʶʮʠʠ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʚʦʟʤʫʱʝ-

ʥʠʡ ʚ ʤʦʜʝʣʷʭ ʥʘ ʦʩʥʦʚʝ ʩʢʘʣʷʨʥʦ-ʪʦʨʩʠʦʥʥʦʡ ʛʨʘʚʠʪʘʮʠʠ, ʚ ʨʘʤʢʘʭ ʢʦʪʦʨʦʛʦ 

ʧʦʢʘʟʘʥʦ, ʯʪʦ ʧʨʠ ʩʪʝʧʝʥʥʦʡ ʟʘʚʠʩʠʤʦʩʪʠ ʬʫʥʢʮʠʠ ʥʝʤʠʥʠʤʘʣʴʥʦʡ ʩʚʷʟʠ ʠ 

ʧʘʨʘʤʝʪʨʘ ʍʘʙʙʣʘ ʚʦʟʤʦʞʥʦ ʫʩʪʨʘʥʠʪʴ ʥʝʬʠʟʠʯʝʩʢʠʝ ʤʦʜʳ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ 

ʚʦʟʤʫʱʝʥʠʡ. ʇʦʣʫʯʝʥʥʳʝ ʚʳʨʘʞʝʥʠʷ ʜʣʷ ʧʘʨʘʤʝʪʨʦʚ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʚʦʟ-

ʤʫʱʝʥʠʡ ʷʚʣʷʶʪʩʷ ʦʩʥʦʚʦʡ ʜʣʷ ʘʥʘʣʠʟʘ ʨʘʩʭʦʞʜʝʥʠʡ ʚ ʧʘʨʘʤʝʪʨʘʭ ʢʦʩʤʦʣʦ-

ʛʠʯʝʩʢʠʭ ʚʦʟʤʫʱʝʥʠʡ ʜʣʷ ʩʣʫʯʘʷ ʩʢʘʣʷʨʥʦ-ʪʦʨʩʠʦʥʥʦʡ ʛʨʘʚʠʪʘʮʠʠ ʠ ʪʝʣʝʧʘ-

ʨʘʣʣʝʣʴʥʦʛʦ ʵʢʚʠʚʘʣʝʥʪʘ ʦʙʱʝʡ ʪʝʦʨʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦʩʪʠ. 
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Abstract. It is shown that for a specific connection between the parameters of cosmological 

models based on scalar-torsion gravity, non-physical modes of cosmological perturbations 

can be excluded as for the case of the teleparallel equivalent of the general theory of relativ-

ity. Based on the presented approach, expressions for the parameters of cosmological per-
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turbations are obtained, which allow one to compare these parameters for the case of scalar-

tensor gravity and the teleparallel equivalent of the general theory of relativity. 

Keywords: cosmology, scalar field, modified theories of gravity, cosmological perturba-

tions, relic gravitational waves 

Introduction.  Scalar-torsion theories of gravity, implying a non-minimal connec-

tion between the scalar field and torsion, are used to construct models of both the 

inflationary and modern stages of the evolution of the Universe [1ï3]. 

However, it should be noted that modifications of the teleparallel equivalent of 

the general theory of relativity lead to a violation of local Lorentz-invariance [3, 4]. 

At the inflationary stage of the evolution of the Universe, a violation of local Lo-

rentz-invariance corresponds to the appearance of additional non-physical modes 

of cosmological perturbations, which leads to the need for additional analysis of 

the evolution of cosmological perturbations in the inflationary models based on 

theories of gravity of this type. 

Methods and materials; results. The basis of the proposed approach to elim-

inating non-physical modes of cosmological perturbations in the models under con-

sideration is the analysis of the characteristics of cosmological perturbations based 

on the Arnowitt-Deser-Misner method for tetrad fields [4]. 

Based on the analysis of the characteristics of cosmological perturbations, it 

was shown that the power-law dependence between the function determining the 

type of non-minimal coupling between the scalar field and torsion ( )G j  and the 

Hubble parameter ( )H t  determining the type of cosmological dynamics of the ac-

celerated expansion of the early universe of the form ,nG H  where n is a some 

constant, leads to the absence of non-physical modes of cosmological perturba-

tions. It was also shown that in a particular case 1 2,n=  the values of the parame-

ters of cosmological perturbations exactly correspond to the case of the teleparallel 

equivalent of the general theory of relativity.  

As an important result, it is noted that the power-law parameterization of the 

influence of the non-minimal coupling of the scalar field and torsion allows one to 

verify models of cosmological inflation based on observational constraints on the 

parameters of cosmological perturbations for arbitrary physical potentials of the 

scalar field. 

Conclusion. The analysis of the evolution of cosmological perturbations in 

models based on scalar-torsion gravity is presented, within the framework of which 

it is shown that with a power dependence of the non-minimal coupling function 

and the Hubble parameter, it is possible to eliminate non-physical modes of cosmo-

logical perturbations. The obtained expressions for the parameters of cosmological 

perturbations are the basis for the analysis of discrepancies in the parameters of 

cosmological perturbations for the case of scalar-torsion gravity and the teleparallel 

equivalent of the general theory of relativity. 
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ɸʥʥʦʪʘʮʠʷ. ʈʘʩʩʤʦʪʨʝʥʳ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʝ ʤʦʜʝʣʠ, ʦʩʥʦʚʘʥʥʳʝ ʥʘ ʦʙʦʙʱʝʥʥʦʡ ʛʨʘ-

ʚʠʪʘʮʠʠ ʩ ʥʝʤʠʥʠʤʘʣʴʥʦʡ ʩʚʷʟʴʶ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ ʠ ʢʨʫʯʝʥʠʷ. ʀʭ ʧʦʩʪʨʦʝʥʠʝ ʦʩʥʦ-

ʚʘʥʦ ʥʘ ʪʦʯʥʳʭ ʨʝʰʝʥʠʷʭ, ʩʧʨʘʚʝʜʣʠʚʳʭ ʜʣʷ ʣʶʙʦʡ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʡ ʜʠʥʘʤʠʢʠ,  

ʚ ʪʦʤ ʯʠʩʣʝ ʤʘʩʰʪʘʙʥʦʛʦ ʬʘʢʪʦʨʘ ʠ ʵʚʦʣʶʮʠʠ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ. ɺ ʨʘʤʢʘʭ ʧʨʝʜʣʦ-

ʞʝʥʥʦʛʦ ʧʦʜʭʦʜʘ ʧʦʩʪʨʦʝʥʳ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʝ ʤʦʜʝʣʠ, ʩʦʜʝʨʞʘʱʠʝ ʩʪʘʜʠʶ ʫʩʢʦʨʝʥ-

ʥʦʛʦ ʨʘʩʰʠʨʝʥʠʷ ʢʘʢ ʚ ʠʥʬʣʷʮʠʦʥʥʦʡ ʩʪʘʜʠʠ, ʪʘʢ ʠ ʥʘ ʧʦʟʜʥʠʭ ʚʨʝʤʝʥʘʭ. ɺ ʢʘʯʝʩʪʚʝ 

ʧʨʠʤʝʨʘ ʨʘʩʩʤʦʪʨʝʥʘ ʭʘʦʪʠʯʝʩʢʘʷ ʠʥʬʣʷʮʠʷ ʩ ʧʦʪʝʥʮʠʘʣʦʤ 
2

0( .) VV f = f ʇʦʩʯʠʪʘʥʳ 

ʟʥʘʯʝʥʠʷ ʧʨʦʠʟʚʦʣʴʥʳʭ ʢʦʥʩʪʘʥʪ ʜʣʷ ʚʝʨʠʬʠʮʠʨʫʝʤʦʡ ʧʦ ʥʘʙʣʶʜʘʪʝʣʴʥʳʤ ʜʘʥʥʳʤ 

ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʡ ʤʦʜʝʣʠ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʪʦʯʥʳʝ ʨʝʰʝʥʠʷ, ʤʦʜʠʬʠʮʠʨʦʚʘʥʥʘʷ ʛʨʘʚʠʪʘʮʠʷ, ʩʢʘʣʷʨʥʦʝ ʧʦʣʷ, 

ʢʨʫʯʝʥʠʝ, ʧʘʨʘʤʝʪʨʳ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʚʦʟʤʫʱʝʥʠʡ 

ɺʚʝʜʝʥʠʝ. ʄʦʜʠʬʠʮʠʨʦʚʘʥʥʳʝ ʪʝʦʨʠʠ ʛʨʘʚʠʪʘʮʠʠ ʫʩʧʝʰʥʦ ʧʨʠʤʝʥʷʶʪʩʷ ʜʣʷ 

ʧʦʩʪʨʦʝʥʠʷ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʤʦʜʝʣʝʡ ʩ ʢʦʨʨʝʢʪʥʦʡ ʜʠʥʘʤʠʢʦʡ, ʚʢʣʶʯʘʶʱʝʡ 

ʩʪʘʜʠʶ ʫʩʢʦʨʝʥʥʦʛʦ ʨʘʩʰʠʨʝʥʠʷ ʚ ʥʘʯʘʣʝ ʠʥʬʣʷʮʠʠ ʠ ʥʘ ʧʦʟʜʥʠʭ ʚʨʝʤʝʥʘʭ 

[1ï4]. ʂʨʦʤʝ ʪʦʛʦ, ʧʦʜʦʙʥʳʝ ʩʮʝʥʘʨʠʠ ʫʜʦʚʣʝʪʚʦʨʷʶʪ ʥʘʙʣʶʜʘʪʝʣʴʥʳʤ ʦʛʨʘ-

ʥʠʯʝʥʠʷʤ ʥʘ ʧʘʨʘʤʝʪʨʳ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʚʦʟʤʫʱʝʥʠʡ.  

ɺ ʜʘʥʥʦʡ ʨʘʙʦʪʝ ʧʦʩʪʨʦʝʥʠʝ ʠʥʬʣʷʮʠʦʥʥʳʭ ʩʮʝʥʘʨʠʝʚ ʦʩʥʦʚʘʥʦ ʥʘ ʪʦʯ-

ʥʳʭ ʨʝʰʝʥʠʷʭ, ʩʧʨʘʚʝʜʣʠʚʳʭ ʜʣʷ ʧʨʦʠʟʚʦʣʴʥʦʡ ʬʦʥʦʚʦʡ ʜʠʥʘʤʠʢʠ. ɿʘʜʘʚʘʷ 

ʧʘʨʘʤʝʪʨ ʍʘʙʙʣʘ, ʜʣʷ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʡ ʬʫʥʢʮʠʠ ʩʚʷʟʠ 0( ) ,nGG Hf =  

0 constG = , ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʢʣʘʩʩ ʤʦʜʝʣʝʡ ʧʨʦʠʟʚʦʣʴʥʦʛʦ ʧʦʪʝʥʮʠʘʣʘ ʩʢʘ-

ʣʷʨʥʦʛʦ ʧʦʣʷ, ʯʪʦ ʧʦʟʚʦʣʷʝʪ ʨʘʩʩʤʦʪʨʝʪʴ ʬʠʟʠʯʝʩʢʠ ʟʥʘʯʠʤʳʝ ʧʦʪʝʥʮʠʘʣʳ  

ʚ ʢʦʥʪʝʢʩʪʝ ʛʨʘʚʠʪʘʮʠʠ ʩ ʢʨʫʯʝʥʠʝʤ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ʆʙʦʙʱʝʥʥʘʷ ʛʨʘʚʠʪʘʮʠʷ ʩ ʥʝʤʠʥʠ-

ʤʘʣʴʥʦʡ ʩʚʷʟʴʶ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ ʠ ʢʨʫʯʝʥʠʷ ʚ ʩʠʩʪʝʤʝ ʝʜʠʥʠʮ 8c G=p = 
2 1pM-= = ʦʧʠʩʳʚʘʝʪʩʷ ʩʣʝʜʫʶʱʠʤ ʜʝʡʩʪʚʠʝʤ [3]: 

 [ ]4 ( , ) ( ) ,d xe XS f Tf +w f=ñ  (1) 

ʛʜʝ ( , )f T f ð ʧʨʦʠʟʚʦʣʴʥʘʷ ʬʫʥʢʮʠʷ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ f ʠ ʩʢʘʣʷʨʘ ʢʨʫʯʝʥʠʷ 
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T , 
2

X

m
mµ fµ

-
f

= , ( )w f ð ʢʠʥʝʪʠʯʝʩʢʘʷ ʬʫʥʢʮʠʷ, ( )det ae e gm= = -. ɺʳʙʦʨ 

ʧʦʜʭʦʜʷʱʝʡ ʪʝʪʨʘʜʳ (1, , , )ae diag a a am= , ( )a a t=  ð ʤʘʩʰʪʘʙʥʳʡ ʬʘʢʪʦʨ, 

ʧʨʠʚʦʜʠʪ ʢ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦ ʧʣʦʩʢʦʡ ʤʝʪʨʠʢʝ ʌʨʠʜʤʘʥʘ ð ʈʦʙʝʨʪʩʦʥʘ ð 

ʋʦʢʝʨʘ (ʌʈʋ) 
2 2 2 .i j

ijdt a dd xs x d=- + d  

ʋʨʘʚʥʝʥʠʷ ʬʦʥʦʚʦʡ ʜʠʥʘʤʠʢʠ ʤʦʜʝʣʠ ʜʣʷ ʜʝʡʩʪʚʠʷ (1) ʠ ʤʝʪʨʠʢʠ ʌʈʋ 

ʧʨʝʜʩʪʘʚʣʝʥʳ ʚ ʚʠʜʝ [3, 4] 

 2
,

1
) ( ) 2 0,

2
( , Tf T Tff - w f f - = (2) 

 ( )2
, ,

1
) 1 ( ) 2 , 0

2
( , ,T Tf T

d
Tf H f

dt
f + w f f - =-  (3) 

 2
,

1 ( )
( ) 3 ( ) 0.

6 2

T d
f

d
f

w f
w f f+ w f f+ f - =

f
 (4) 

ʊʦʯʥʳʝ ʨʝʰʝʥʠʷ ʫʨʘʚʥʝʥʠʡ (2)ï(4) ʟʘʧʠʰʝʤ ʚ ʚʠʜʝ 

 ( ) ( )1 2 2( ) ( ) (, , ),
STG

G T VT Vf f Tf a f +a f = f +a f=  (5) 

 

22
,1

2
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3 ( )

G

V

fa
w f =

a f
 (6) 
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1 ,

6 )
,

(V

Gf

a f
f=

a
 (7) 

ʛʜʝ .
6

H
T

=  ʊʘʢ ʢʘʢ ʩʦʦʪʥʦʰʝʥʠʷ (5)ï(7) ʩʧʨʘʚʝʜʣʠʚʳ ʜʣʷ ʣʶʙʦʡ ʬʦʥʦʚʦʡ 

ʜʠʥʘʤʠʢʠ, ʚʳʙʝʨʝʤ ʬʫʥʢʮʠʶ ʩʚʷʟʠ ʚ ʚʠʜʝ 0
nG G H= . ɺ ʢʘʯʝʩʪʚʝ ʧʨʠʤʝʨʘ 

ʨʘʩʩʤʦʪʨʠʤ ʧʘʨʘʤʝʪʨ ʍʘʙʙʣʘ 

 ( ) ,tH t l-b=  (8) 

0.l<  ʊʦʛʜʘ ʠʟ (6)  

 ( )
10 1

2

6
: .( )

6

nn G
V t t

-b a
=- l-b

a
 (9) 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʧʦʜʙʠʨʘʷ ʚʠʜ ʟʘʚʠʩʠʤʦʩʪʠ ( )V V= f, ʤʦʞʥʦ ʧʦʩʪʨʦʠʪʴ 

ʢʣʘʩʩ ʚʝʨʠʬʠʮʠʨʫʝʤʳʭ ʧʦ ʥʘʙʣʶʜʘʪʝʣʴʥʳʤ ʜʘʥʥʳʤ ʤʦʜʝʣʝʡ [5]. ɼʣʷ ʭʘʦʪʠ-

ʯʝʩʢʦʡ ʠʥʬʣʷʮʠʠ [6]  

 2
0 ,V V= f  (10) 
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0V =const. ʀʩʭʦʜʷ ʠʟ (9) ʠ (10) ʧʦʣʫʯʠʤ ʟʘʚʠʩʠʤʦʩʪʴ ( )t f, ʯʪʦ ʧʦʟʚʦʣʷʝʪ ʚʦʩ-

ʩʪʘʥʦʚʠʪʴ ʬʦʥʦʚʫʶ ʜʠʥʘʤʠʢʫ ʚ ʪʝʨʤʠʥʘʭ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, 

ʠʩʭʦʜʷ ʠʟ ʚʳʨʘʞʝʥʠʡ ʜʣʷ ʧʘʨʘʤʝʪʨʦʚ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʚʦʟʤʫʱʝʥʠʡ ʠ 

2

H

H
=-  ʤʦʞʥʦ ʧʦʩʪʨʦʠʪʴ ʚʝʨʠʬʠʮʠʨʫʝʤʫʶ ʤʦʜʝʣʴ, ʥʝ ʚʦʩʩʪʘʥʘʚʣʠʚʘʷ ʟʘ-

ʚʠʩʠʤʦʩʪʴ )( Sr n . 

 

ɿʥʘʯʝʥʠʷ ʧʘʨʘʤʝʪʨʦʚ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʚʦʟʤʫʱʝʥʠʡ  

ʦʪ ʧʨʦʠʟʚʦʣʴʥʳʭ ʢʦʥʩʪʘʥʪ 

DN n l r nS a1 

55 0,51 33,160 0,028 0,9599 ï0,370 

58 0,4 34,050 0,020 0,9610 ï0,370 

60 0,41 2,301 0,020 0,9622 ï0,370 

 

ɿʘʢʣʶʯʝʥʠʝ. ɺ ʧʨʝʜʩʪʘʚʣʝʥʥʦʡ ʨʘʙʦʪʝ ʧʦʣʫʯʝʥʳ ʟʥʘʯʝʥʠʷ ʥʘ ʧʨʦʠʟ-

ʚʦʣʴʥʳʝ ʧʘʨʘʤʝʪʨʳ ʩʠʩʪʝʤʳ, ʧʦʟʚʦʣʷʶʱʠʝ ʧʦʩʪʨʦʠʪʴ ʚʝʨʠʬʠʮʠʨʫʝʤʳʝ ʧʦ 

ʥʘʙʣʶʜʘʪʝʣʴʥʳʤ ʦʛʨʘʥʠʯʝʥʠʷʤ [5], ʚ ʨʘʤʢʘʭ ʧʨʠʙʣʠʞʝʥʠʷ ʤʝʜʣʝʥʥʦʛʦ ʩʢʘ-

ʪʳʚʘʥʠʷ. ʈʘʩʩʤʦʪʨʝʥʥʳʡ ʧʦʜʭʦʜ ʧʦʟʚʦʣʷʝʪ ʥʘ ʦʩʥʦʚʝ ʬʠʟʠʯʝʩʢʠʭ ʧʦʪʝʥʮʠʘ-

ʣʦʚ ʩʪʨʦʠʪʴ ʢʦʨʨʝʢʪʥʫʶ ʬʦʥʦʚʫʶ ʜʠʥʘʤʠʢʫ. 
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Abstract. We consider cosmological model based on generalised scalar-torsion gravity. Its 

construction is based on exact solutions, which are valid for arbitrary dynamics, a scale factor 

and a scalar field evolution. The anzats 
0

)(
n

HG Gf =  for arbitrary coupling function is cho-

sen. It allows to restore the dependence between parameters of cosmological perturbations by 

choosing the Hubble parameter. In the context of the proposed approach, cosmological mod-

els are constructed, providing both accelerated expansion at the inflationary stage end as well 

as an accelerated expansion at late times. It is shown that such generalized scalar-torsion grav-

ity scenarios are verified with modern constraint on parameters of cosmological perturbations. 

Also, the values of arbitrary constants are calculated for verified by observational data cosmo-

logical model. As the example, chaotic inflation is 
2

0
( )V Vf = f chosen.  

Keywords: exact solutions, modified gravity, scalar field, torsion, parameters of cosmolog-

ical perturbations  

Introduction.  Modified gravity theories are successfully applied to construct cos-

mological models with correct dynamics, implying the accelerated expansion stage 

at the beginning of inflation and at late times [1ï4]. Moreover, such scenarios satis-

fy observational constraints on the parameters of cosmological perturbations.  

In this paper, the construction of inflationary scenarios is based on exact solu-

tions that are valid for arbitrary background dynamics. By setting the Hubble pa-

rameter, for the considered coupling function, one can obtain a class of models of 

arbitrary scalar field potentials, which allows one to consider physically relevant 

potentials in the context of gravity with torsion. 

Methods and materials; results. Generalized gravity with non-minimal cou-

pling of scalar field and torsion in units system 
2 18 pG Mc -p = ==  is described by 

the action [3] 

 [ ]4 ( , ) ( ) ,d xe XS f Tf +w f=ñ  (1) 

where ( , )f T f ð arbitrary function of scalar field f and torsion scalar T, 

,
2

X

m
mµ fµ f

=-  ( )w f ð kinetic function, ( )t .de a ge em = -=  The choice of prop-

mailto:edentsel@yandex.ru
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er tetrad (1, , , )ae diag a a am= , ( )a a t=  ð scale factor, leads to spatially flat Freed-

man ð Robertson ð Walker (FRW) metric 
2 2 2 .i j

ijdt a dd xs x d=- + d  

Cosmological background equations for action (1) and FRW metric are de-

fined as follows [3,ʤ4] 

 2
,

1
) ( ) 2 0,

2
( , Tf T Tff - w f f - = (2) 

 ( )2
, ,

1
) 1 ( ) 2 , 0

2
( , ,T Tf T

d
Tf H f

dt
f + w f f - =-  (3) 

 2
,

1 ( )
( ) 3 ( ) 0.

6 2

T d
f

d
f

w f
w f f+ w f f+ f - =

f
 (4) 

Exact solutions of (2)ï(4) are considered as follows 

 ( ) ( )1 2 2( ) ( ) (, , ),
STG

G T VT Vf f Tf a f +a f = f +a f=  (5) 

 

22
,1

2

( ) ,
3 ( )

G

V

fa
w f =

a f
 (6) 

 2

1 ,

6 )
,

(V

Gf

a f
f=

a
 (7) 

where .
6

H
T

= Since relations (5)ï(7) are valid for any background dynamics, let 

us consider the coupling function inf the form 0
nG G H= . As the example, the 

Hubble parameter is 

 ( ) ,tH t l-b=  (8) 

0.l<  From (6) we get 

 

( )
10 1

2

6
: .( )

6

nn G
V t t

-b a
=- l-b

a
 (9) 

Hence, by choosing the type of dependence ( )V V= f, one can construct a 

class of models verifiable by observational data [5]. For chaotic inflation [6] 

 2
0 ,V V= f  (10) 

 0V =const. From (9) and (10) we can find ( )t f, which allows to restore back-

ground dynamics in terms of a scalar field. Thus, based on the expressions for the 
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parameters of cosmological perturbations [5] and 
2

H

H
=- , we can construct a 

verifiable model without restoring the dependence )( Sr n . 

Values of cosmological perturbations parameters from arbitrary constants 

DN n l r nS a1 

55 0.51 33.160 0.028 0.9599 ï0.370 

58 0.4 34.050 0.020 0.9610 ï0.370 

60 0.41 2.301 0.020 0.9622 ï0.370 

 

Conclusion. In the presented work, we obtain values on arbitrary parameters 

of the system, which allow us to construct verifiable by observational constraints, 

based on the slow rolling approximation. The considered approach allows one to 

construct correct background dynamics on the basis of physical potentials. 
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Abstract. Gravitational Wave detectors are ultimately vibration detectors. They transform 

the vibrations of space-time into electrical vibrations that can be measured. Seismic noise is 

one of these unavoidable sources of noise as the terrestrial detectors are connected to the 

ground, this is a constant source of noise. One way to deal with this noise is to make a sus-

pension that isolates the experiment to the ground, at least reduces the coupling between 

ground and the experiment. This works shows the way to design such suspensions that does 

compromise the overall performance of such detectors. 

Keywords: Gravitational Wave, Vibration reduction, seismic noise, suspension, Gravita-

tional Wave detectors 

Introduction.  Gravitational waves (GW) are spaceïtime ripples generated by 

accelerated massive objects, to have a reasonable intensity, these massive objects 

must be of a cosmic origin like compact stars such as Neutron Stars or Black 

Holes. Considering the Einstein General Theory of Relativity, these GW move at 

the speed of light and can accelerate masses or excite quadrupolar normal-modes of 

elastic bodies as the equivalent principle predicts. The potential sources of GWs 

include binary compact star systems composed of white dwarfs, neutron stars and 

black holes. 

The existence of GW is also a consequence of the Lorentz Covariance of 

Einstein General Theory of Relativity. GW does not exist in the Newtonian theory 

of gravitation, which postulates that physical interactions propagate at infinite 

speed. 

The first detection of GWs came from the inward spiral and merger of the 

Black Hole (BH) binary. The event is called GW150914, and the name is given by 

the Letters GW followed by the year, month and day of the detection, then the 

detection happened on September 14, 2015. In 2017 a simultaneous detection of 

GW radiation and electromagnetic radiation was made from what is called a 

hipernova, a binary Neutron Star (NS) system that merged. It is called GW170817, 

which could have started the era of multi-messenger astronomy, which involves 

GW, optical radiation, radio, gamma-rays and X-rays radiation. Studying the 

universe with these different types of radiation opens a new era for understanding 

the universe. 

mailto:Nadjasm@gmail.com
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In 2017, the Nobel Prize in Physics was awarded to Barry Barish, Kipe Thorne 

and Rainer Weiss for their role in detecting gravitational waves. Before the first 

GW detection, there was indirect evidence of these GW. Measurements of the 

Hulse and Taylor binary pulsar system suggested that GW was more than a 

hypothetical concept, at least for the emission of such waves; the authors of this 

measurement won the Nobel prize. This system is one of the potential sources of 

detectable gravitational waves, but because of the frequency with which this 

system operates, a new kind of detector can detect much smaller frequencies than 

the one that detected GW150914. The kind of detector responsible for this 

detection are interferometric ones, whose sensitivity is limited at frequencies close 

to 10 Hz and lower because of seismic noise on the mirrors. 

These detector are vibration detectors and as such must deal with seismic noise 

that comes from the ground vitrations, this work deal in the ways of reducing this 

noise. 

Methods and materials; results. The analysis is done by simulatiting the de-

tector in solids models and then analyzing their performance using Finite Elements 

Modeling (SolidWorks software is used). The test bed is the Schenberg detector, 

the results can be extrapolated for other terrestrial detectors [1-3]. 

Conclusion. The results show that the seismic noise can be reduced to a level 

that allows the detection of Gravitational Waves. 
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Abstract. We discuss the possible coupling between a superfluid and the local gravitational 

field. After introducing a quantum-gravity theoretical framework to characterize the possi-

ble supercondensate-graviton coupling, we exploit an effective theory for generalized 

Maxwell-type fields to analyze some predicted effects originating from the proposed inter-

play. 

Keywords: gravito-Maxwell theory, superconductivity, time-dependent Ginzburg-Landau 

theory, local affection of gravitational field 

Introduction.  It is known that linearization of the Einstein equations for a nearly-

flat spacetime metric (weak gravitational field) leads to a set of equations that re-

sembles Maxwell's formalism [1, 2].  

From an experimental point of view, it has been shown that generalized electric-

type fields can be induced in (super)conductors by the presence of the Earthôs weak 

gravitational field. These observations led to the formal introduction of a modified 

electric-type field, characterized by an electrical component and a gravitational one, 

determining detectable corrections to the free fall of charged particles [3]. 

Methods, materials, results. The above remarkable experimental results can 

be now combined to the theoretical weak-field gravity formulation, leading to a 

more general definition of new generalized electromagnetic fields. The latter fea-

ture a component defined in terms of the weak gravitational perturbations and satis-

fy a specific set of equations that can be put in a form closely analogous to Max-

well's equations [4]. The described framework can be exploited to analyze an 

interplay between gravity and supercondensates [5], the new generalized fields be-

ing involved in quantum effects originating from the interaction with the weak 

gravitational background, in analogy to what happens for gravity-induced fields in 

superconductors [6]. 

A straightforward application of the weak-field expansion is to consider de-

tectable effects in simple systems like Josephson junctions and SQUID devices. 

The generalized fields and potentials, featuring a Maxwell component and  

a gravitational contribution, can give rise to local effects in the superconducting 

materials due to the presence of the surrounding gravitational field, under suitable 

experimental conditions [7].  
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The emerging formal symmetry between the Maxwell and weak gravity equa-

tions also allows the use of the Ginzburg ð Landau model for the description of 

the physics, resulting in a mean-field theory for the system's thermodynamics, in-

cluding the effects of thermal fluctuations [6]. The resulting differential equations 

can be used to obtain solutions explicitly describing the backreaction effects of the 

supercondensate on the local gravitational field [8-10]. 

Conclusions. These studies provide a theoretical framework to explore a pos-

sible, unconventional gravity-superconductors interplay. For short time intervals, 

the model predicts a slight local gravitational alteration, highlighting the backreac-

tion of the supercondensate on the surrounding gravitational field. It is possible to 

show that sample dimensions and chemical composition are crucial to give larger 

effects, while it is fundamental to be very close to the critical temperature in order 

to increase the time range in which the effect takes place. 
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ɸʥʥʦʪʘʮʠʷ. ʀʟʫʯʝʥʳ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʝ ʤʦʜʝʣʠ ʚ ʩʧʝʮʠʘʣʴʥʦʤ ʧʦʜʢʣʘʩʩʝ ʩʢʘʣʷʨʥʦ-

ʪʝʥʟʦʨʥʦʡ ʪʝʦʨʠʠ ʛʨʘʚʠʪʘʮʠʠ ʍʦʨʥʜʝʩʢʠ. ʇʦʣʫʯʝʥʳ ʫʨʘʚʥʝʥʠʷ ʧʦʣʷ ʠʟ ʜʝʡʩʪʚʠʷ ʩ 

ʥʝʤʠʥʠʤʘʣʴʥʦʡ ʢʠʥʝʪʠʯʝʩʢʦʡ ʩʚʷʟʴʶ. ʇʨʦʚʝʜʝʥ ʘʥʘʣʠʟ ʨʝʰʝʥʠʷ ʥʘʰʠʭ ʤʦʜʝʣʝʡ, 

ʠʩʩʣʝʜʦʚʘʥʦ ʧʦʚʝʜʝʥʠʝ ɺʩʝʣʝʥʥʦʡ ʥʘ ʨʘʟʥʳʭ ʩʪʘʜʠʷʭ ʝʝ ʵʚʦʣʶʮʠʠ.  

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʢʦʩʤʦʣʦʛʠʷ, ʩʢʘʣʷʨʥʦ-ʪʝʥʟʦʨʥʳʝ ʪʝʦʨʠʠ ʛʨʘʚʠʪʘʮʠʠ 

ɺʚʝʜʝʥʠʝ. ʉʝʛʦʜʥʷ ʚ ʢʦʩʤʦʣʦʛʠʠ ʩʫʱʝʩʪʚʫʝʪ ʨʷʜ ʥʝʨʝʰʝʥʥʳʭ ʧʨʦʙʣʝʤ, ʢʦʪʦ-

ʨʳʝ ʤʦʞʥʦ ʨʝʰʠʪʴ, ʤʦʜʠʬʠʮʠʨʦʚʘʚ ʦʙʱʫʶ ʪʝʦʨʠʶ ʦʪʥʦʩʠʪʝʣʴʥʦʩʪʠ, ʣʠʙʦ ʧʫ-

ʪʝʤ ʚʚʝʜʝʥʠʷ ʜʦʧʦʣʥʠʪʝʣʴʥʳʭ ʠʟʤʝʨʝʥʠʡ, ʣʠʙʦ ʧʫʪʝʤ ʜʦʙʘʚʣʝʥʠʷ ʜʦʧʦʣʥʠ-

ʪʝʣʴʥʳʭ ʩʪʝʧʝʥʝʡ ʩʚʦʙʦʜʳ. ʇʦʩʣʝ ʦʪʢʨʳʪʠʷ ʚ 1998 ʛ. ʫʩʢʦʨʝʥʥʦʛʦ ʨʘʩʰʠʨʝʥʠʷ 

ɺʩʝʣʝʥʥʦʡ ʧʦʷʚʠʣʩʷ ʥʦʚʳʡ ʠʤʧʫʣʴʩ ʚ ʠʟʫʯʝʥʠʠ ʤʦʜʠʬʠʮʠʨʦʚʘʥʥʳʭ ʪʝʦʨʠʡ 

ʛʨʘʚʠʪʘʮʠʠ. ɼʣʷ ʵʪʦʛʦ ʪʨʝʙʫʝʪʩʷ ʥʝʢʠʡ ʟʘʛʘʜʦʯʥʳʡ ʠʩʪʦʯʥʠʢ, ʧʨʦʥʠʟʳʚʘʶʱʠʡ 

ʚʩʝ ʧʨʦʩʪʨʘʥʩʪʚʦ-ʚʨʝʤʷ ʠʣʠ, ʜʨʫʛʠʤʠ ʩʣʦʚʘʤʠ, ʥʝʢʦʝ ʧʦʣʝ ʩ ʦʪʨʠʮʘʪʝʣʴʥʳʤ 

ʜʘʚʣʝʥʠʝʤ w Ḑ ī1. ʅʘʠʙʦʣʝʝ ʚʝʨʦʷʪʥʳʤ ʢʘʥʜʠʜʘʪʦʤ ʥʘ ʵʪʦ ʷʚʣʷʝʪʩʷ ʚʘʢʫʫʤ-

ʥʘʷ ʵʥʝʨʛʠʷ ʢʚʘʥʪʦʚʳʭ ʧʦʣʝʡ. ʅʦ ʠʟʤʝʨʝʥʥʳʝ ʩʢʦʨʦʩʪʠ ʨʘʩʰʠʨʝʥʠʷ ɺʩʝʣʝʥ-

ʥʦʡ ʧʦʢʘʟʳʚʘʶʪ, ʯʪʦ ʤʘʩʩʘ ʥʘ 15ī30 ʧʦʨʷʜʢʦʚ ʤʝʥʴʰʝ, ʯʝʤ ʜʦʣʞʥʘ ʙʳʪʴ  

ʚ ʪʝʦʨʠʠ. ʕʪʦ ʥʝʩʦʦʪʚʝʪʩʪʚʠʝ, ʠʟʚʝʩʪʥʦʝ ʢʘʢ ʧʨʦʙʣʝʤʘ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʡ ʧʦ-

ʩʪʦʷʥʥʦʡ, ʧʦʙʫʜʠʣʦ ʠʩʩʣʝʜʦʚʘʪʝʣʝʡ ʢ ʠʟʫʯʝʥʠʶ ʩʮʝʥʘʨʠʝʚ, ʢʦʪʦʨʳʝ ʤʦʛʣʠ 

ʙʳ ʦʙʲʷʩʥʠʪʴ ʩʘʤʦʫʩʢʦʨʷʶʱʝʝʩʷ ʧʦʚʝʜʝʥʠʝ ɺʩʝʣʝʥʥʦʡ ʟʘ ʩʯʝʪ ʜʝʛʨʘʚʠʪʘʮʠʠ 

ʚʘʢʫʫʤʥʦʡ ʵʥʝʨʛʠʠ. ɺ ʢʘʯʝʩʪʚʝ ʦʜʥʦʛʦ ʠʟ ʫʥʠʚʝʨʩʘʣʴʥʳʭ ʚʘʨʠʘʥʪʦʚ ʨʝʰʝʥʠʷ 

ʵʪʦʛʦ ʥʝʩʦʦʪʚʝʪʩʪʚʠʷ ʤʳ ʨʘʩʩʤʘʪʨʠʚʘʝʤ ʩʢʘʣʷʨʥʦ-ʪʝʥʟʦʨʥʫʶ ʪʝʦʨʠʶ ʛʨʘʚʠ-

ʪʘʮʠʠ ʍʦʨʥʜʝʩʢʠ [1] ʩ ʫʨʘʚʥʝʥʠʷʤʠ ʧʦʣʷ ʥʝ ʚʳʰʝ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ. ʊʝʦʨʠʷ 

ʛʨʘʚʠʪʘʮʠʠ ʍʦʨʥʜʝʩʢʠ ʩʦʜʝʨʞʠʪ ʚʩʝ ʨʘʥʝʝ ʠʟʫʯʝʥʥʳʝ ʤʦʜʝʣʠ ʩʦ ʩʢʘʣʷʨʥʳʤ 

ʧʦʣʝʤ, ʩʚʷʟʘʥʥʳʤ ʩ ʛʨʘʚʠʪʘʮʠʝʡ. ɺʚʠʜʫ ʜʦʩʪʘʪʦʯʥʦʡ ʛʨʦʤʦʟʜʢʦʩʪʠ ʠ ʩʣʦʞʥʦ-

ʩʪʠ ʜʣʷ ʠʩʩʣʝʜʦʚʘʥʠʷ ʦʙʱʝʡ ʪʝʦʨʠʠ ʍʦʨʥʜʝʩʢʠ, ʤʳ ʨʘʩʩʤʦʪʨʠʤ ʧʦʜʢʣʘʩʩ 

ʵʪʦʡ ʪʝʦʨʠʠ ʛʨʘʚʠʪʘʮʠʠ, ʘ ʠʤʝʥʥʦ ʦʜʥʦʨʦʜʥʳʝ ʠ ʠʟʦʪʨʦʧʥʳʝ ʢʦʩʤʦʣʦʛʠʯʝ-

ʩʢʠʝ ʤʦʜʝʣʠ ʚ ʧʦʜʢʣʘʩʩʝ ʵʪʦʡ ʪʝʦʨʠʠ ʩ ʨʘʟʣʠʯʥʳʤ ʟʥʘʢʦʤ ʢʨʠʚʠʟʥʳ k = ï

1,0,1, ʯʪʦ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʦʪʢʨʳʪʦʡ, ʧʣʦʩʢʦʡ ʠ ʟʘʢʨʳʪʦʡ ʤʦʜʝʣʷʤ ɺʩʝʣʝʥʥʦʡ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɺ ʥʘʰʝʡ ʨʘʙʦʪʝ ʤʳ ʨʘʩʩʤʘʪʨʠʚʘʣʠ 

ʯʘʩʪʥʳʡ ʩʣʫʯʘʡ ʪʝʦʨʠʠ ʛʨʘʚʠʪʘʮʠʠ ʍʦʨʥʜʝʩʢʠ, ʦʧʠʨʘʷʩʴ ʥʘ ʨʘʙʦʪʫ [2]: 

Ὓ  ᷿ ὢ ὓ Ὢ‰Ѝὢ Ὑ ​​‰ ​​‰ Ὠὼ, 
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ʛʜʝ Ὢ‰  ð ʧʨʦʠʟʚʦʣʴʥʘʷ ʩʢʘʣʷʨʥʘʷ ʬʫʥʢʮʠʷ, Ὑ ð ʩʢʘʣʷʨʥʘʷ ʢʨʠʚʠʟʥʘ, 

ὓ   ʤʘʩʩʘ ʇʣʘʥʢʘ, ὢ ð ʢʠʥʝʪʠʯʝʩʢʠʡ ʯʣʝʥ, ʧʨʠʯʝʤ ὢ  ‰  ʚ ʤʝʪʨʠʢʝ 

ʌʨʠʜʤʘʥʘ ð ʃʝʤʝʪʨʘ ð ʈʦʙʝʨʪʩʦʥʘ ð ʋʦʣʢʝʨʘ Ὠί Ὠὸ ὥὸ  

 ὶ Ὠ— ÓÉÎ—Ὠ• . ʅʘʰʣʠ ʦʩʥʦʚʥʳʝ ʫʨʘʚʥʝʥʠʷ ʧʦʣʷ ʩ ʬʫʥʢʮʠʝʡ ʩʢʘ-

ʣʷʨʥʦʛʦ ʧʦʣʷ, ʧʦʣʴʟʫʷʩʴ ʩʪʘʪʴʝʡ [3], ʢʦʪʦʨʳʝ ʥʝʦʙʭʦʜʠʤʦ ʠʟʫʯʠʪʴ ʚ ʜʘʥʥʦʡ 

ʦʜʥʦʨʦʜʥʦʡ ʠ ʠʟʦʪʨʦʧʥʦʡ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʡ ʤʦʜʝʣʠ. ɺ ʧʦʣʫʯʠʚʰʠʭʩʷ ʫʨʘʚ-

ʥʝʥʠʷʭ ʤʳ ʨʘʩʩʤʦʪʨʝʣʠ ʩʣʫʯʘʠ ʩ ʬʫʥʢʮʠʝʡ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ Ὢ‰, ʧʨʠʥʠʤʘ-
ʶʱʝʝ ʧʦʩʪʦʷʥʥʫʶ (Ὢ‰ ‍), ʣʠʥʝʡʥʫʶ (Ὢ‰ ‍ ‍‰) ʠ ʢʚʘʜʨʘʪʠʯʥʫʶ 
ʟʘʚʠʩʠʤʦʩʪʠ (Ὢ‰ ‍ ‍‰ ‍‰). ʈʘʩʩʤʦʪʨʝʣʠ ʧʦʚʝʜʝʥʠʝ ʤʘʩʰʪʘʙʥʦʛʦ 
ʬʘʢʪʦʨʘ Áὸ, ʧʘʨʘʤʝʪʨʘ ʍʘʙʙʣʘ Ὄὸ ʠ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ ‰ὸ ʜʣʷ ʢʘʞʜʦʛʦ 

ʟʘʜʘʥʠʷ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ ʧʨʠ ʦʧʨʝʜʝʣʝʥʥʳʭ ʧʘʨʘʤʝʪʨʘʭ ‍ȟ‍ȟ‍. 

ɿʘʢʣʶʯʝʥʠʝ. ʀʩʩʣʝʜʦʚʘʥʘ ʠʟʦʪʨʦʧʥʘʷ ʠ ʦʜʥʦʨʦʜʥʘʷ ʢʦʩʤʦʣʦʛʠʯʝʩʢʘʷ 

ʤʦʜʝʣʴ ʚ ʩʧʝʮʠʘʣʴʥʦʤ ʧʦʜʢʣʘʩʩʝ ʪʝʦʨʠʠ ʛʨʘʚʠʪʘʮʠʠ ʍʦʨʥʜʝʩʢʠ. ʇʦʣʫʯʝʥʳ 

ʦʩʥʦʚʥʳʝ ʧʦʣʝʚʳʝ ʫʨʘʚʥʝʥʠʷ. ʇʦʩʪʨʦʝʥʳ ʨʝʰʝʥʠʷ ʠ ʧʨʦʚʝʜʝʥ ʘʥʘʣʠʟ.  

ɺ ʩʣʫʯʘʝ Ὢ‰ ‍ ‍‰ ʧʦʩʪʨʦʝʥʘ ʤʦʜʝʣʴ, ʦʧʠʩʳʚʘʶʱʘʷ ʢʚʘʟʠ-ʜʝ ʉʠʪʪʝ-

ʨʦʚʩʢʫʶ ʩʪʘʜʠʶ (ʠʥʬʣʷʮʠʦʥʥʫʶ) ʩʪʘʜʠʶ ʥʘ ʨʘʥʥʝʤ ʵʪʘʧʝ ʵʚʦʣʶʮʠʠ ɺʩʝʣʝʥ-

ʥʦʡ ʜʣʷ ʦʪʢʨʳʪʦʡ ʠ ʧʣʦʩʢʦʡ ɺʩʝʣʝʥʥʳʭ. ʇʦʚʝʜʝʥʠʝ ʞʝ ʟʘʢʨʳʪʦʡ ɺʩʝʣʝʥʥʦʡ 

ʦʢʘʟʘʣʦʩʴ ʧʝʨʠʦʜʠʯʝʩʢʠʤ ʜʣʷ ʩʣʫʯʘʷ Ὢ‰ ‍ ʠ ʫʭʦʜʷʱʝʡ ʚ ʩʠʥʛʫʣʷʨʥʦʩʪʴ 

ʜʣʷ Ὢ‰ ‍ ‍‰. ʊʘʢʞʝ, ʜʣʷ Ὢ‰ ‍ ‍‰ ‍‰  ʧʦʢʘʟʘʣʠ ʩʣʦʞʥʦʝ 

ʧʦʚʝʜʝʥʠʝ ɺʩʝʣʝʥʥʦʡ ʧʨʠ ʨʘʟʣʠʯʥʳʭ ʧʘʨʘʤʝʪʨʘʭ ‍ȟ‍ȟ‍ ʜʣʷ ʦʪʢʨʳʪʦʡ, 

ʧʣʦʩʢʦʡ ʠ ʟʘʢʨʳʪʦʡ ɺʩʝʣʝʥʥʳʭ. 
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Abstract. Cosmological models are studied in a special subclass of the scalar-tensor theory 

of gravity of Horndeski. Equations of the field of action with non-minimal kinetic coupling 

are obtained. An analysis of the solutions of our models is carried out, and the behavior of 

the Universe at different stages of its evolution is studied. 

Keywords: cosmology, scalar-tensor theories of gravity 

Introduction.  There are currently a number of unsolved problems in cosmology 

that can be solved by modifying general relativity, either by introducing extra di-

mensions or by adding extra degrees of freedom. The discovery of the accelerating 

expansion of the Universe in 1998 has given new impetus to the study of modified 

theories of gravity. This requires some mysterious source permeating all of 

spacetime, or in other words, some field with a negative pressure w Ḑ ī1. The most 

likely candidate for this is the vacuum energy of quantum fields. But measured ex-

pansion rates of the Universe show that the mass is 15 to 30 orders of magnitude 

smaller than expected in theory. This discrepancy, known as the cosmological con-

stant problem, has prompted researchers to explore scenarios that could explain the 

self-accelerating behavior of the Universe through the degravitation of the vacuum 

energy. As one of the universal variants of solving this discrepancy, we consider 

the scalar-tensor theory of Horndeski gravity [1] with field equations of no higher 

than the second order. The Horndeski theory of gravity contains all previously 

studied models with a scalar field associated with gravity. Due to the sufficient 

bulkiness and complexity for studying the general Horndeski theory, we will con-

sider a subclass of this theory of gravity, namely, homogeneous and isotropic cos-

mological models in the subclass of this theory with different signs of curvature k = 

ï1,0,1, which corresponds to the open, flat and closed models of the Universe. 

Methods and materials; results. In our work we considered a special case of 

Horndeski's theory of gravity, based on the work [2]: 

Ὓ  ὢ
ρ

ς
ὓ Ὢ‰Ѝὢ Ὑ ​​‰ ​​‰ Ὠὼȟ 

where Ὢ‰  is an arbitrary scalar function, Ὑ is the scalar curvature, ὓ  is the 

Planck mass, ὢ is the kinetic term, and ὢ  ‰  in the Friedmann-Lemaitre-

Robertson-Walker metric Ὠί Ὠὸ ὥὸ ὶ Ὠ— ÓÉÎ—Ὠ• . 

We found the basic field equations with the scalar field function using the article 

[3], which need to be studied in this homogeneous and isotropic cosmological 
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model. In the resulting equations, we considered cases with the scalar field function 

Ὢ‰  taking a constant (Ὢ‰ ‍), linear (Ὢ‰ ‍ ‍‰) and quadratic de-

pendences (Ὢ‰ ‍ ‍‰ ‍‰ ). We considered the behavior of the scale 

factor Áὸ, the Hubble parameter Ὄὸ and the scalar field ‰ὸ for each assign-

ment of the scalar field for certain parameters ‍ȟ‍ȟ‍. 

Conclusion. An isotropic and homogeneous cosmological model in a special 

subclass of the Horndeski gravity theory is investigated. The main field equations 

are obtained. Solutions are constructed and an analysis is performed. In the case of 

Ὢ‰ ‍ ‍‰, a model is constructed that describes the quasi-de Sitter stage 

(inflationary) at the early stage of the Universe evolution for the open and flat Uni-

verses. The behavior of the closed Universe turned out to be periodic for the case 

of f(◖) = ɓ0 and going into a singularity for Ὢ‰ ‍ ‍‰. Also, for Ὢ‰  
‍ ‍‰ ‍‰ , a complex behavior of the Universe was shown for different 

parameters ‍ȟ‍ȟ‍ for the open, flat and closed Universes. 
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ɸʥʥʦʪʘʮʠʷ. ʉʣʝʜʫʷ ʥʝʧʝʨʪʫʨʙʘʪʠʚʥʦʡ ʬʦʨʤʫʣʠʨʦʚʢʝ ʂʕɼ ʩʠʣʴʥʦʛʦ ʧʦʣʷ, ʨʘʟʚʠʪʦʡ 

ʚ ʥʘʰʠʭ ʙʦʣʝʝ ʨʘʥʥʠʭ ʨʘʙʦʪʘʭ, ʤʳ ʨʘʩʩʤʘʪʨʠʚʘʝʤ ʠʟʣʫʯʝʥʠʝ ʬʦʪʦʥʦʚ, ʩʦʧʨʦʚʦʞʜʘ-

ʶʱʝʝ ʥʝʩʪʘʙʠʣʴʥʦʩʪʴ ʚʘʢʫʫʤʘ, ʚʳʟʚʘʥʥʫʶ ʜʝʡʩʪʚʠʝʤ ʢʚʘʟʠʧʦʩʪʦʷʥʥʦʛʦ ʩʠʣʴʥʦʛʦ 

ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ ʢʦʥʝʯʥʦʡ ʜʣʠʪʝʣʴʥʦʩʪʠ T. ʇʦʣʫʯʝʥʳ ʟʘʤʢʥʫʪʳʝ ʬʦʨʤʫʣʳ ʜʣʷ 

ʧʦʣʥʳʭ ʚʝʨʦʷʪʥʦʩʪʝʡ, ʠʟʫʯʝʥʦ ʠʟʣʫʯʝʥʠʝ ʬʦʪʦʥʦʚ ʵʣʝʢʪʨʦʥʦʤ ʠ ʠʟʣʫʯʝʥʠʝ, ʩʦʧʨʦ-

ʚʦʞʜʘʶʱʝʝ ʨʦʞʜʝʥʠʝ ʵʣʝʢʪʨʦʥ-ʧʦʟʠʪʨʦʥʥʳʭ ʧʘʨ ʠʟ ʚʘʢʫʫʤʘ. ʀʩʩʣʝʜʦʚʘʥʦ ʫʛʣʦʚʦʝ ʠ 

ʧʦʣʷʨʠʟʘʮʠʦʥʥʦʝ ʨʘʩʧʨʝʜʝʣʝʥʠʝ ʠʟʣʫʯʝʥʠʷ, ʚ ʪʦʤ ʯʠʩʣʝ ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ ʠʟʣʫʯʝʥʠʷ ʚ 

ʚʳʩʦʢʦʯʘʩʪʦʪʥʦʤ ʧʨʠʙʣʠʞʝʥʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦ 1/T. ɸʥʘʣʠʟʠʨʫʝʪʩʷ ʧʨʠʤʝʥʠʤʦʩʪʴ 

ʧʨʝʜʩʪʘʚʣʝʥʥʳʭ ʨʘʩʯʝʪʦʚ ʢ ʪʨʝʭʤʝʨʥʳʤ ʜʠʨʘʢʦʚʩʢʠʤ ʧʦʣʫʤʝʪʘʣʣʘʤ, ʚ ʢʦʪʦʨʳʭ ʧʦ-

ʚʝʜʝʥʠʝ ʥʠʟʢʦʵʥʝʨʛʝʪʠʯʝʩʢʠʭ ʙʝʟʤʘʩʩʦʚʳʭ ʚʦʟʙʫʞʜʝʥʠʡ ʤʦʞʝʪ ʙʳʪʴ ʦʧʠʩʘʥʦ ʫʨʘʚ-

ʥʝʥʠʝʤ ɼʠʨʘʢʘ, ʘ ʨʦʣʴ ʩʢʦʨʦʩʪʠ ʩʚʝʪʘ ʚ ʚʘʢʫʫʤʝ ʠʛʨʘʝʪ ʩʢʦʨʦʩʪʴ ʌʝʨʤʠ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʢʚʘʥʪʦʚʘʷ ʵʣʝʢʪʨʦʜʠʥʘʤʠʢʘ, ʩʠʣʴʥʦʝ ʵʣʝʢʪʨʠʯʝʩʢʦʝ ʧʦʣʝ, ʥʝʩʪʘ-

ʙʠʣʴʥʳʡ ʚʘʢʫʫʤ, ʵʬʬʝʢʪ ʐʚʠʥʛʝʨʘ, ʠʟʣʫʯʝʥʠʝ, ʜʠʨʘʢʦʚʩʢʠʝ ʧʦʣʫʤʝʪʘʣʣʳ 

ɺʚʝʜʝʥʠʝ. ʈʦʞʜʝʥʠʝ ʧʘʨ ʯʘʩʪʠʮ ʠ ʘʥʪʠʯʘʩʪʠʮ ʠʟ ʚʘʢʫʫʤʘ ʙʣʘʛʦʜʘʨʷ ʥʝʧʝʨ-

ʪʫʨʙʘʪʠʚʥʦʤʫ ʚʟʘʠʤʦʜʝʡʩʪʚʠʶ ʩ ʚʥʝʰʥʠʤ ʧʦʣʝʤ (ʵʬʬʝʢʪ ʐʚʠʥʛʝʨʘ) ʚ ʥʘʩʪʦ-

ʷʱʝʝ ʚʨʝʤʷ ʨʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʚʦ ʤʥʦʛʠʭ ʧʦʣʝʚʳʭ ʤʦʜʝʣʷʭ ʷʚʣʝʥʠʡ ʚ ʬʠʟʠʢʝ 

ʚʳʩʦʢʠʭ ʵʥʝʨʛʠʡ, ʘʩʪʨʦʬʠʟʠʢʝ ʠ ʬʠʟʠʢʝ ʥʘʥʦʩʪʨʫʢʪʫʨ (ʩʤ. ʥʝʜʘʚʥʠʝ ʦʙʟʦʨʳ 

[1ï4]). ʅʘʙʣʶʜʝʥʠʝ ʵʬʬʝʢʪʘ ʨʦʞʜʝʥʠʷ ʵʣʝʢʪʨʦʥ-ʧʦʟʠʪʨʦʥʥʳʭ ʧʘʨ ʚ ʵʣʝʢʪʨʠ-

ʯʝʩʢʦʤ ʧʦʣʝ ʧʦʢʘ ʥʝ ʜʦʩʪʫʧʥʦ ʠʟ-ʟʘ ʙʦʣʴʰʦʡ ʠʥʪʝʥʩʠʚʥʦʩʪʠ ʥʝʦʙʭʦʜʠʤʦʛʦ  

ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʧʦʣʷ. ʆʜʥʘʢʦ ʝʩʪʴ ʘʥʘʣʦʛʠ ð ʵʬʬʝʢʪʠʚʥʳʝ ʪʝʦʨʠʠ ʜʠʨʘʢʦʚʩʢʠʭ 

ʧʦʣʫʤʝʪʘʣʣʦʚ ʩ ʙʝʟʤʘʩʩʦʚʳʤʠ ʢʚʘʟʠʯʘʩʪʠʮʘʤʠ, ʛʜʝ ʪʨʝʙʫʝʤʘʷ ʠʥʪʝʥʩʠʚʥʦʩʪʴ 

ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ ʜʦʩʪʠʞʠʤʘ ʚ ʣʘʙʦʨʘʪʦʨʥʳʭ ʫʩʣʦʚʠʷʭ. ʈʦʞʜʝʥʠʝ ʧʘʨ ʯʘ-

ʩʪʠʮ ʠ ʘʥʪʠʯʘʩʪʠʮ ʫʜʦʙʥʦ ʥʘʙʣʶʜʘʪʴ ʧʦ ʩʦʧʨʦʚʦʞʜʘʶʱʝʤʫ ʵʬʬʝʢʪ ʭʘʨʘʢ-

ʪʝʨʥʦʤʫ ʠʟʣʫʯʝʥʠʶ ʬʦʪʦʥʦʚ. ʄʳ ʩʦʧʦʩʪʘʚʣʷʝʤ ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ ʵʪʦʛʦ ʠʟʣʫ-

ʯʝʥʠʷ ʚ ʂʕɼ ʠ ʘʥʘʣʦʛʦʚʳʭ ʤʦʜʝʣʷʭ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɼʣʷ ʨʘʩʯʝʪʦʚ ʠʩʧʦʣʴʟʫʝʪʩʷ ʥʝʧʝʨ-

ʪʫʨʙʘʪʠʚʥʘʷ ʬʦʨʤʫʣʠʨʦʚʢʘ ʂʕɼ ʩʠʣʴʥʦʛʦ ʧʦʣʷ, ʨʘʟʚʠʪʘʷ ʚ ʥʘʰʠʭ ʙʦʣʝʝ ʨʘʥ-
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ʥʠʭ ʨʘʙʦʪʘʭ, ʩʤ. ʥʘʧʨʠʤʝʨ, [1] ʠ ʠʩʩʣʝʜʦʚʘʥʠʝ ʠʟʣʫʯʝʥʠʷ ʚ ʜʚʫʤʝʨʥʦʤ ʜʠʨʘ-

ʢʦʚʩʢʦʤ ʧʦʣʫʤʝʪʘʣʣʝ [2]. 

ɿʘʢʣʶʯʝʥʠʝ. ʈʝʟʫʣʴʪʘʪʳ ʜʣʷ ʭʘʨʘʢʪʝʨʠʩʪʠʢ ʠʟʣʫʯʝʥʠʷ ʧʨʠ ʨʦʞʜʝʥʠʠ 

ʧʘʨ ʠʟ ʚʘʢʫʫʤʘ ʚ ʂʕɼ ʤʦʞʥʦ ʩʦʧʦʩʪʘʚʣʷʪʴ ʩ ʘʥʘʣʦʛʠʯʥʳʤʠ ʨʝʟʫʣʴʪʘʪʘʤʠ ʜʣʷ 

ʪʨʝʭʤʝʨʥʳʭ ʜʠʨʘʢʦʚʩʢʠʭ ʧʦʣʫʤʝʪʘʣʣʦʚ, ʫʯʠʪʳʚʘʷ, ʯʪʦ ʚ ʧʦʩʣʝʜʥʠʭ ʨʦʣʴ ʩʢʦ-

ʨʦʩʪʠ ʩʚʝʪʘ ʜʣʷ ʟʘʨʷʞʝʥʥʳʭ ʯʘʩʪʠʮ ʠʛʨʘʝʪ ʩʢʦʨʦʩʪʴ ʌʝʨʤʠ, ʢʦʪʦʨʘʷ ʥʘʤʥʦʛʦ 

ʤʝʥʴʰʝ ʩʢʦʨʦʩʪʠ ʩʚʝʪʘ. 
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Abstract. Following a nonperturbative formulation of strong-field QED developed in our 

earlier works, we consider photon emission accompanying vacuum instability under the 

action of a quasi-constant strong electric field of finite duration T. We construct closed 

formulas for the total probabilities and study the photon emission by an electron and for the 

photon emission accompanying an electron-positron pair creation from a vacuum. We study 

angular and polarization distribution of the emission as well as emission characteristics in a 

high-frequency approximations with respect of 1/T. We analyze the applicability of the 
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presented calculations to three-dimensional Dirac semimetals in which the behavior of low-

energy massless excitations can be described by the Dirac equation and the role of the 

speed of light in vacuum is played by the Fermi velocity.  

Keywords: quantum electrodynamics, strong electric field, unstable vacuum, Schwinger 

effect, emission, Dirac semimetals 

Introduction.  The creation of pairs of particles and antiparticles from a vacuum 

due to non-perturbative interaction with an external field (the Schwinger effect) is 

currently considered in many field models of phenomena in high-energy physics, 

astrophysics, and physics of nanostructures (see recent reviews [1-4]). Observation 

of the effect of electron-positron pair production in an electric field is not yet pos-

sible due to the high intensity of the field required in this case. However, there are 

analogs ð effective theories of Dirac semimetals with massless quasiparticles, 

where the required intensity of the electric field is achievable in laboratory condi-

tions. The production of pairs of particles and antiparticles is conveniently ob-

served by the characteristic radiation of photons accompanying the effect. We 

compare the characteristics of this radiation in QED and analog models. 

Methods and materials; results. For the calculations, we use the non-

perturbative formulation of strong-field QED developed in our earlier works, see, for 

example, [5] and the study of radiation in a two-dimensional Dirac semimetal [6]. 

Conclusion. The results for the characteristics of radiation during pair produc-

tion from vacuum in QED can be compared with similar results for three-

dimensional Dirac semimetals, taking into account that in the latter the role of the 

speed of light for charged particles is played by the Fermi velocity, which is much 

less than the speed of light. 

References  

[1]  Gelis F., Tanji N. Schwinger mechanism revisited. Prog. Part. Nucl. Phys., 2016, vol. 87, art. 
no. 1. https://doi.org/10.1016/j.ppnp.2015.11.001 

[2]  Fedotov A., Ilderton A., Karbstein F., King B., Seipt D., Taya H., Torgrimsson G. Advances in 
QED with intense background fields. Phys. Rep., 2023, vol. 1010.  

 https://doi.org/10.1016/j.physrep.2023.01.003  

[3]  Armitage N.P., Mele E.J., Vishwanath A. Weyl and Dirac Semimetals in Three Dimensional 
Solids. Rev. Mod. Phys., 2018, vol. 90, no. 1, art. no. 015001.  

 https://doi.org/10.1103/RevModPhys.90.015001  

[4]  Zhou Y., Huang Y., Xu X., Fan Z., Khurgin J.B., Xiong Q. Nonlinear optical properties of hal-

ide perovskites and their applications. Applied Physics Reviews, 2020, vol. 7, art. no. 041313. 

[5]  Fradkin E.S., Gitman D.M., Shvartsman Sh.M. Quantum Electrodynamics with Unstable Vacu-
um. Berlin, Springer-Verlag, 1991. https://doi.org/10.1063/5.0025400 

[6]  Gavrilov S.P., Gitman D.M. Photon emission in the graphene under the action of a quasicon-
stant external electric field. Eur. Phys. J. Plus, 2023, vol. 138, art. no. 171.  

 https://doi.org/10.1103/PhysRevB.110.014410  

  

https://doi.org/10.1016/j.ppnp.2015.11.001
https://doi.org/10.1016/j.physrep.2023.01.003
https://doi.org/10.1103/RevModPhys.90.015001
https://doi.org/10.1063/5.0025400
https://doi.org/10.1103/PhysRevB.110.014410


144  ˸͍ͦͫ͊͟Σ ˸˥́̂ ͙ͣΦ ˹Φ̏Φ ˣ͊ͯͣ͊ͤ͊Σ 7ς10 ͙ Ό͡Ύ нлнр ͎Φ   

̂˨˴ ролΦмн 

˿͍͔͔ͦ͋ͫͭͤͤͦ ͍͔ͪͣΎ ͍ ͍͔ͨͪͦͫͭͪ͊ͤͫͭ ͫ ͙͒ͨͦ͡Έ͚ͤͦ ͙͙͔͚͊ͤͦͭͪͦͨ͘ 

˥͊͒͡·΄͔͍ ˤ͙͙͊͒ͣͪ͡ ˻͔͎͍͙ͦ͡;(*)  gladyshev@bmstu.ru 
SPIN-ͦ͒͟Υ ппмф-5995 

˹͙͔͍ͦ͊͟͡ ˽͍͔͊͡ ˽͔͍͙ͭͪͦ;  ppn@bmstu.ru 
SPIN-ͦ͒͟Υ соум-2864 
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ɸʥʥʦʪʘʮʠʷ. ʈʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʚʦʟʤʦʞʥʦʩʪʴ ʫʩʢʦʨʝʥʥʦʛʦ ʭʦʜʘ ʮʠʢʣʠʯʝʩʢʠ ʜʚʠʞʫʱʠʭ-

ʩʷ ʬʠʟʠʯʝʩʢʠʭ ʧʨʦʮʝʩʩʦʚ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʩ ʜʠʧʦʣʴʥʦʡ ʘʥʠʟʦʪʨʦʧʠʝʡ. ɺ ʢʘʯʝʩʪʚʝ ʧʨʦ-

ʩʪʨʘʥʩʪʚʘ ʩ ʜʠʧʦʣʴʥʦʡ ʘʥʠʟʦʪʨʦʧʠʝʡ ʨʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʵʢʚʠʚʘʣʝʥʪʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ 

ʥʘʙʣʶʜʘʪʝʣʷ, ʜʚʠʞʫʱʝʛʦʩʷ ʩ ʧʦʩʪʦʷʥʥʦʡ ʩʢʦʨʦʩʪʴʶ ʚ ʠʟʦʪʨʦʧʥʦʤ ʬʠʟʠʯʝʩʢʦʤ ʧʨʦ-

ʩʪʨʘʥʩʪʚʝ. ʉʜʝʣʘʥʳ ʯʠʩʣʝʥʥʳʝ ʦʮʝʥʢʠ ʫʩʢʦʨʝʥʠʷ ʭʦʜʘ ʮʠʢʣʠʯʝʩʢʠ ʜʚʠʞʫʱʠʭʩʷ ʬʠ-

ʟʠʯʝʩʢʠʭ ʧʨʦʮʝʩʩʦʚ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʩ ʜʠʧʦʣʴʥʦʡ ʘʥʠʟʦʪʨʦʧʠʝʡ ʥʘ ʧʨʠʤʝʨʝ ʜʚʠʞʝʥʠʷ 

ʠʩʢʫʩʩʪʚʝʥʥʳʭ ʩʧʫʪʥʠʢʦʚ ʠ ʧʣʘʥʝʪ ʉʦʣʥʝʯʥʦʡ ʩʠʩʪʝʤʳ ʧʦ ʛʝʣʠʦʮʝʥʪʨʠʯʝʩʢʦʡ ʦʨʙʠ-

ʪʝ.  

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʩʧʝʮʠʘʣʴʥʘʷ ʪʝʦʨʠʷ ʦʪʥʦʩʠʪʝʣʴʥʦʩʪʠ, ʟʘʤʝʜʣʝʥʠʝ ʚʨʝʤʝʥʠ, ʜʠ-

ʧʦʣʴʥʘʷ ʘʥʠʟʦʪʨʦʧʠʷ 

ɺʚʝʜʝʥʠʝ. ʉʦʛʣʘʩʥʦ ʩʧʝʮʠʘʣʴʥʦʡ ʪʝʦʨʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦʩʪʠ ʩʫʱʝʩʪʚʫʝʪ ʚʦʟ-

ʤʦʞʥʦʩʪʴ ʚ ʫʧʨʘʚʣʷʝʤʦʤ ʟʘʤʝʜʣʝʥʠʠ ʧʨʦʪʝʢʘʥʠʷ ʜʚʠʞʫʱʠʭʩʷ ʬʠʟʠʯʝʩʢʠʭ 

ʧʨʦʮʝʩʩʦʚ ʦʪʥʦʩʠʪʝʣʴʥʦ ʥʝʧʦʜʚʠʞʥʦʛʦ ʥʘʙʣʶʜʘʪʝʣʷ. ʉʦʚʨʝʤʝʥʥʳʝ ʧʨʝʜ-

ʩʪʘʚʣʝʥʠʷ ʦ ʨʘʩʰʠʨʷʶʱʝʡʩʷ ɺʩʝʣʝʥʥʦʡ ʧʦʟʚʦʣʷʶʪ ʚʚʝʩʪʠ ʩʚʷʟʘʥʥʫʶ ʩ ʬʠʟʠ-

ʯʝʩʢʠʤ ʧʨʦʩʪʨʘʥʩʪʚʦʤ (ʌʇ) ʩʦʧʫʪʩʪʚʫʶʱʫʶ ʠʥʝʨʮʠʘʣʴʥʫʶ ʩʠʩʪʝʤʫ ʦʪʩʯʝʪʘ 

(ʀʉʆ) [1], ʢʦʪʦʨʘʷ ʪʘʢʞʝ ʷʚʣʷʝʪʩʷ ʩʦʧʫʪʩʪʚʫʶʱʝʡ ʠ ʦʪʥʦʩʠʪʝʣʴʥʦ ʨʝʣʠʢʪʦ-

ʚʦʛʦ ʠʟʣʫʯʝʥʠʷ. ʅʘʙʣʶʜʘʝʤʦʝ ʩʚʦʡʩʪʚʦ ʜʠʧʦʣʴʥʦʡ ʘʥʠʟʦʪʨʦʧʠʠ ʨʝʣʠʢʪʦʚʦʛʦ 

ʠʟʣʫʯʝʥʠʷ [2] ʦʧʨʝʜʝʣʷʝʪ ʥʝʥʫʣʝʚʫʶ ʧʝʢʫʣʷʨʥʫʶ ʩʢʦʨʦʩʪʴ ʣʶʙʦʛʦ ʥʘʙʣʶʜʘ-

ʪʝʣʷ ʚʦ ɺʩʝʣʝʥʥʦʡ. ʀʟʦʪʨʦʧʥʦʝ ʌʇ, ʚ ʢʦʪʦʨʦʤ ʥʘʙʣʶʜʘʪʝʣʴ ʜʚʠʞʝʪʩʷ ʩ ʧʦ-

ʩʪʦʷʥʥʦʡ ʩʢʦʨʦʩʪʴʶ, ʵʢʚʠʚʘʣʝʥʪʥʦ ʧʨʦʩʪʨʘʥʩʪʚʫ ʩ ʜʠʧʦʣʴʥʦʡ ʘʥʠʟʦʪʨʦʧʠʝʡ, 

ʚ ʢʦʪʦʨʦʤ, ʢʘʢ ʙʫʜʝʪ ʧʦʢʘʟʘʥʦ ʚ ʵʪʦʡ ʨʘʙʦʪʝ, ʚʦʟʤʦʞʝʥ ʫʩʢʦʨʝʥʥʳʡ ʭʦʜ ʮʠʢ-

ʣʠʯʝʩʢʠ ʜʚʠʞʫʱʠʭʩʷ ʬʠʟʠʯʝʩʢʠʭ ʧʨʦʮʝʩʩʦʚ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ʉʚʷʞʝʤ ʥʘʙʣʶʜʘʪʝʣʷ ʠ ʩʦʦʪʚʝʪ-

ʩʪʚʫʶʱʫʶ ʀʉʆ1 ʩ ʉʦʣʥʝʯʥʦʡ ʩʠʩʪʝʤʦʡ, ʘ ʀʉʆ2 ʩ ʢʦʩʤʠʯʝʩʢʠʤ ʦʙʲʝʢʪʦʤ 

(ʂʆ), ʜʚʠʞʫʱʠʤʩʷ ʧʦ ʵʣʣʠʧʪʠʯʝʩʢʦʡ ʦʨʙʠʪʝ ʚʦʢʨʫʛ ʉʦʣʥʮʘ. ɽʩʣʠ ʀʉʆ1 ʠʤʝ-

ʝʪ ʥʝʥʫʣʝʚʫʶ ʩʢʦʨʦʩʪʴ ʜʚʠʞʝʥʠʷ (ʧʝʢʫʣʷʨʥʫʶ ʩʢʦʨʦʩʪʴ ʉʦʣʥʝʯʥʦʡ ʩʠʩʪʝʤʳ) 

ʦʪʥʦʩʠʪʝʣʴʥʦ ʌʇ, ʪʦ ʵʪʦ ʵʢʚʠʚʘʣʝʥʪʥʦ ʜʚʠʞʝʥʠʶ ʧʨʦʠʟʚʦʣʴʥʦʛʦ ʂʆ ʚ ʌʇ  

ʩ ʜʠʧʦʣʴʥʦʡ ʘʥʠʟʦʪʨʦʧʠʝʡ. ɺ ʠʥʦʤ ʩʣʫʯʘʝ ʠʤʝʝʪ ʤʝʩʪʦ ʜʚʠʞʝʥʠʷ ʂʆ ʚ ʠʟʦ-

ʪʨʦʧʥʦʤ ʌʇ. ʅʘ ʨʠʩʫʥʢʝ ʧʨʝʜʩʪʘʚʣʝʥʳ ʨʝʟʫʣʴʪʘʪʳ ʨʘʩʯʝʪʦʚ ʨʘʟʥʦʩʪʠ ʧʦʢʘ-

ʟʘʥʠʷ ʯʘʩʦʚ ʥʘ ʂʆ ʦʪʥʦʩʠʪʝʣʴʥʦ ʉʦʣʥʝʯʥʦʡ ʩʠʩʪʝʤʳ ʜʣʷ çʠʟʦʪʨʦʧʥʦʛʦè  

ʠ çʘʥʠʟʦʪʨʦʧʥʦʛʦè ʩʣʫʯʘʷ ʥʘ ʧʨʠʤʝʨʝ ʩʘʤʦʛʦ ʙʳʩʪʨʦʛʦ ʠʩʢʫʩʩʪʚʝʥʥʦʛʦ ʦʙʲ-

ʝʢʪʘ ð ʩʦʣʥʝʯʥʦʛʦ ʟʦʥʜʘ çʇʘʨʢʝʨè [3]. 
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ʋʯʝʪ ʜʠʧʦʣʴʥʦʡ ʘʥʠʟʦʪʨʦʧʠʠ ʧʨʦʩʪʨʘʥʩʪʚʘ ʥʘ ʢʘʞʜʦʤ ʧʦʣʥʦʤ ʚʠʪʢʝ 

çʇʘʨʢʝʨʘè ʚʦʢʨʫʛ ʉʦʣʥʮʘ ʚʥʦʩʠʪ ʠʟʤʝʥʝʥʠʝ ʚ ʨʘʟʥʦʩʪʴ ʧʦʢʘʟʘʥʠʷ ʯʘʩʦʚ 

5,4 ʤʩ. ɺʩʝ ʵʪʦ ʧʨʠʚʦʜʠʪ ʢ ʧʦʷʚʣʝʥʠʶ ʥʘʢʘʧʣʠʚʘʶʱʝʡʩʷ ʜʦʧʦʣʥʠʪʝʣʴʥʦʡ 

ʦʰʠʙʢʠ ʦʧʨʝʜʝʣʝʥʠʷ ʢʦʦʨʜʠʥʘʪ ʂʆ ʥʘ ʢʘʞʜʦʤ ʧʦʣʥʦʤ ʚʠʪʢʝ 23,6 ʢʤ. 

ɿʘʢʣʶʯʝʥʠʝ. ʏʘʩʳ, ʮʠʢʣʠʯʝʩʢʠ ʜʚʠʞʫʱʠʝʩʷ ʚ ʌʇ ʩ ʜʠʧʦʣʴʥʦʡ ʘʥʠʟʦ-

ʪʨʦʧʠʝʡ, ʤʦʛʫʪ ʦʩʫʱʝʩʪʚʣʷʪʴ ʫʩʢʦʨʝʥʥʳʡ ʭʦʜ ʚ ʩʨʘʚʥʝʥʠʠ ʩ ʘʥʘʣʦʛʠʯʥʳʤʠ 

ʯʘʩʘʤʠ, ʜʚʠʞʫʱʠʤʠʩʷ ʚ ʦʙʳʯʥʦʤ ʌʇ. ɼʣʷ ʦʙʲʝʢʪʦʚ ʉʦʣʥʝʯʥʦʡ ʩʠʩʪʝʤʳ 

ʥʘʢʘʧʣʠʚʘʶʱʝʝʩʷ ʦʪʢʣʦʥʝʥʠʝ ʧʦʢʘʟʘʥʠʡ ʯʘʩʦʚ ʥʘ ʂʆ ʦʧʨʝʜʝʣʷʝʪʩʷ ʧʝʨʠʦʜʦʤ 

ʚʨʘʱʝʥʠʷ ʚʦʢʨʫʛ ʉʦʣʥʮʘ, ʵʣʣʠʧʪʠʯʥʦʩʪʴʶ ʦʨʙʠʪʳ ʠ ʦʨʙʠʪʘʣʴʥʦʡ ʩʢʦʨʦʩʪʴʶ 

ʠ ʩʦʩʪʘʚʣʷʝʪ ʝʜʠʥʠʮʳ ʤʠʣʣʠʩʝʢʫʥʜ ʥʘ ʦʜʥʦʤ ʧʦʣʥʦʤ ʦʙʦʨʦʪʝ ʧʦ ʦʨʙʠʪʝ.  

ʉ ʦʪʢʣʦʥʝʥʠʝʤ ʧʦʢʘʟʘʥʠʡ ʯʘʩʦʚ ʩʚʷʟʘʥʘ ʜʦʧʦʣʥʠʪʝʣʴʥʘʷ ʦʰʠʙʢʘ ʦʧʨʝʜʝʣʝʥʠʷ 

ʢʦʦʨʜʠʥʘʪ ʂʆ, ʜʦʩʪʠʛʘʶʱʘʷ ʜʝʩʷʪʢʦʚ ʢʠʣʦʤʝʪʨʦʚ.  
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Abstract. The possibility of accelerated passage of cyclically moving physical processes in 

the space with dipole anisotropy is considered. The observerôs equivalent space moving 

with constant velocity in isotropic physical space is considered as a space with dipole ani-

sotropy. Numerical estimates of the acceleration of cyclically moving physical processes in 

space with dipole anisotropy are made on the example of the motion of artificial satellites 

and planets of the Solar System along the heliocentric orbit. 

Keywords: special theory of relativity, time dilation, dipole anisotropy 

Introduction.  According to the special theory of relativity, there is a possibility of 

controlled slowing down of moving physical processes relative to a stationary ob-

server. Modern concepts of the expanding Universe allow us to introduce a con-

comitant inertial reference frame (IRF) associated with physical space (PS) [1], 

which is also concomitant with respect to the relic radiation. The observed property 

of dipole anisotropy of the relic radiation [2] determines the non-zero peculiar ve-

locity of any observer in the Universe. The isotropic FP, in which the observer 

moves with constant velocity, is equivalent to the space with dipole anisotropy, in 

which, as it will be shown in this paper, the accelerated course of cyclically moving 

physical processes is possible 

Methods and materials; results. Let us associate the observer and the corre-

sponding IRF1 with the solar system, and IRF2 with a space object moving along an 

elliptical orbit around the Sun. If IRF1 has a non-zero velocity of motion (pecular 

velocity of the Solar System) relative to the PS, it is equivalent to the motion of an 

arbitrary space object in the FP with dipole anisotropy. Otherwise, the motion of 

space object in an isotropic PS takes place. Fig. shows the results of calculations of 

the difference of the clock reading on the space object relative to the Solar System 

for the çisotropicè and çanisotropicè cases on the example of the fastest artificial 

object ð the Parker Solar Probe [3]. 

Taking into account the dipole anisotropy of space at each full revolution of 

Parker Solar Probe around the Sun introduces a change in the difference in the 

clock reading of 5.4 ms. All this leads to an accumulating additional error in de-

termining the coordinates at each full revolution of 23.6 km. 
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Difference in clock readings on the Parker Solar Probe relative to the Solar System 

 

Conclusion. A clock cycling in a PS with dipole anisotropy can have an accel-

erated rate compared to a similar clock moving in a conventional PS. For Solar 

System objects, the accumulating deviation of clock readings on the space object is 

determined by the period of rotation around the Sun, orbital ellipticity, and orbital 

velocity, and amounts to units of milliseconds per one full orbital revolution. The 

deviation of clock readings is associated with an additional error in determining the 

coordinates of the space object, reaching tens of kilometers. 

References  

[1]  D'Inverno R. Introducing Einstein's relativity. Oxford, Oxford University Press, 1992, 383 p. 

[2]  Kogut A. et al. Dipole anisotropy in the COBE differential microwave radiometers first-year 
sky maps. The Astrophysical Journal, 1993, vol. 419, pp. 1ï6. 

[3] Parker solar probe. URL: https://parkersolarprobe.jhuapl.edu/ (accessed 17.04.2025). 

 

  



148  ˸͍ͦͫ͊͟Σ ˸˥́̂ ͙ͣΦ ˹Φ̏Φ ˣ͊ͯͣ͊ͤ͊Σ 7ς10 ͙ Ό͡Ύ нлнр ͎Φ   

̂˨˴ ролΦмнҌролΦмпрόлунύ 

˻ ͍·͔ͤͯ͗͒ͤͤ·ͻ ͔͙ͦ͋͊ͤ͟͡Ύͻ Ή͔͙ͭͪ͟͡;͔͎ͫͦͦ͟ ͨͦ͡Ύ ˭͔͙ͣ͡ ͤ͊ ;͊ͫͭͦͭ͊ͻ ͎͍͙ͪ͊π
ͭ͊ͼ͙ͦͤͤͦ-͍͍͎ͦͤͦͦͦ͡ ͙ͯ͘͡;͔͙ͤΎ ͍͚͒ͦͤ·ͻ ͍͔͒ͤ͘͘·ͻ ͙͔ͫͫͭͣ ͙ ͍͚͍ͫͦͫͭ͊ͻ 
͍͔ͫͪͻ;͍͍͙͔ͯͫͭͭ͡Έ͙ͤͦͫͭ ͙ ͍͔ͫͪͻ͙͙͔͋ͪ͊ͭ͘͡Έ͙ͤͦͫͭ ͚͎͔͙͙͊ͤͦͫͦͨ͟ 

˥ͪͯͤͫ͊͟Ύ ˶Ό͍͋ͦΈ ˤ͔͙͍͊ͤͭͤͦͤ͊͡1(* ) grunsk@vlsu.ru  
SPIN-ͦ͒͟Υ пррс-9316 

ˮ͔͍͙ͫ͊͟; ˤ͔͙͚͊ͪ͡ ˤ͙͍͙ͭͦͪͦ͟;2  eigenoscope@yandex.ru 

ˮ͔͍͙ͫ͊͟; ˨͙͙͊ͤ͡ ˤ͔͊ͪ͡Έ͔͍͙;2  daniil.isakevitch@yandex.ru 
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ɸʥʥʦʪʘʮʠʷ. ʈʘʙʦʪʘ ʧʦʩʚʷʱʝʥʘ ʠʟʫʯʝʥʠʶ ʚʳʥʫʞʜʝʥʥʳʭ ʢʦʣʝʙʘʥʠʡ ʚʝʨʪʠʢʘʣʴʥʦʡ 

ʩʦʩʪʘʚʣʷʶʱʝʡ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ ʚ ʧʨʠʟʝʤʥʦʤ ʩʣʦʝ ʘʪʤʦʩʬʝʨʳ ʥʘ ʫʜʚʦʝʥʥʳʭ ʯʘ-

ʩʪʦʪʘʭ ʦʙʨʘʱʝʥʠʷ ʠʟʚʝʩʪʥʳʭ ʨʝʣʷʪʠʚʠʩʪʩʢʠʭ ʜʚʦʡʥʳʭ ʩʠʩʪʝʤ (ʈɼɿʉ) ʩ ʤʘʣʳʤ ʵʢʩ-

ʮʝʥʪʨʠʩʠʪʝʪʦʤ. ʉ ʠʩʧʦʣʴʟʦʚʘʥʠʝʤ ʪʝʦʨʠʠ ʚʦʟʤʫʱʝʥʠʡ ʠ ʠʤʠʪʘʮʠʦʥʥʦʛʦ ʤʦʜʝʣʠʨʦ-

ʚʘʥʠʷ ʧʦʢʘʟʘʥʦ, ʯʪʦ ʘʥʘʣʠʟʘʪʦʨ ʩʦʙʩʪʚʝʥʥʳʭ ʚʝʢʪʦʨʦʚ ʠ ʢʦʤʧʦʥʝʥʪ (ʘʡʛʝʥʦʩʢʦʧ) 

ʦʙʣʘʜʘʝʪ ʩʚʦʡʩʪʚʘʤʠ ʩʚʝʨʭʯʫʚʩʪʚʠʪʝʣʴʥʦʩʪʠ ʠ ʩʚʝʨʭʠʟʙʠʨʘʪʝʣʴʥʦʩʪʠ. ʈʝʟʫʣʴʪʘʪʳ 

ʠʩʩʣʝʜʦʚʘʥʠʡ ʧʦʟʚʦʣʷʶʪ ʛʦʚʦʨʠʪʴ ʦʙ ʦʪʢʨʳʪʠʠ ʥʦʚʦʛʦ ʬʠʟʠʯʝʩʢʦʛʦ ʩʚʦʡʩʪʚʘ ð ʚʦʩ-

ʧʨʠʠʤʯʠʚʦʩʪʠ ʠʥʬʨʘʥʠʟʢʦʯʘʩʪʦʪʥʦʛʦ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ ɿʝʤʣʠ ʢ ʚʥʝʰʥʠʤ ʛʨʘʚʠ-

ʪʘʮʠʦʥʥʦ-ʚʦʣʥʦʚʳʤ ʚʦʟʜʝʡʩʪʚʠʷʤ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʨʝʣʷʪʠʚʠʩʪʩʢʠʝ ʜʚʦʡʥʳʝ ʟʚʝʟʜʥʳʝ ʩʠʩʪʝʤʳ, ʵʣʝʢʪʨʠʯʝʩʢʦʝ ʧʦʣʝ 

ɿʝʤʣʠ, ʘʡʛʝʥʦʩʢʦʧʠʷ, ʧʝʨʚʘʷ ʢʦʥʝʯʥʘʷ ʨʘʟʥʦʩʪʴ, ʩʧʝʢʪʨʘʣʴʥʘʷ ʣʦʢʘʣʠʟʘʮʠʷ, ʠʥʜʝʢʩ 

ʢʦʛʝʨʝʥʪʥʦʩʪʠ 

ɺʚʝʜʝʥʠʝ. ʈʘʙʦʪʘ ʥʘʮʝʣʝʥʘ ʥʘ ʦʙʥʘʨʫʞʝʥʠʝ ʚʦʟʜʝʡʩʪʚʠʷ ʛʨʘʚʠʪʘʮʠʦʥʥʦ-

ʚʦʣʥʦʚʦʛʦ ʠʟʣʫʯʝʥʠʷ ʘʩʪʨʦʬʠʟʠʯʝʩʢʠʭ ʜʚʦʡʥʳʭ ʟʚʝʟʜʥʳʭ ʩʠʩʪʝʤ (ʈɼɿʉ) ʥʘ 

ʵʣʝʢʪʨʠʯʝʩʢʦʝ ʧʦʣʝ ɿʝʤʣʠ. ʇʝʨʚʦʥʘʯʘʣʴʥʳʝ ʧʦʧʳʪʢʠ ʚʳʷʚʠʪʴ ʜʘʥʥʳʡ ʵʬʬʝʢʪ 

ʩ ʠʩʧʦʣʴʟʦʚʘʥʠʝʤ ʢʣʘʩʩʠʯʝʩʢʦʛʦ ʩʧʝʢʪʨʘʣʴʥʦʛʦ ʘʥʘʣʠʟʘ ʦʢʘʟʘʣʠʩʴ ʥʝʫʜʘʯʥʳ, 

ʚʩʣʝʜʩʪʚʠʝ ʪʦʛʦ, ʯʪʦ ʠʩʢʦʤʳʝ ʢʦʤʧʦʥʝʥʪʳ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ ɿʝʤʣʠ ʥʝ ʷʚ-

ʣʷʶʪʩʷ ʢʦʛʝʨʝʥʪʥʳʤʠ.  

ɹʳʣʘ ʧʦʩʪʘʚʣʝʥʘ ʠ ʨʝʰʝʥʘ ʟʘʜʘʯʘ ʨʘʟʨʘʙʦʪʢʠ ʘʥʘʣʠʟʘʪʦʨʘ, ʧʦʟʚʦʣʷʶʱʝʛʦ 

ʚʳʷʚʣʷʪʴ ʩʧʝʢʪʨʘʣʴʥʦ ʣʦʢʘʣʠʟʦʚʘʥʥʳʝ ʥʝʢʦʛʝʨʝʥʪʥʳʝ ʵʥʝʨʛʝʪʠʯʝʩʢʠ ʥʝʜʦ-

ʤʠʥʠʨʫʶʱʠʝ ʢʦʤʧʦʥʝʥʪʳ (ʘʡʛʝʥʦʩʢʦʧʳ) [1].  

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. 1. ʉ ʠʩʧʦʣʴʟʦʚʘʥʠʝʤ ʪʝʦʨʠʠ ʚʦʟʤʫ-

ʱʝʥʠʡ ʠ ʠʤʠʪʘʮʠʦʥʥʦʛʦ ʤʦʜʝʣʠʨʦʚʘʥʠʷ ʧʦʢʘʟʘʥʦ, ʯʪʦ ʘʥʘʣʠʟʘʪʦʨ ʩʦʙʩʪʚʝʥʥʳʭ 

ʚʝʢʪʦʨʦʚ ʠ ʢʦʤʧʦʥʝʥʪ (ʘʡʛʝʥʦʩʢʦʧ) [1] ʦʙʣʘʜʘʝʪ ʩʚʦʡʩʪʚʘʤʠ ʩʚʝʨʭʯʫʚʩʪʚʠʪʝʣʴ-

ʥʦʩʪʠ ʠ ʩʚʝʨʭʠʟʙʠʨʘʪʝʣʴʥʦʩʪʠ. ʕʪʠ ʩʚʦʡʩʪʚʘ ʧʦʟʚʦʣʷʶʪ ʜʦʩʪʦʚʝʨʥʦ ʚʳʷʚʣʷʪʴ 

ʩʧʝʢʪʨʘʣʴʥʦ ʣʦʢʘʣʠʟʦʚʘʥʥʳʝ ʵʥʝʨʛʝʪʠʯʝʩʢʠ ʥʝʜʦʤʠʥʠʨʫʶʱʠʝ ʢʦʤʧʦʥʝʥʪʳ  

ʚ ʨʷʜʘʭ ʜʨʦʙʥʦ ʠʥʪʝʛʨʠʨʦʚʘʥʥʦʛʦ (ʦʢʨʘʰʝʥʥʦʛʦ) ʰʫʤʘ [2], ʷʚʣʷʶʱʝʛʦʩʷ ʘʜʝʢ-
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ʚʘʪʥʦʡ ʤʦʜʝʣʴʶ ʨʷʜʦʚ ʠʥʬʨʘʥʠʟʢʦʯʘʩʪʦʪʥʦʛʦ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ ʚ ʧʨʠʟʝʤ-

ʥʦʤ ʩʣʦʝ ʘʪʤʦʩʬʝʨʳ. 

2. ʉ ʠʩʧʦʣʴʟʦʚʘʥʠʝʤ ʘʡʛʝʥʦʩʢʦʧʠʠ ʚʳʷʚʣʝʥʳ ʵʥʝʨʛʝʪʠʯʝʩʢʠ ʥʝʜʦʤʠʥʠʨʫ-

ʶʱʠʝ ʢʦʤʧʦʥʝʥʪʳ ʚ ʤʥʦʛʦʣʝʪʥʠʭ ʨʷʜʘʭ ʠʥʬʨʘʥʠʟʢʦʯʘʩʪʦʪʥʦʛʦ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ 

ʧʦʣʷ ʚ ʧʨʠʟʝʤʥʦʤ ʩʣʦʝ ʘʪʤʦʩʬʝʨʳ, ʩʧʝʢʪʨʘʣʴʥʦ ʣʦʢʘʣʠʟʦʚʘʥʥʳʝ ʥʘ ʯʘʩʪʦʪʘʭ 

ʛʨʘʚʠʪʘʮʠʦʥʥʦ-ʚʦʣʥʦʚʦʛʦ ʠʟʣʫʯʝʥʠʷ ʢʘʪʘʣʦʛʠʟʠʨʦʚʘʥʥʳʭ ʨʝʣʷʪʠʚʠʩʪʩʢʠʭ 

ʜʚʦʡʥʳʭ ʟʚʝʟʜʥʳʭ ʩʠʩʪʝʤ (ʈɼɿʉ) ʩ ʥʠʟʢʠʤ ʵʢʩʮʝʥʪʨʠʩʠʪʝʪʦʤ (ʫʜʚʦʝʥʥʦʡ ʯʘ-

ʩʪʦʪʦʡ ʦʙʨʘʱʝʥʠʷ, n = 2) ʠ ʚʳʩʦʢʠʤ ʵʢʩʮʝʥʪʨʠʩʠʪʝʪʦʤ (n ² 3) [3, 4]. 

3. ʉ ʠʩʧʦʣʴʟʦʚʘʥʠʝʤ ʦʙʱʝʧʨʠʥʷʪʳʭ ʩʪʘʪʠʩʪʠʯʝʩʢʠʭ ʢʨʠʪʝʨʠʝʚ ʩ ʚʳʩʦʢʦʡ 

ʜʦʩʪʦʚʝʨʥʦʩʪʴʶ ʜʦʢʘʟʘʥʘ ʘʥʦʤʘʣʴʥʦ ʚʳʩʦʢʘʷ ʩʪʝʧʝʥʴ ʩʧʝʢʪʨʘʣʴʥʦʡ ʣʦʢʘʣʠ-

ʟʘʮʠʠ ʥʘ ʯʘʩʪʦʪʘʭ ʛʨʘʚʠʪʘʮʠʦʥʥʦ-ʚʦʣʥʦʚʦʛʦ ʠʟʣʫʯʝʥʠʷ ʈɼɿʉ ʢʦʤʧʦʥʝʥʪ 

ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ ʧʨʠʟʝʤʥʦʛʦ ʩʣʦʷ ʘʪʤʦʩʬʝʨʳ, ʚʳʷʚʣʝʥʥʳʭ ʩ ʧʦʤʦʱʴʶ 

ʘʡʛʝʥʦʩʢʦʧʠʠ. ʕʪʦ ʧʦʟʚʦʣʷʝʪ ʛʦʚʦʨʠʪʴ ʦʙ ʦʪʢʨʳʪʠʠ ʥʦʚʦʛʦ ʬʠʟʠʯʝʩʢʦʛʦ 

ʩʚʦʡʩʪʚʘ ð ʚʦʩʧʨʠʠʤʯʠʚʦʩʪʠ ʠʥʬʨʘʥʠʟʢʦʯʘʩʪʦʪʥʦʛʦ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ 

ɿʝʤʣʠ ʢ ʚʥʝʰʥʠʤ ʛʨʘʚʠʪʘʮʠʦʥʥʦ-ʚʦʣʥʦʚʳʤ ʚʦʟʜʝʡʩʪʚʠʷʤ [3,5,6]. 

4. ʆʙʥʘʨʫʞʝʥʥʦʝ ʩʚʦʡʩʪʚʦ ʩ ʫʯʝʪʦʤ ʠʟʚʝʩʪʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦʛʦ ʨʘʩ-

ʧʨʝʜʝʣʝʥʠʷ ʢʘʪʘʣʦʛʠʟʠʨʦʚʘʥʥʳʭ ʈɼɿʉ ʧʦʟʚʦʣʷʝʪ ʧʦʩʪʘʚʠʪʴ ʟʘʜʘʯʫ ʤʥʦʛʦʯʘ-

ʩʪʦʪʥʦʛʦ ʛʨʘʚʠʪʘʮʠʦʥʥʦ-ʚʦʣʥʦʚʦʛʦ ʤʦʥʠʪʦʨʠʥʛʘ ɺʩʝʣʝʥʥʦʡ ʩ ʠʩʧʦʣʴʟʦʚʘʥʠ-

ʝʤ ʧʦʧʦʣʥʷʶʱʠʭʩʷ ʜʘʥʥʳʭ ʥʘʙʣʶʜʝʥʠʡ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʠ ʤʘʛʥʠʪʥʦʛʦ ʧʦʣʷ 

ɿʝʤʣʠ ʚ ʠʥʬʨʘʥʠʟʢʦʯʘʩʪʦʪʥʦʤ ʜʠʘʧʘʟʦʥʝ. 

ɿʘʢʣʶʯʝʥʠʝ. ɼʦʢʘʟʘʥʦ, ʯʪʦ ʩʦʙʩʪʚʝʥʥʳʝ ʚʝʢʪʦʨʳ, ʧʦʣʫʯʝʥʥʳʝ ʧʦ ʜʘʥ-

ʥʳʤ ʚʝʨʪʠʢʘʣʴʥʦʡ ʩʦʩʪʘʚʣʷʶʱʝʡ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ ɿʝʤʣʠ ʚ ʠʥʬʨʘʥʠʟʢʦ-

ʯʘʩʪʦʪʥʦʤ ʜʠʘʧʘʟʦʥʝ, ʩʧʝʢʪʨʘʣʴʥʦ ʣʦʢʘʣʠʟʦʚʘʥʥʳʝ ʥʘ ʯʘʩʪʦʪʘʭ ʛʨʘʚʠʪʘʮʠʦʥ-

ʥʦʛʦ ʠʟʣʫʯʝʥʠʷ ʈɼɿʉ, ʠʤʝʶʪ ʟʥʘʯʠʤʦ ʚʳʩʦʢʫʶ ʩʪʝʧʝʥʴ ʩʧʝʢʪʨʘʣʴʥʦʡ 

ʣʦʢʘʣʠʟʘʮʠʠ. ʇʦʚʳʰʝʥʥʘʷ ʩʪʝʧʝʥʴ ʩʧʝʢʪʨʘʣʴʥʦʡ ʣʦʢʘʣʠʟʘʮʠʠ ʚʳʥʫʞʜʘʝʪʩʷ 

ʚʥʝʰʥʠʤ ʚʦʟʜʝʡʩʪʚʠʝʤ ʈɼɿʉ, ʯʪʦ ʚ ʢʦʥʝʯʥʦʤ ʩʯʝʪʝ ʧʦʟʚʦʣʷʝʪ ʩʜʝʣʘʪʴ ʚʳʚʦʜ 

ʦ ʜʦʩʪʦʚʝʨʥʦʤ ʦʙʥʘʨʫʞʝʥʠʠ ʬʘʢʪʘ ʛʨʘʚʠʪʘʮʠʦʥʥʦ-ʚʦʣʥʦʚʦʛʦ ʚʦʟʜʝʡʩʪʚʠʷ 

ʘʩʪʨʦʬʠʟʠʯʝʩʢʦʡ ʧʨʠʨʦʜʳ ʥʘ ʟʝʤʥʦʡ ʵʣʝʢʪʨʦʤʘʛʥʝʪʠʟʤ. 
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Abstract. The work considers forced oscillations of the electric field vertical component in 

the surface layer of the Earth atmosphere at the frequencies of gravity-wave radiation of 

catalogued relativistic binary stellar systems. Using the perturbation theory and simulation, 

it was demonstrated that eigenoscope (eigenvectors and components analyzer) has the 

properties of supersensitivity and superselectivity. The results of the research give us the 

right to claim the discovery of a new physical property ð the susceptibility of the Earth 

infra-low frequency electric field to external gravity-wave impact. 

Keywords: relativistic binary stellar systems, the Earth electric field, eigenoscopy, spectral 

localization, coherence index, first finite difference 

Introduction. The work aims to reveal the gravity-wave impact of the radiation 

from binary stellar systems on the Earth electric field. The former attempts to de-

tect the named effect using conventional spectral analysis failed due to the incoher-

ence of the searched components of the Earth electric field. The task was set and 

carried out to develop the analyzer (eigenoscope) [1], capable to detect spectrally 

localized incoherent energetically non-dominant components.  

Methods and materials; results. 1. Using the perturbation theory and simula-

tion, it was demonstrated that eigenoscope (eigenvectors and components analyzer) 

[1] has the properties of supersensitivity and superselectivity. These properties 

make it possible to detect reliably spectrally localized energetically non-dominant 

components in the fractionally integrated (colored) noise series [2], which are the 
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adequate model of the series of infra-low frequency electric field in surface layer of 

the Earth atmosphere. 

2. Analyzing long-term time series of infra-low frequency electric field in the 

surface layer of the Earth atmosphere with the help of eigenoscopy made it possi-

ble to detect energetically non-dominant components spectrally localized at the 

frequencies of gravity-wave radiation of catalogued relativistic binary stellar sys-

tems (RBSS) both with low eccentricity (double rotation frequency, n = 2) and with 

high eccentricity (n ² 3) [3,4]. 

3. It was proved with high reliability using standard statistic criteria that the 

components of the electric field of the Earth atmosphere surface layer, which were 

detected with the help of eigenoscopy, have abnormally high degree of spectral 

localization at the frequencies of RBSS gravity-wave radiation. It gives us the right 

to claim the discovery of a new physical property ð the susceptibility of the Earth 

infra-low frequency electric field to external gravity-wave impact [3, 5, 6]. 

4. The revealed property, taking into account the known spatial distribution of 

the catalogued RBSS, makes it possible to set the task of multi-frequency gravity-

wave monitoring of the Universe based on growing observation data concerning 

the Earth electric and magnetic field in the infra-low frequency range. 

Conclusion. It was proved that eigenvectors, got from the data on the Earth 

electric field in the infra-low frequency range, are spectrally localized at the frequen-

cies of RBSS gravity-wave radiation and have abnormally high degree of spectral 

localization. The high degree of spectral localization is a result of the external RBSS 

impact. The obtained results lead us to the conclusion about the reliable discovery of 

the astrophysical gravity-wave impact on the Earth electromagnetism. 
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Abstract. The confinement of vortex topologically-nontrivial graphene charge 

carriers in a hexagonal graphene p-n-junction region under an action of an external 

electrostatic superlattice potential has been investigated. The existence of steady 

atom-like localized bound Majorana states and confinement of collapse states 

through Majorana resonances of Klein scattering are demonstrated 
Keywords: Majorana interaction, collapse state, graphene, quantum dot, confinement 

Introduction.  Electrostatically confined graphene quantum dots (GQD) being p-n 

graphene junctions, are considered nowadays as a promising system for robust 

quantum computing primarily due topological non-triviality of the k-space. It has 

been shown [1], that electronic properties such as local density of states, atom-like 

behaviour and the existence of the so called quasi-zero energy band can be accu-

rately described with the use of the quasi-relativistic theory of graphene [2]. Re-

cently, we have proposed quasi-relativistic quantum field model of graphene [3] 

and demonstrated that quasi-particle excitations in the model are Majorana-like 

fermions rather than Dirac ones. The last means that non-Abelian statistics of these 

charge carriers can give additional gain for system stability and this will be the goal 

of the paper. 

Methods and materials; results. A Hamiltonian, HGQD, of the GQD model 

reads HGQD = HM + V, where HM is a quasi-relativistic Hamiltonian of pseudo-

Majorana graphene model [3], V is a pseudopotential [1]. Wave functions of GQD 

being hexagonally symmetrical belong to the states of the graphene superlattice 

that is formed under an action of electrically polarized substrate. Eigenstates of the 

quantum dot should satisfy the periodical boundary conditions imposed by the ex-

istence of the superlattice on the wave vectors .k  For the case of GQD of torus 

topological class [2], they are as follows: 

1 1 1 2 2 2(2 1)( ) 2 , (2 1)( ) 2 ,n A k m n A k m+ Ö = p + Ö = p  

where 1 2,m m  are integer, 1A  and 2A  are two basis vectors of the rhombic unit 

supercell. 

Eigenenergies ,i GQDe  for graphene state corresponding to these found 

wavevectors ,i GQDk , have been found by mapping their to the reduced graphene 
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Brillouin zone. The eigenfunctions of GQD were searched by using a series expan-

sion in bispinor Bloch plain wave functions 
,

,( )exp( ( ))
j GQD

j GQDk
r ē k rY Ö  of gra-

phene pseudo-Majorana vortex particles possessing the wave vector ,j GQDk  and the 

energy ,j GQDe . Here 
,

( )
j GQDk

rY  is the solution in momentum representation for 

the pseudo-Majorana single-particle excitation in the quasi-relativistic graphene 

model without the pseudopotential V. Eigenproblem has been solved for linear 

combinations of forty constructed basis Bloch functions with found ,i GQDk  and 

,i GQDe . These forty base functions have been chosen in few ways: 1) with the 

smallest ,i GQDe , 2) with the highest ,i GQDe , 3) with the smallest norm of ,i GQDk . 

Box normalization conditions have been used for the eigenstates. 

Results. Figure 1 shows the norm of the wave function of graphene p-n junc-

tion for a representative localized atomic-like state of the quantum dot. In this case, 

the localization is stipulated by a constructive interference of wave functions.  

 

  
(a)      (b) 

 
Fig. 1. Norm of the hole (electron) wave function of the hexagonal p-n junction (a) consisting of three unit cells of 

superlattice and the norm of the hole(electron) wave function in the supercell (b). This atom-like state corre-
sponds to the energy level 0.933 eV 

 

A localized atom-like GQD state can appear as a Klein scattering resonance in 

a process of scattering of the Dirac pair consisting of bound Majorana particles. 

This state is presented in Figure 2a. The fact that this state is the Klein resonance is 

proven by its free passing through the potential barrier at normal incidence on the 

supercell boundary for phases which are multiples of  ́Ñ 2́n; n = 0, 1, ... [4] as 

Inset to the figure 2a shows. The bound states of two Majorana-like particles repre-

sent themselves hole (electron) states possessing a total zero topological charge and 

with the hexagonal symmetry as shown in Figure 2ʘ.  

The pseudo-Majorana free state of the electrostatically confined graphene 

quantum dot is a superposition of vortex states possessing non-zero topological 

charges. Since the total topological charge of the states is non-zero, the wave func-

tion of such a superposition has the electron-hole symmetry, as can be seen in the 
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inset to Figure 2b. The electron-hole symmetry is an evidence that the Majorana 

configuration is electrically neutral. These Majorana-like states are wave packet of 

high-frequency (low-frequency) states with amplitude low-frequency (high-

frequency) modulation.  

The translational symmetry of the high-frequency states with a high value of 

the GQD wave vector hq ¹ ,i GQDk , hq >>1 is distorted by the superlattice potential 

due to the addition of a small basis wave vector Q , Q  << hq  of the superlattice 

unit cell to hq .  

 

 

    

     
 

(a)      (b) 
 

Fig. 2. Contour plots for the norm of hole (electron) (a) and pseudo-Majorana (b) states of the hexagonal p-n 
junction; energies of the states are of 0.313 and 0.059 eV, respectively. The norm of the wave functions in the 

unit cell of superlattice are shown in Insets to the figures 2(a) and 2(b) 

 

However, since the vector Q  is small, the wave vectors of the graphene dot 

become periodically multiples of hq , and this periodicity manifests itself as a Moi-

r® pattern of the electron density of the graphene quantum dot as Figure 2b shows. 

Conclusion. A mechanism for confinement of vortex topologically nontrivial 

graphene charge carriers in these regions is proposed. It is shown that the stability 

of atomic-like localized bound Majorana-like states is ensured by their confinement 

through Majorana resonances emerging in a Klein scattering process. 
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Abstract. The enigmatic phenomenon of dark energy (DE) is the elusive entity driving the 

accelerated expansion of our Universe. A plausible candidate for DE is the non-zero Ein-

stein Cosmological Constant ȿE manifested as a constant energy density of the vacuum, 

yet it seemingly defies gravitational effects. In this work, we interpret the non-zero ȿE 

through the lens of scale-invariant cosmology. We revisit the conformal scale factor ɚ and 

its defining equations within the Scale-Invariant Vacuum (SIV) paradigm. Furthermore, we 

address the profound problem of the missing mass across galactic and extragalactic scales 

by deriving an MOND-like relation, ὫḐ ὥὫ ϳ , within the SIV context. Remarkably, 

the values obtained for ȿE and the MOND fundamental acceleration, ὥ, align with ob-

served magnitudes, specifically, ὥ ρπ ά ίϳ  and ɤ ρȢψϽρπ ά  propose a 

novel early dark energy term, Ὕ Ḑ‖Ὄ, within the SIV paradigm, which holds potential 

relevance for addressing the Hubble tension. 

Keywords: cosmology, theory, dark energy, dark matter, MOND, Weyl integrable geometry 

Introduction.  In modern cosmology, the Lambda Cold Dark Matter (ȿCDM) 

model is the prevailing framework for explaining cosmic acceleration and galaxy 

rotation curves. However, this model relies on two hypothetical components ð 

dark matter and dark energy ð which remain undetected despite extensive obser-

vational efforts. The Scale-Invariant Vacuum (SIV) paradigm presents an alterna-

tive, modifying general relativity by allowing the properties of vacuum to define a 

conformal scaling factor. This approach introduces scale invariance of the vacuum 

as a fundamental symmetry, providing an innovative perspective on cosmic expan-

sion and large-scale structure formation. 

This work examines how the SIV paradigm naturally accounts for the ob-

served value of the cosmological constant and the MOND like fundamental accel-

eration related to phenomena that traditionally require dark matter and dark energy, 

offering a theoretically consistent and observationally testable framework. 

Methods and materials; results. Our analysis builds upon the extended Ein-

stein field equations incorporating scale-invariant vacuum paradigm. The key mod-

ifications include: 
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Å A time-dependent conformal factor that changes over the cosmic evolution. 

Å Adjusted geodesic equations leading to alternative interpretations of galactic 

rotation curves. 

Å A reformulated evolution equation that eliminates the need for a cosmologi-

cal constant. 

These theoretical developments are validated against observational data, in-

cluding Type Ia supernovae luminosity distances, galaxy rotation curves, and large-

scale structure distributions. The mathematical framework adheres to a well de-

fined Lagrangian formulation, ensuring consistency with fundamental physical 

principles. 

We apply the SIV framework to key cosmological datasets and find: 

Å Cosmic Acceleration: The SIV approach reproduces the late-time accelerat-

ed expansion observed in supernovae data without requiring a separate dark energy 

component. 

Å Galaxy Rotation Curves: The modified geodesic equations under SIV natu-

rally yield flat rotation curves, eliminating the need for dark matter halos. 

Å The framework naturally introduces an early dark energy term in the FLRW 

equations. 

These results suggest that the SIV paradigm can successfully account for key 

cosmological observations, providing a compelling alternative to the ȿCDM model. 

Conclusion. The Scale-Invariant Vacuum paradigm offers a novel approach to 

understanding dark energy and dark matter phenomena by extending Einsteinôs 

equations to incorporate vacuum scale invariance. This framework provides a con-

sistent explanation for cosmic acceleration, galaxy rotation curves, and structure 

formation without invoking undetected particles based on a new understanding of 

the Einstein Cosmological Constant and the origin of the MOND like behavior. 

Future work will focus on refining observational tests and exploring potential ex-

tensions to quantum gravity theories. The SIV paradigm represents a promising 

avenue for rethinking fundamental physics in cosmology. 
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Abstract. Both non-CHIME and CHIME fast radio bursts (FRBs) were subjected to statis-

tical analysis and the ensuing outcome point to a strong statistical evidence for the exist-

ence of two categories of FRB events ð high luminosity and low luminosity ones, with a 

large fraction of the repeaters falling into the latter category. The median values of radio-

luminosity of the FRBs corresponding to these categories are Ḑ ρπerg/s and Ḑ ρπ 

erg/s, respectively. We put forward a simple theoretical model to explain the observed bi-

modality in the FRB luminosity wherein the majority of FRBs are linked to magnetar 

glitches that entail abrupt increase in the Goldreich-Julian charge density as well as sudden 

decrease in the light-cylinder radius. These lead to release of bunched charge particles to 

flow along the open field lines just outside the light-cylinder, giving rise to the FRB phe-

nomena. In the present study, we have considered relativistic effects resulting from glitches 

like emission of gravitational waves and the plausibility of observing the Gertsenshtein-

Zelôdovich effect due to the ambient magnetic field. 

Keywords: Fast Radio Bursts, Magnetars, Glitches, Gravitational Waves, Gertsenshtein-

Zelôdovich effect 

Introduction.  Fast Radio Bursts (FRBs) are bright and transient radio sources ap-

pearing sporadically from random directions and lasting for about a few to hun-

dreds of milliseconds [1ï12]. FRBs have so far been detected in the radio wave-

band 110 MHz to 8 GHz. Their extra-galactic origin is inferred from the observed 

large dispersion measures (DMs) associated with the FRBs. A fraction of the FRBs 

happen to be repeaters e.g. FRB 20121102A and FRB 20180916B. The all-sky 

FRB event rate is very high and is estimated to be about ρπ [6]. 

Methods and materials; results. We have assumed the universe to be de-

scribed by a Friedmann-LeMaitre-Robertson-Walker (FLRW) model and that the 

time dependent luminosity density is represented by a power law spectrum so that, 

ὒ ὒ ὸ’ ȟ 

where ὒ ὸ, ‌, ’ and ὸ are the time-dependent source luminosity parameter, spec-

tral index in the radio range, frequency, and time in the rest frame of the source, 

respectively. 

Then, the observed flux density and the fluence are related to the intrinsic FRB 

parameters as follows,  

Ὓ ὸ
ρ ᾀ ’ ὒ ὸ

τ“Ὀ
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and, integrating the above over the time, 

Ὂ Ὓ ὸὨὸȟ
Ў

 

respectively, where ᾀ, ’, ὸ and D(z) are the source cosmological redshift, ob-

served frequency, cosmic time in the observer's rest frame and the FLRW lumi-

nosity distance of the source, respectively, with the rest frame time ὸ of the transi-

ent source being related to the observer's rest frame time ὸ by the equation, 

ὥὸ ὥὸ ρ ᾀϳ , a(t) being the FLRW scale factor. In our studies, we have 

used the following values for the FLRW model parameters: Ὄ = 73.04 km/s/Mpc, 

ɱ ȟ= 0.28 and ɱȟ= 0.72.  

The FRB luminosity density at a particular frequency, say 300 MHz, is given by, 

ὒ τ“Ὀ ρ ᾀ Ὓ
’

σππ -(Ú
 

while the FRB energy and energy density are given by, 

Ὁ τ“Ὀ ρ ᾀ Ὂ ’
’ ’

‌ ρ
 

and, 

ό ͯ
Ὁ

ὰ

Ὁ

ὧЎὸ
ȟ 

respectively, l being the size of the FRB region. 

Transient Name Server (TNS) website https://www.wis-tns.org was used to 

obtain data related to non-CHIME FRBs. These transient events were largely de-

tected using telescopes like the Australian Square Kilometre Array Pathfinder 

(ASKAP), Parkes, Arecibo, etc. The FRB data pertaining to the Canadian Hydro-

gen Intensity Mapping Experiment (CHIME) was taken from the CHIME/FRB first 

catalog paper from the CHIME data website https://www.chime-frb.ca/catalog. 

The CHIME catalog only lists lower bounds to the fluence and flux density of 

individual radio transients. Hence, we have employed in our statistical analysis a 

new technique that involves dimensionless as well as dimensional quantities that 

make use of the ratio of measured fluence to flux density as well as various other 

measured and estimated physical quantities related to the FRBs so that we may 

compare the results for both non-CHIME as well as CHIME FRBs [13].  

 Based on our analysis, we conclude that the non-CHIME FRBs come in two 

distinct categories: low and high luminosity density events, based on the peak ὒ  

distribution. The low luminosity density category is mostly dominated by repeating 

FRB events, while most of the non-repeaters belong to the high luminosity density 

category. The distribution of the ratio of peak ὒ  to E also displays a similar bi-

modality with regards to repeaters and non-repeaters. This feature is shared by the 

CHIME FRBs as well, strengthening our conclusion favoring the existence of two 

https://www.wis-tns.org/
https://www.chime-frb.ca/catalog$~%5Ccite%7B39
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distinct categories of FRB events wherein repeaters tend to be associated with low-

er values of radio luminosity density events [14]. The brightness temperature and u 

tend to be larger for the high luminosity category. 

Conclusion. Very early on in this field of research, magnetars have been 

linked with the FRB phenomena [15ï17]. 

In recent times, magnetar glitches have been associated with FRBs [18, 19]. 

Previously, we had put forward a simple model based on magnetar glitches to ex-

plain the bi-modality in FRB luminosity [13, 14]. 

The model describes FRB emission by using the effect of magnetar glitches, 

wherein the angular speed changes from ɤ to ɤ+ŭɤ, on the Goldreich-Julian 

charge density and also on the sudden decrease in the light-cylinder radius, the 

combination of which entails an abrupt release of bunched charge particles to flow 

along the open field lines just outside the new light-cylinder. 

The bi-modality emerges if one considers for the higher FRB luminosity cate-

gory a polar magnetic field of ὄ ρͯπ Gauss and ͯ‫‫‏ σ ρπϳ  as against the 

values ὄ ρͯπ Gauss and ͯ‫‫‏ ς ρπϳ , respectively, for the weaker catego-

ry. Of course, with a larger value of glitch, ͯ‫‫‏ ρπϳ  ŭɤ/ɤ Ḑ 10^(ī4), the 

higher luminosity category FRBs can follow from magnetars with ὄ ρͯπ Gauss. 

In this model, curvature radiation along open field lines being responsible for the 

FRB emission, it is expected that the ensuing radiation is linearly polarized and 

therefore would undergo Faraday rotation as it propagates through intervening 

plasma that is threaded with magnetic field. Therefore, in the SKA era, measure-

ments of both rotation measure and dispersion measure corresponding to over 

ρͯπ FRBs would lead to a significant progress in our understanding of IGM 

magnetic fields. 

In this study, we report that the magnetar glitches can lead to emission of grav-

itational waves (GWs) with typical wave amplitude Ὤͯ ρπ  ŭɤ/ɤ in the vicinity of 

the light cylinder. We also consider the plausibility of observing the electromagnet-

ic waves ensuing from such GWs propagating in the magnetosphere due to the 

Gertsenshtein-Zelôdovich effect. 
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ɸʥʥʦʪʘʮʠʷ. ʇʨʝʜʣʦʞʝʥʦ ʦʧʠʩʳʚʘʪʴ çʩʚʝʨʭʩʚʝʪʦʚʳʝè ʧʦʣʝʪʳ ʚʘʨʧ-ʢʦʨʘʙʣʝʡ ɸʣʴ-

ʢʫʙʴʝʨʨʝ ʩ ʧʦʤʦʱʴʶ ʪʝʦʨʠʠ ʧʦʪʦʢʦʚ ʈʠʯʯʠ. ʇʦʢʘʟʘʥʦ, ʯʪʦ ʪʘʢʠʝ ʧʦʣʝʪʳ, ʩʦʧʨʦʚʦʞ-

ʜʘʝʤʳʝ ʦʙʨʘʟʦʚʘʥʠʝʤ 4-ʤʝʨʥʳʭ ʢʨʦʪʦʚʳʭ ʥʦʨ, ʤʦʞʥʦ ʜʝʪʘʣʴʥʦ ʦʭʘʨʘʢʪʝʨʠʟʦʚʘʪʴ ʢʘʢ 

ʧʦʪʦʢ ʈʠʯʯʠ ʩ ʭʠʨʫʨʛʠʝʡ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʢʨʦʪʦʚʳʝ ʥʦʨʳ, ʚʘʨʧ-ʢʦʨʘʙʣʠ, ʧʦʪʝʨʷ ʩʚʷʟʥʦʩʪʠ, ʧʦʪʦʢʠ ʈʠʯʯʠ, 

ʩʠʥʛʫʣʷʨʥʦʩʪʠ, ʭʠʨʫʨʛʠʷ 

ɺʚʝʜʝʥʠʝ. ʃʦʢʘʣʴʥʳʝ ʬʠʟʠʯʝʩʢʠʝ ʧʨʦʮʝʩʩʳ, ʧʨʦʠʩʭʦʜʷʱʠʝ ʚ ʬʠʟʠʯʝʩʢʦʤ 

ʢʦʩʤʠʯʝʩʢʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ, ʚ ʪʦʤ ʯʠʩʣʝ ʠ ʩʪʘʨʪʳ ʚʘʨʧ-ʢʦʨʘʙʣʝʡ ɸʣʴʢʫʙʴʝʨʨʝ, 

ʤʦʛʫʪ ʧʦʨʦʜʠʪʴ 4-ʤʝʨʥʳʝ ʢʨʦʪʦʚʳʝ ʥʦʨʳ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ-ʚʨʝʤʝʥʠ, ʢʦʪʦʨʳʝ 

ʧʨʠʚʦʜʷʪ ʢ ʪʦʤʫ, ʯʪʦ ʬʠʟʠʯʝʩʢʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ ʪʝʨʷʝʪ ʪʦʧʦʣʦʛʠʯʝʩʢʫʶ ʩʚʷʟ-

ʥʦʩʪʴ ð ʢʦʤʧʘʢʪʥʘʷ ʦʙʣʘʩʪʴ ʧʨʦʩʪʨʘʥʩʪʚʘ, ʩʦʜʝʨʞʘʱʘʷ ʠʩʪʦʯʥʠʢ ʦʧʠʩʘʥʥʦʡ 

ʤʝʪʘʤʦʨʬʦʟʳ, çʦʪʨʳʚʘʝʪʩʷè ʦʪ ʚʩʝʛʦ ʦʩʪʘʣʴʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ [1].  

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɺ ʨʘʙʦʪʝ ʠʩʧʦʣʴʟʫʶʪʩʷ ʤʝʪʦʜʳ ʪʝʦ-

ʨʠʠ ʧʦʪʦʢʦʚ ʈʠʯʯʠ, ʦʙʱʝʡ ʪʝʦʨʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦʩʪʠ ʠ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʡ ʪʦ-

ʧʦʣʦʛʠʠ. ɼʝʪʘʣʴʥʦʝ ʦʧʠʩʘʥʠʝ ʧʨʦʮʝʩʩʦʚ ʦʙʨʘʟʦʚʘʥʠʷ 4-ʤʝʨʥʳʭ ʢʨʦʪʦʚʳʭ 

ʥʦʨ, ʩʦʧʨʦʚʦʞʜʘʶʱʠʭ ʩʚʝʨʭʩʚʝʪʦʚʳʝ, ʘ ʪʦʯʥʝʝ, ʩʚʝʨʭʙʳʩʪʨʳʝ ʧʦʣʝʪʳ ʚʘʨʧ-

ʢʦʨʘʙʣʝʡ ɸʣʴʢʫʙʴʝʨʨʝ, ʚ ʥʘʰʝʤ ʠʩʩʣʝʜʦʚʘʥʠʠ ʧʨʦʠʟʚʦʜʠʪʩʷ ʩ ʧʦʤʦʱʴʶ ʪʝʦ-

ʨʠʠ ʧʦʪʦʢʦʚ ʈʠʯʯʠ c ʭʠʨʫʨʛʠʝʡ 

  ς Ὑ , 

ʢʦʪʦʨʘʷ ʙʳʣʘ ʧʨʝʜʣʦʞʝʥʘ ɻʘʤʠʣʴʪʦʥʦʤ ʠ ʜʦʚʝʜʝʥʘ ʜʦ ʣʦʛʠʯʝʩʢʦʛʦ ʟʘʚʝʨʰʝ-

ʥʠʷ ɻʨʠʛʦʨʠʝʤ ʇʝʨʝʣʴʤʘʥʦʤ [2]. ʆʙʨʘʟʦʚʘʥʠʝ 4-ʤʝʨʥʦʡ ʢʨʦʪʦʚʦʡ ʥʦʨʳ ʧʦ-

ʩʨʝʜʩʪʚʦʤ ʧʨʝʜʝʣʴʥʦʛʦ ʧʦʪʦʢʘ ʈʠʯʯʠ, ʥʘʧʨʠʤʝʨ, ʚ ʩʣʫʯʘʝ ʟʘʤʢʥʫʪʦʛʦ ʧʨʦ-

ʩʪʨʘʥʩʪʚʘ Ὓ, ʧʨʦʠʩʭʦʜʠʪ ʧʦ ʦʜʥʦʤʫ ʠʟ ʜʚʫʭ ʚʦʟʤʦʞʥʳʭ ʧʫʪʝʡ ʨʘʟʚʠʪʠʷ 
ʩʦʙʳʪʠʡ: 1) ʦʙʨʘʟʫʝʪʩʷ ʩʞʠʤʘʶʱʘʷʩʷ ʢʨʫʛʣʘʷ ʩʬʝʨʠʯʝʩʢʘʷ ʬʦʨʤʘ Ὓ ʠʣʠ ʝʝ 

ʬʘʢʪʦʨ ὛȾː (ʢʦʪʦʨʳʡ ʩʞʠʤʘʝʪʩʷ ʚ ʪʦʯʢʫ ʟʘ ʢʦʥʝʯʥʦʝ ʚʨʝʤʷ), ʣʠʙʦ 2) ʚ ʪʦʯ-

ʢʘʭ ʤʘʢʩʠʤʘʣʴʥʦʡ ʢʨʠʚʠʟʥʳ ȿὙ ὼȟὸ| ʠʜʝʪ ʦʙʨʘʟʦʚʘʥʠʝ ʩʠʥʛʫʣʷʨʥʦʩʪʠ 
ʪʠʧʘ ʙʝʩʢʦʥʝʯʥʦʛʦ ʮʠʣʠʥʜʨʘ Ὓ Ὑ, ʪ. ʝ. ʬʦʨʤʠʨʫʝʪʩʷ ʪʦʥʢʘʷ çʰʝʷè ʩ ʧʦʩʣʝ-
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ʜʫʶʱʠʤ ʝʝ çʧʝʨʝʢʫʩʳʚʘʥʠʝʤè ʩ ʧʦʤʦʱʴʶ ʭʠʨʫʨʛʠʠ ʠ ʨʘʟʜʝʣʝʥʠʝʤ ʧʨʦ-

ʩʪʨʘʥʩʪʚʘ ʥʘ ʜʚʘ çʢʫʩʢʘè. ʕʪʦʪ ʚʪʦʨʦʡ ʧʫʪʴ ʦʪʚʝʯʘʝʪ ʧʨʦʮʝʩʩʫ ʦʙʨʘʟʦʚʘʥʠʷ  

4-ʤʝʨʥʦʡ ʢʨʦʪʦʚʦʡ ʥʦʨʳ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ-ʚʨʝʤʝʥʠ. ʇʦʜʨʦʙʥʳʝ ʜʝʪʘʣʠ ʪʦʛʦ, 

ʢʘʢ ʥʘ ʩʘʤʦʤ ʜʝʣʝ ʧʨʦʠʩʭʦʜʠʪ çʧʝʨʝʢʫʩʳʚʘʥʠʝè ʠ ʨʘʟʨʳʚ ʠ ʢʘʢ ʩʣʝʜʫʝʪ ʧʨʦ-

ʚʦʜʠʪʴ ʜʘʥʥʫʶ çʭʠʨʫʨʛʠʶè ʦʯʝʥʴ ʩʣʦʞʥʳ. ʅʦ ʠʤʝʥʥʦ ʵʪʦ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʧʦ-

ʣʝʪʫ ʚʘʨʧ-ʢʦʨʘʙʣʷ, ʠ ʵʪʠ ʜʝʪʘʣʠ ʷʚʣʷʶʪʩʷ ʧʨʝʜʤʝʪʦʤ ʥʘʰʝʛʦ ʠʩʩʣʝʜʦʚʘʥʠʷ. 

ʇʝʨʚʳʡ ʦʪʤʝʯʝʥʥʳʡ ʚʳʰʝ ʧʫʪʴ ʨʘʟʚʠʪʠʷ ʥʝ ʤʦʞʝʪ ʨʝʘʣʠʟʦʚʘʪʴʩʷ, ʧʦʩʢʦʣʴʢʫ 

ʜʣʷ ʵʪʦʛʦ ʥʘ ʢʦʨʘʙʣʝ ʧʨʦʩʪʦ ʥʝʪ ʥʝʦʙʭʦʜʠʤʦʡ ʵʥʝʨʛʠʠ. ʌʘʢʪʠʯʝʩʢʠ ʵʪʦ ʧʫʪʴ 

ʝʩʪʴ ʧʫʪʴ ʬʘʥʪʘʩʪʠʯʝʩʢʦʛʦ ʫʥʠʯʪʦʞʝʥʠʷ ʧʨʦʩʪʨʘʥʩʪʚʘ. 

ɺ ʜʦʢʣʘʜʝ ʧʨʠʚʦʜʷʪʩʷ ʢʦʥʢʨʝʪʥʳʝ ʧʨʠʤʝʨʳ ʧʦʪʦʢʦʚ Ὣ , ʠ ʚ ʨʘʤʢʘʭ ʦʙ-

ʱʝʡ ʪʝʦʨʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦʩʪʠ ʧʦʣʫʯʝʥʳ ʬʦʨʤʫʣʳ ʜʣʷ ʧʣʦʪʥʦʩʪʠ ʵʥʝʨʛʠʠ, ʦʪ-

ʚʝʯʘʶʱʝʡ ʦʧʠʩʘʥʥʳʤ ʧʨʦʮʝʩʩʘʤ. 

ɿʘʢʣʶʯʝʥʠʝ. ʇʨʝʜʣʦʞʝʥʥʳʡ ʚ ʨʘʙʦʪʝ ʧʦʜʭʦʜ, ʦʧʠʨʘʶʱʠʡʩʷ ʥʘ ʪʝʦʨʠʶ 

ʧʦʪʦʢʦʚ ʈʠʯʯʠ, ʜʘʝʪ ʚʦʟʤʦʞʥʦʩʪʴ ʦʧʠʩʳʚʘʪʴ ʠ ʨʘʩʩʯʠʪʳʚʘʪʴ ʚʩʝ ʜʝʪʘʣʠ, ʩʦ-

ʧʨʦʚʦʞʜʘʶʱʠʝ ʧʦʣʝʪʳ ʚʘʨʧ-ʢʦʨʘʙʣʷ ʧʨʠ ʚʳʭʦʜʝ ʥʘ ʩʚʝʨʭʩʚʝʪʦʚʦʡ ʨʝʞʠʤ 

ʧʦʣʝʪʘ. 
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Abstract. t is proposed to describe the ñsuperluminalò flights of Alcubierre warp ships us-

ing the Ricci flow theory. It is shown that such flights, accompanied by the formation of 4-

dimensional wormholes, can be described in detail as a Ricci flow with surgery.  

Keywords: wormholes, warp ships, loss of connectivity, Ricci flows, singularities, surgery  

Introduction. Local physical processes occurring in physical outer space, includ-

ing the launches of Alcubierre warp ships, can generate 4-dimensional wormholes 
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in space-time, which lead to the fact that physical space loses topological connec-

tivity  ð a compact area of space containing the source of the described metamor-

phosis ñbreaks offò from the rest of space. [1].  

Methods and materials; results. The methods of Ricci flow theory, general 

relativity and differential topology are used in the work. In our study, a detailed 

description of the formation processes of 4-dimensional wormholes accompanying 

superluminal, or rather, ultrafast flights of Alcubierre warp ships is carried out us-

ing the Ricci flow theory with surgery 

  ς Ὑ , 

which was proposed by Hamilton and brought to its logical conclusion by Grigory 

Perelman [2]. The formation of a 4-dimensional wormhole by means of a limiting 

Ricci flow, for example, in the case of an enclosed space Ὓ, occurs along one of 

two possible paths of development: 1) a compressible round spherical shape Ὓ or 

its factor ὛȾː is formed (which is compressed into a point in a finite time), or 2) at 

points of maximum curvature ȿὙ ὼȟὸ| a singularity of the type of infinite cyl-

inder Ὓ Ὑ, is formed, i. e. a thin ñneckò is formed, followed by its ñsnackingò 

with the help of surgery and the division of space into two ñpiecesò. This second 

path corresponds to the formation of a 4-dimensional wormhole in space-time. The 

detailed details of how ñsnackingò and tearing actually occur and how this ñsur-

geryò should be performed are very complex. But this is exactly what corresponds 

to the flight of a warp ship, and these details are the subject of our research. The 

first development path mentioned above cannot be realized, because the ship simp-

ly does not have the necessary energy for this. In fact, this path is a path of fantas-

tic destruction of space. The report provides specific examples of Ὣ , flows, and 

within the framework of general relativity, formulas for the energy density corre-

sponding to the described processes are obtained.  

Conclusion. The approach proposed in this paper, based on the theory of Ricci 

flows, makes it possible to describe and calculate all the details accompanying 

warp ship flights when entering fast than light flight mode. 

References  

[1]  Guts A.K. Energy required to generate wormholes by a warp drive. RusGrav-18. 18th Russian 
Gravitational Conference. International Conference on Gravitation, Cosmology and Astrophys-
ics. Abstracts of reports. Kazan, KFU Publishing House, 2024, pp. 73ï75. (In Russ.). 

[2]  Morgan J., Tian G. Ricci Flow and the Poincar® Conjecture. American Mathematical Society, 

Providence, RI, USA, 2007.  

  



166  ˸͍ͦͫ͊͟Σ ˸˥́̂ ͙ͣΦ ˹Φ̏Φ ˣ͊ͯͣ͊ͤ͊Σ 7ς10 ͙ Ό͡Ύ нлнр ͎Φ   

UDC 524.1 

A Coupled Oscillator Approach to Energy Dissipation  
due to Tidal Forces in Cosmology 

Ibeh Joseph Godwin1(*)  gjibeh@nda.edu.ng 

Nnochin C. Stephen1  nnochincs@nda.edu.ng 

Okoro Ikechukwu Collins2,3  Ikechukwu.Okoro@nileuniversity.edu.ng 

Akpojotor Ejiroghene Godfrey3  akpogea@delsu.edu.ng 

1 Department of Physics, Nigerian Defence Academy, Kaduna, Nigeria 

2 Department of Physics, Nile University of Nigeria, Abuja, Nigeria 

3 Department of Physics, Delta State University, Abraka, Nigeria 

Abstract. The coupled oscillator approach is very useful for modelling exoplanet interiors, 

galaxy cluster mergers and compact binary spirals. In this study, a simplified two-coupled 

oscillator model to quantify energy dissipation due to linear tidal forces is developed and its 

implications for cosmic evolution explored. The model incorporated gravitational and tidal 

interactions and the equations of motion of the system is derived using Lagrangian mechan-

ics with dissipative terms which made it easier to treat tidal dynamics as solvable mechani-

cal systems. The model also predicts dissipation rates for orbits, spins and deformations and 

links microphysics to macroscale evolution. 

Keywords: coupled oscillator, energy dissipation, tidal dissipation, gravitational interac-

tions, cosmic evolution, galaxy cluster mergers 

Introduction.  In cosmology tidal forces are caused by the differential gravitational 

pull on an object in a non-uniform gravitational field and these forces are important 

in the dynamics of galaxies clusters, and other cosmic structures such as binary star 

systems, exoplanetary systems and black hole mergers. These forces can lead to 

energy dissipation through mechanisms like tidal friction and heating, influencing 

the evolution of cosmic systems [1, 2]. Observations of clusters of galaxies of dif-

ferent sizes showed that they are bright x-ray sources whose emission mechanisms 

is thermal bremsstrahlung from hot low density gas [3, 4]. There are already a del-

uge of theoretical and experimental studies investigating tidal forces and energy 

dissipation in cosmology [5, 8]. In this current study, we have developed a simpli-

fied two-coupled oscillator model to quantify energy dissipation due to linear tidal 

forces and explore its implications for cosmic evolution. Further, we have incorpo-

rated gravitational and tidal interactions and derive the equations of motion using 

Lagrangian mechanics with dissipation terms. 

Methods and materials; results. For the simple model of two body system 

(body 1 and body 2) proposed here we treat the interacting cosmic bodies such as a 

star and a planet or two galaxies, as mass-spring-damped systems at distance d, we 
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shall adopt the Lagrangian mechanics-based approach for coupled damped har-

monic oscillators [4] in which we incorporate into the Lagrangian of the system the 

gravitational couplingk between two oscillators representing the cosmic bodies of 

masses M_1 and M_2, and the tidal dissipation is represented by the dampers ɔ. 

The tidal forces will be treated as perturbations such that the deformation of body  

2 is due to the gravitational gradient of body 1. 

Now, the modelling approach is that the tidal forces lead to energy dissipation 

through mechanisms such as the internal friction generated by the relative motion 

of different parts of an object, the conversion of mechanical energy into heat due to 

tidal deformation and the energy loss in fluid components, for example the gas in 

the galaxies or clusters, due to viscosity. After some slightly rigorous mathematics, 

we obtained expressions for the energy dissipation, instantaneous power loss and 

the time-averaged dissipation for circular orbits with frequency. 

Results: The model was also applied to study binary star synchronization by 

modelling tidal locking timescales and also explain the observed rotational fre-

quency and orbital frequency ratio distributions in previous studies [8, 9]. Work is 

still in progress on how the model would be applied to study galactic flyby interac-

tions such as estimate tidal stripping rates in dwarf galaxies and to predict star for-

mation triggers from tidal heating. 

Conclusion. The coupled oscillator model developed here is a simplified 

framework for studying tidal dissipation in cosmology, linking microphysical pro-

cesses to macroscopic. The results obtained from the application of the model 

compares with astrophysical observations such as orbital circularization in binary 

stars and tidal heating in exoplanets. It is recommended that this work be improved 

by introducing general relativistic corrections. Here, we considered for simplifica-

tion only two coupled oscillators, for hierarchical structure formation, multi-

oscillators may be considered. 
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Abstract. This study investigates anisotropic spherical structures in the framework of mod-

ified f(R)f(R) gravity, where RR is the Ricci scalar, extending general relativity to incorpo-

rate additional gravitational effects. We employ the FinchïSkea metric to analyze compact 

stars using different f(R) models. These models allow us to explore the impact of modified 

gravity on the internal composition and equilibrium of neutron and strange stars. Key phys-

ical parameters, including energy density, radial and tangential pressures, anisotropy, and 

fundamental forces (gravitational, hydrostatic, and anisotropic), are analyzed through 

graphical representation. The viability of the models is assessed via energy conditions 

(NEC, WEC, SEC, and DEC) and the equation of state (EoS) parameter. Additionally, we 

evaluate the role of anisotropy in the stability of compact objects and compare our results 

with general relativity to highlight the influence of f(R) gravity on stellar structures. This 

research contributes to the broader understanding of the modifications to general relativity 

and their implications for compact astrophysical objects. 

Keywords: modified gravity, anisotropy, compact stars, energy conditions, FinchïSkea 

metric 

Introduction.  The study of compact stellar structures, such as neutron stars and 

strange stars, has been a critical area of research in theoretical astrophysics and 

gravitational physics. General relativity (GR) provides a robust framework for un-

derstanding such objects; however, various cosmological and astrophysical obser-

vations suggest the need for modifications to GR. One such extension is f(R)f(R) 

gravity, where the Ricci scalar R is replaced with a function f(R) to introduce addi-

tional gravitational effects [1, 2]. 

Among various f(R) models, quadratic and exponential modifications have 

gained significant attention due to their ability to explain early and late-time cos-

mic acceleration while remaining consistent with local astrophysical constraints 

[3]. In this work, we analyze compact stars using three modified gravity models, 

employing the FinchïSkea metric, a well-suited ansatz for studying relativistic stel-

lar configurations. 

A key aspect of compact stars is anisotropy, where the radial and tangential 

pressures differ due to interactions such as nuclear forces, phase transitions, or strong 

magnetic fields [4, 5]. Anisotropic pressures influence the stability and internal struc-

ture of compact stars, making their study crucial in alternative gravity models. In this 

paper, we investigate how f(R) gravity affects the energy density, pressure compo-

nents, anisotropy factor, and fundamental forces governing equilibrium. 
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We further assess the physical viability of the stellar models by evaluating en-

ergy conditions (NEC, WEC, SEC, and DEC) and the equation of state parameter. 

The comparison of our results with GR provides insights into the deviations intro-

duced by modified gravity theories. The implications of our findings extend to as-

trophysical scenarios where alternative gravity theories play a role in stellar evolu-

tion and compact object dynamics. 

Methods and materials; results. To study anisotropic compact stars in 

f(R)f(R) gravity, we employ the following methodology: 

1. Choice of Metric: We adopt the FinchïSkea metric, which has proven ef-

fective for modeling spherically symmetric stellar structures. 

2. Modified Gravity Models: We consider three functional forms of f(R), in-

corporating quadratic and exponential corrections to general relativity. 

3. Field Equations: The Einstein field equations in f(R) gravity are derived for 

an anisotropic fluid distribution, obtaining expressions for density, radial and tan-

gential pressures. 

4. Stability and Energy Conditions: The viability of the models is assessed by 

verifying energy conditions and analyzing the equation of state. 

5. Graphical and Numerical Analysis: We present graphical results to illus-

trate variations in energy density, pressure, anisotropy, and stability parameters. 

The analysis reveals that modifications in f(R) gravity significantly alter the 

structural properties of compact stars. The quadratic and exponential corrections 

introduce changes in the pressure anisotropy, affecting the equilibrium conditions. 

Our key findings include: 

Å The inclusion of an R^2 term leads to a stiffer equation of state, enhancing 

stability. 

Å Exponential gravity corrections modify the density profile, affecting gravi-

tational collapse. 

Å The anisotropic factor plays a crucial role in maintaining hydrostatic equi-

librium in modified gravity models. 

A comparative analysis with GR highlights the deviations induced by f(R) 

gravity, suggesting its relevance in extreme astrophysical environments. 

Conclusion. This study explores anisotropic compact stars within f(R) gravity 

using the FinchïSkea metric. Our findings indicate that modifications to GR intro-

duce significant changes in stellar equilibrium and stability. The results contribute 

to the broader understanding of alternative gravity models in astrophysical settings 

and their potential implications for neutron stars, strange stars, and exotic compact 

objects. Future work could extend this analysis to more generalized forms of modi-

fied gravity and consider observational constraints from pulsar and gravitational 

wave data. 
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Abstract. In paper the conception of absolute space of Newton, Descartes, Leibnitz has 

been considered from emptiness of aincient Greeks to Einstein and recently research saying 

us that Space, Matter, and Light are of the same nature. The building block for them is a 

mass-unit composed of size and motion. The energy of motion of a mass-unit for matter is 

the body, but for light it is the photon. The energy of size of a mass-unit for usual space is 

the vacuum, but for absolute space it is that ephir about which said Einstein. 

Keywords: emptiness, absolute space, mass-unit, ephir, light, dark energy, dark matter 

Introduction.  From Parmenidesô definition of the void: "You say ñ'emptinessò but 

it doesnôt mean void, it means something". Follows that non-being does not exist, 

that whatever is thinkable is also being, including emptiness [1]. ñRemove the body 

ð there will be emptiness in its place,ò says Aristotle [2], a notion that Newton 

found appealing when defining his absolute space ð an infinite, external-

independent, unchanging, and immobile entity. It is the container of all bodies and 

is primary [3]. Ren® Descartes opposed Newtonôs view, arguing that matter, i.e. the 

body is primary because we directly interact with it, and its extension already con-

stitutes absolute space [4]. Ernst Mach was opposite absolute space, saying that the 

mass of body is being observed phenomena for us [5]. Indeed, in a recent article 

[6], it is suggested that the fundamental building block of space, matter, and light is 

a unit of mass. This unit has both motion energy at 2c2 and size energy at 2c2. The 

sum of these energies remains constant at 4c2. Authors speak nothing about abso-

lute space and ephir. We will try to do it.  

Methods and materials; results. For usual space, these energies of size and 

motion are equal. A mass-unit of usual space is a vacuum. For matter, size energy 

decreases while motion energy increases, leading to the emergence of a bodyða 

unit of mass of matter. In the limiting case of matter, size energy disappears entire-

ly, leaving only motion energy in one point. Of cause, it is a photon of light. Pho-

ton is a mass-unit of light. From it the big bang was been beginning in past which 

demanded space for scenario of bang. The space and matter, their a mass-unit were 

born in one point of light. Therefore a mass-unit is primary building brike for of all 

space, matter, light in the Universe. In fact, the mass is primary as said Rene Des-

cartes. 
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In present time as we know the Universe is being expanded. Therefore the size 

energy increases while motion energy decreases, leading to the emergence of a 

empty. In the limiting case of space, motion energy disappears entirely, leaving 

only size energy in the unfinity. The usual space becomes the absolute space.  

A unit of mass of absolute space is an ephir.  

Let's note the motion energy implies interaction, attraction. Leibnizôs perspec-

tive is interesting here. The author of ñMonadologyò [7] believed that relationships 

between bodies, rather than absolute space, are fundamental. Within the interac-

tion, within attracting and repulsion of celestial bodies, one can discern a field 

structure of Universe created by massive stars and planets, as described by Ein-

stein's General Theory of Relativity [8].  

Thus, light lacks size energy and only possesses motion energy of a mass-unit 

of matter. One might say that light is dark matter. However, the authors of the arti-

cle do not consider the limiting case of space, where matter disappears and only 

size energy remains. Clearly, this refers to absolute space. Ether appears ð a mass-

unit of absolute space. In this case, absolute space lacks motion energy and pos-

sesses only the size energy of a unit of mass of space. One might say that absolute 

space is dark energy. Aristotle was correct in wanting to separate motion from 

space. The usual space contains both motion and size energy. The emergence of a 

body within it reduces its size energy. However, if you remove the body, the size 

energy of a unit mass of space increases; remove all bodies, and you have empti-

ness ð absolute space with maximum size energy.  

Thus, we have two limiting cases. For matter, it is the light with maximum 

motion energy. For space, it is the absolute space with maximum size energy. Two 

giants, each with an immense force, energy of a mass-unit of each equals to 4c2, 

secretly ñstruggleò against each other. Perhaps this is precisely what they are: light 

as dark matter and absolute space as dark energy. ñEverything exists in every-

thing,ò said Nicholas of Cusa [9]. Perhaps through Leibnizôs monads, everything, 

by interacting with everything, exists within it ð and this, as we understand it, is 

light. ñAll exists in all,ò he continued. Perhaps ñin allò refers to absolute space as 

the container of everything. Nicholas of Cusa also spoke of the absolute, about its 

maximum and minimum. As an infinite entity, absolute space is the absolute max-

imum. But there is also an absolute minimum, something indivisible. If there exists 

an indivisible atom, and we extract it and its motion from the void, what remains is 

the indivisible atom of emptiness of Leucippus and Democritus [10] that is the ab-

solute minimum. It is within this that the atoms move.  

Nicholas of Cusa states that the absolute maximum and minimum are one and 

the same. Thus, that absolute space is simultaneously both the absolute maximum 

and the absolute minimum. ñInfinite things cannot be studied like finite things by 

comparing them to things known to us,ò says Cusa. Therefore, infinite things can 

only be studied indirectly, in a stepwise manner: from a particular finite thing to its 

species, from species to genus, and so on. In this sense, boundless physical space is 

a step toward understanding the infinite universe. Here, the infinite universe serves 
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as the species or genus for its material counterpart ð boundless physical space. 

Similarly, infinite absolute space serves as the species for its material counterpat ð 

boundless material ephir. As a symbol, like a finite segment on an infinite line, ma-

terial physical space is observable. However, ephir ð the ñwindò from it ð turned 

out to be unobservable. Here too, Nicholas of Cusa warned that the indirect ap-

proach has its limitations. A chain of finite things does not reveal the truth but only 

symbolizes it. Physical space is a symbol of the infinite universe. Do we conduct 

experiments to detect it? No. Let's here too the ephir be considered not only as a 

material counterpart but as a symbol of absolute space? Perhaps such could become 

the key for our understanding many things in Universe. In the abstract, in the abso-

lute space, where its maximum and minimum coexist, in its material counterpart, 

that is in the ephir we wanted to detect by the Michelson-Morley experiment phys-

ically feel ñwindò from ephir. But we failed. The speed of light in a vacuum was 

found to be the same in all directions, leading us to conclude that ether does not 

exist. However, even Einstein [8] was not opposed to the ether: ñAccording to the 

general theory of relativity, ether exists. But this ether cannot be regarded as a 

weighty medium endowed with qualitative characteristics, consisting of parts that 

can be tracked over time. The idea of motion does not apply to it.ò In fact, the ephir 

being a mass-unit of absolute space has only the energy of size In fact, the ephir 

being a mass-unit of absolute space has only the energy of size.  

Conclusion. Thus ephir is material analog of absolute space. But as symbol is 

a symbol of the structured field of the Universe. 
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˴̅̂Σ ˴͊͊ͤ͘ΈΣ ˾͙ͦͫͫΎ 

ɸʥʥʦʪʘʮʠʷ. ʈʘʩʩʤʦʪʨʝʥʦ ʜʚʠʞʝʥʠʝ ʬʦʪʦʥʦʚ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ-ʚʨʝʤʝʥʠ ʟʘʢʨʳʪʦʡ ʠʟʦ-

ʪʨʦʧʥʦʡ ʚʩʝʣʝʥʥʦʡ ʌʨʠʜʤʘʥʘ, ʩʦʜʝʨʞʘʱʝʡ ʜʠʥʘʤʠʯʝʩʢʫʶ ʢʨʦʪʦʚʫʶ ʥʦʨʫ, ʟʘʧʦʣʥʝʥ-

ʥʫʶ ʧʳʣʴʶ. ʇʦʣʫʯʝʥʳ ʠ ʨʝʰʝʥʳ ʫʨʘʚʥʝʥʠʷ ʛʝʦʜʝʟʠʯʝʩʢʠʭ ʜʣʷ ʬʦʪʦʥʦʚ ʚ ʧʨʦʩʪʨʘʥ-

ʩʪʚʝ-ʚʨʝʤʝʥʠ ʜʠʥʘʤʠʯʝʩʢʦʡ ʢʨʦʪʦʚʦʡ ʥʦʨʳ ʠ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ-ʚʨʝʤʝʥʠ ʚʩʝʣʝʥʥʦʡ 

ʌʨʠʜʤʘʥʘ. ʇʦʣʫʯʝʥʘ ʠ ʧʨʦʘʥʘʣʠʟʠʨʦʚʘʥʘ ʬʦʨʤʫʣʘ ʜʣʷ ʨʘʜʠʫʩʘ ʪʝʥʠ ʢʨʦʪʦʚʦʡ ʥʦʨʳ. 

ʉʜʝʣʘʥ ʚʳʚʦʜ, ʯʪʦ ʨʘʟʤʝʨ ʪʝʥʠ ʟʘʚʠʩʠʪ ʥʝ ʪʦʣʴʢʦ ʦʪ ʧʘʨʘʤʝʪʨʦʚ ʢʨʦʪʦʚʦʡ ʥʦʨʳ, ʥʦ ʠ 

ʦʪ ʚʨʝʤʝʥʠ ʥʘʙʣʶʜʝʥʠʷ. ʅʘ ʨʘʥʥʠʭ ʚʨʝʤʝʥʘʭ ʪʝʥʴ ʢʨʦʪʦʚʦʡ ʥʦʨʳ ʫʤʝʥʴʰʘʝʪʩʷ, ʪʦʛʜʘ 

ʢʘʢ ʥʘ ʙʦʣʝʝ ʧʦʟʜʥʠʭ ð ʫʚʝʣʠʯʠʚʘʝʪʩʷ ʚʩʣʝʜʩʪʚʠʝ ʨʘʩʰʠʨʝʥʠʷ ʚʩʝʣʝʥʥʦʡ ʌʨʠʜʤʘʥʘ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʢʨʦʪʦʚʘʷ ʥʦʨʘ, ʜʠʥʘʤʠʯʝʩʢʘʷ ʢʨʦʪʦʚʘʷ ʥʦʨʘ, ʚʩʝʣʝʥʥʘʷ ʌʨʠʜʤʘʥʘ 

ɺʚʝʜʝʥʠʝ. ʂʨʦʪʦʚʘʷ ʥʦʨʘ ð ʵʪʦ ʩʪʨʫʢʪʫʨʘ ʧʨʦʩʪʨʘʥʩʪʚʘ-ʚʨʝʤʝʥʠ ʩ ʥʝʪʨʠʚʠ-

ʘʣʴʥʦʡ ʪʦʧʦʣʦʛʠʝʡ, ʢʦʪʦʨʘʷ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʪʫʥʥʝʣʴ, ʩʦʝʜʠʥʷʶʱʠʡ ʨʘʟ-

ʣʠʯʥʳʝ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʳʝ ʦʙʣʘʩʪʠ ʦʜʥʦʡ ʠ ʪʦʡ ʞʝ ʚʩʝʣʝʥʥʦʡ ʠʣʠ ʨʘʟʣʠʯʥʳʝ 

ʚʩʝʣʝʥʥʳʝ. ʆʙʳʯʥʦ ʜʣʷ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʧʨʦʭʦʜʠʤʦʡ ʢʨʦʪʦʚʦʡ ʥʦʨʳ ʚ ʦʙʱʝʡ 

ʪʝʦʨʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦʩʪʠ (ʆʊʆ) ʪʨʝʙʫʝʪʩʷ ʵʢʟʦʪʠʯʝʩʢʘʷ ʤʘʪʝʨʠʷ, ʥʘʨʫʰʘʶʱʘʷ 

ʩʚʝʪʦʚʦʝ ʵʥʝʨʛʝʪʠʯʝʩʢʦʝ ʫʩʣʦʚʠʝ (ʉʕʋ) [1]. ʆʜʥʘʢʦ ʥʝʢʦʪʦʨʳʝ ʢʦʥʬʠʛʫʨʘʮʠʠ 

ʢʨʦʪʦʚʳʭ ʥʦʨ ʤʦʛʫʪ ʩʫʱʝʩʪʚʦʚʘʪʴ ʙʝʟ ʥʝʝ. ʅʘʰʝ ʚʥʠʤʘʥʠʝ ʧʨʠʚʣʝʢʣʠ ʩʪʘʪʴʠ 

[2ï4], ʧʦʩʚʷʱʝʥʥʳʝ ʠʟʫʯʝʥʠʶ ʚʦʟʤʦʞʥʳʭ ʧʨʦʭʦʜʠʤʳʭ ʢʨʦʪʦʚʳʭ ʥʦʨ ʚ ʆʊʆ, 

ʟʘʧʦʣʥʝʥʥʳʭ ʧʳʣʴʶ, ʚ ʢʦʪʦʨʳʭ ʘʚʪʦʨʘʤʠ ʙʳʣʠ ʧʦʣʫʯʝʥʳ ʢʦʥʢʨʝʪʥʳʝ ʤʦʜʝʣʠ 

ʧʨʦʭʦʜʠʤʳʭ ʜʠʥʘʤʠʯʝʩʢʠʭ ʢʨʦʪʦʚʳʭ ʥʦʨ, ʥʝ ʥʘʨʫʰʘʶʱʠʭ ʉʕʋ.  

ɺ ʜʘʥʥʦʡ ʨʘʙʦʪʝ ʤʳ ʨʘʩʩʤʘʪʨʠʚʘʝʤ ʜʚʠʞʝʥʠʝ ʬʦʪʦʥʦʚ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ-

ʚʨʝʤʝʥʠ ʚʩʝʣʝʥʥʦʡ ʌʨʠʜʤʘʥʘ, ʩʦʜʝʨʞʘʱʝʡ ʜʠʥʘʤʠʯʝʩʢʫʶ ʢʨʦʪʦʚʫʶ ʥʦʨʫ 

[4], ʧʦʣʫʯʘʝʤ ʬʦʨʤʫʣʫ ʨʘʜʠʫʩʘ ʪʝʥʠ ʢʨʦʪʦʚʦʡ ʥʦʨʳ ʠ ʠʩʩʣʝʜʫʝʤ ʝʛʦ ʟʘʚʠʩʠ-

ʤʦʩʪʴ ʦʪ ʚʨʝʤʝʥʠ ʥʘʙʣʶʜʝʥʠʷ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɺ ʢʘʯʝʩʪʚʝ ʤʦʜʝʣʠ ʤʳ ʨʘʩʩʤʦʪʨʝʣʠ 

ʜʠʥʘʤʠʯʝʩʢʫʶ ʢʨʦʪʦʚʫʶ ʥʦʨʫ, ʧʨʝʜʩʪʘʚʣʝʥʥʫʶ ʚ ʩʪʘʪʴʝ [4]. ʄʝʪʨʠʢʫ ʜʘʥʥʦʡ 

ʢʨʦʪʦʚʦʡ ʥʦʨʳ ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ: 

 Ὠί Ὠ†
ȟ
ὨὙ ὶ Ὑȟ† Ὠ— — Ὠ‰ ȟ (1) 

ʛʜʝ ὶᴂḳ‬ὶȾ‬Ὑ;  ὬὙ Ȣ ɿʘʚʠʩʠʤʦʩʪʴ ὶὙȟ† ʟʘʜʘʝʪʩʷ ʧʘʨʘʤʝʪʨʠʯʝʩʢʠ: 

ὶ
ὊὙ

ςὬὙ
ρ  –ȟ†

ὊὙ

ςὬȾ Ὑ
–  –ȟ  
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ʛʜʝ ὊὙ ςὦρ Ὑ , ʧʦʩʪʦʷʥʥʳʝ ὦȟὯ πȟ ʧʘʨʘʤʝʪʨ –ɴ πȟς“. ʋʨʘʚʥʝ-
ʥʠʷ ʛʝʦʜʝʟʠʯʝʩʢʠʭ ʜʣʷ ʬʦʪʦʥʦʚ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ-ʚʨʝʤʝʥʠ ʢʨʦʪʦʚʦʡ ʥʦʨʳ (1) ʤʳ 

ʟʘʧʠʩʘʣʠ ʩ ʧʦʤʦʱʴʶ ʩʠʤʚʦʣʦʚ ʂʨʠʩʪʦʬʬʝʣʷ ʠ ʨʝʰʠʣʠ ʠʭ ʚ ʧʨʠʙʣʠʞʝʥʠʠ ʤʘ-

ʣʦʛʦ ʧʘʨʘʤʝʪʨʘ – (ʥʘʯʘʣʴʥʳʡ ʧʝʨʠʦʜ ʵʚʦʣʶʮʠʠ ʢʨʦʪʦʚʦʡ ʥʦʨʳ). ʇʨʠ ʘʥʘʣʠʟʝ 
ʫʨʘʚʥʝʥʠʡ ʛʝʦʜʝʟʠʯʝʩʢʠʭ ʤʳ ʧʦʣʫʯʠʣʠ ʪʦʯʢʫ ʧʦʚʦʨʦʪʘ ʪʨʘʝʢʪʦʨʠʠ ʬʦʪʦʥʘ:  

Ὑ
Ⱦ Ⱦ

ρ,  

ʛʜʝ ὒ ð ʫʛʣʦʚʦʡ ʤʦʤʝʥʪ ʬʦʪʦʥʘ, ὅ ð ʧʦʩʪʦʷʥʥʘʷ, ʩʚʷʟʘʥʥʘʷ ʩ ʵʥʝʨʛʠʝʡ ʬʦ-

ʪʦʥʘ Ὁ, ˞ †ȾὉ. 

ɼʘʣʝʝ ʤʳ ʨʘʩʩʤʦʪʨʝʣʠ ʜʚʠʞʝʥʠʝ ʬʦʪʦʥʦʚ ʚ ʟʘʤʢʥʫʪʦʡ ʠʟʦʪʨʦʧʥʦʡ ʚʩʝ-

ʣʝʥʥʦʡ ʌʨʠʜʤʘʥʘ, ʤʝʪʨʠʢʫ ʢʦʪʦʨʦʡ ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ: 

Ὠί ὥ – Ὠ– Ὠ… … Ὠ— — Ὠ‰ , 

ʛʜʝ ὥ– ὥ ρ  – ð ʤʘʩʰʪʘʙʥʳʡ ʬʘʢʪʦʨ, ὥ  const, … ð ʨʘʜʠʘʣʴʥʳʡ 

ʫʛʦʣ, – ð ʧʘʨʘʤʝʪʨ, ʩʚʷʟʘʥʥʳʡ ʩʦ ʚʨʝʤʝʥʝʤ: † ὥ –  –, ʋʨʘʚʥʝʥʠʷ 

ʛʝʦʜʝʟʠʯʝʩʢʠʭ ʜʣʷ ʬʦʪʦʥʦʚ ʚʦ ʚʩʝʣʝʥʥʦʡ ʌʨʠʜʤʘʥʘ ʤʳ ʧʦʣʫʯʠʣʠ ʤʝʪʦʜʦʤ 

ɻʘʤʠʣʴʪʦʥʘ ð ʗʢʦʙʠ.  

ʇʦʩʣʝ ʤʳ ʨʘʩʩʤʦʪʨʝʣʠ ʜʚʠʞʝʥʠʝ ʬʦʪʦʥʦʚ ʚʦ ʚʩʝʣʝʥʥʦʡ ʌʨʠʜʤʘʥʘ, ʩʦ-

ʜʝʨʞʘʱʝʡ ʢʨʦʪʦʚʫʶ ʥʦʨʫ (1), ʨʘʟʤʝʨ ʢʦʪʦʨʦʡ ʨʘʚʝʥ Ὑz, ʧʨʝʜʧʦʣʘʛʘʷ, ʯʪʦ ʠʟ-
ʣʫʯʘʶʱʝʝ ʚʝʱʝʩʪʚʦ ʥʘʭʦʜʠʪʩʷ ʪʦʣʴʢʦ ʚʦ ʚʩʝʣʝʥʥʦʡ ʌʨʠʜʤʘʥʘ. ɺ ʪʘʢʦʤ ʩʣʫ-

ʯʘʝ ʛʨʘʥʠʮʫ ʪʝʥʠ ʢʨʦʪʦʚʦʡ ʥʦʨʳ ʦʙʨʘʟʫʶʪ ʬʦʪʦʥʳ, çʨʦʞʜʝʥʥʳʝè ʚʦ 

ʚʩʝʣʝʥʥʦʡ ʌʨʠʜʤʘʥʘ, ʧʨʦʰʝʜʰʠʝ ʯʝʨʝʟ ʢʨʦʪʦʚʫʶ ʥʦʨʫ ʠ ʜʦʩʪʠʛʰʠʝ ʥʘʙʣʶ-

ʜʘʪʝʣʷ, ʥʘʭʦʜʷʱʝʛʦʩʷ ʚ ʪʦʯʢʝ … , ʚ ʤʦʤʝʥʪ ʥʘʙʣʶʜʝʥʠʷ † – . ʇʦ-

ʩʢʦʣʴʢʫ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ-ʚʨʝʤʷ ʩʬʝʨʠʯʝʩʢʠ-ʩʠʤʤʝʪʨʠʯʥʦ, ʛʨʘ-

ʥʠʮʘ ʪʝʥʠ ʙʫʜʝʪ ʧʨʝʜʩʪʘʚʣʷʪʴ ʩʦʙʦʡ ʦʢʨʫʞʥʦʩʪʴ ʩ ʨʘʜʠʫʩʦʤ ‌ : 

‌ ὥȿὒ ȿρ  –  

 … ρ  – ὑ  …   – Ѝὑ , 

ʛʜʝ ὒ  ð ʫʛʣʦʚʦʡ ʤʦʤʝʥʪ ʬʦʪʦʥʦʚ, ʬʦʨʤʠʨʫʶʱʠʭ ʛʨʘʥʠʮʫ ʪʝʥʠ ʢʨʦʪʦʚʦʡ 

ʥʦʨʳ, ὑ ð ʧʦʩʪʦʷʥʥʘʷ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ, ʧʦʣʫʯʝʥʥʘʷ ʧʨʠ ʚʳʚʦʜʝ ʫʨʘʚʥʝʥʠʡ 

ʛʝʦʜʝʟʠʯʝʩʢʠʭ ʚʦ ʚʩʝʣʝʥʥʦʡ ʌʨʠʜʤʘʥʘ ʠ ʩʚʷʟʘʥʥʘʷ ʩ ʵʥʝʨʛʠʝʡ ʬʦʪʦʥʘ Ὁȟὑ
ὥ–Ὁ . ɺʠʜʥʦ, ʯʪʦ ʨʘʟʤʝʨ ʪʝʥʠ ʟʘʚʠʩʠʪ ʢʘʢ ʦʪ ʢʦʦʨʜʠʥʘʪ ʥʘʙʣʶʜʘʪʝʣʷ 
… ȟ– , ʪʘʢ ʠ ʦʪ ὒ , ʢʦʪʦʨʳʡ ʟʘʚʠʩʠʪ ʦʪ ʧʘʨʘʤʝʪʨʦʚ ʢʨʦʪʦʚʦʡ ʥʦʨʳ. ʇʨʠ 

ʬʠʢʩʠʨʦʚʘʥʥʦʤ ʧʦʣʦʞʝʥʠʠ ʥʘʙʣʶʜʘʪʝʣʷ …  ʪʝʥʴ ʟʘʜʘʥʥʦʡ ʢʨʦʪʦʚʦʡ ʥʦʨʳ 

ὙzȟὯȟὦ ʟʘʚʠʩʠʪ ʪʦʣʴʢʦ ʦʪ ʚʨʝʤʝʥʠ ʥʘʙʣʶʜʝʥʠʷ † – . ʇʨʠ ʤʘʣʳʭ 

† –  ʨʘʟʤʝʨ ʪʝʥʠ ʫʤʝʥʴʰʘʝʪʩʷ, ʧʦʩʢʦʣʴʢʫ ʚʩʝ ʙʦʣʴʰʝ ʬʦʪʦʥʦʚ, ʧʦʧʘʚ-

ʰʠʭ ʠʟ ʚʩʝʣʝʥʥʦʡ ʌʨʠʜʤʘʥʘ ʚ ʢʨʦʪʦʚʫʶ ʥʦʨʫ, ʜʦʩʪʠʛʘʶʪ ʥʘʙʣʶʜʘʪʝʣʷ, ʪ. ʝ. 
ȿὒ ȿ ʩʦ ʚʨʝʤʝʥʝʤ ʫʤʝʥʴʰʘʝʪʩʷ. ʇʨʠʯʝʤ ʫʤʝʥʴʰʝʥʠʝ ȿὒ ȿ  ʧʨʦʠʩʭʦʜʠʪ ʩʪʨʝ-
ʤʠʪʝʣʴʥʦ ʠ ʥʝ ʫʩʧʝʚʘʝʪ ʢʦʤʧʝʥʩʠʨʦʚʘʪʴʩʷ ʨʘʩʰʠʨʝʥʠʝʤ ʚʩʝʣʝʥʥʦʡ. ʅʘ ʧʦʟʜ-

ʥʠʭ ʚʨʝʤʝʥʘʭ, ʢʦʛʜʘ ȿὒ ȿ ʜʦʩʪʠʛʘʝʪ ʤʠʥʠʤʘʣʴʥʦʛʦ ʟʥʘʯʝʥʠʷ, ʩʦʦʪʚʝʪʩʪʚʫʶ-
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ʱʝʛʦ Ὑ π, ʨʘʟʤʝʨ ʪʝʥʠ ʫʚʝʣʠʯʠʚʘʝʪʩʷ ʚʩʣʝʜʩʪʚʠʝ ʨʘʩʰʠʨʝʥʠʷ ʚʩʝʣʝʥʥʦʡ 
ʌʨʠʜʤʘʥʘ. 

ɿʘʢʣʶʯʝʥʠʝ. ɺ ʜʘʥʥʦʡ ʨʘʙʦʪʝ ʤʳ ʨʘʩʩʤʦʪʨʝʣʠ ʜʚʠʞʝʥʠʝ ʬʦʪʦʥʦʚ ʚ ʧʨʦ-

ʩʪʨʘʥʩʪʚʝ-ʚʨʝʤʝʥʠ ʚʩʝʣʝʥʥʦʡ ʌʨʠʜʤʘʥʘ, ʩʦʜʝʨʞʘʱʝʡ ʜʠʥʘʤʠʯʝʩʢʫʶ ʢʨʦʪʦ-

ʚʫʶ ʥʦʨʫ, ʠ ʧʦʣʫʯʠʣʠ ʬʦʨʤʫʣʫ ʜʣʷ ʨʘʜʠʫʩʘ ʪʝʥʠ ʢʨʦʪʦʚʦʡ ʥʦʨʳ. ʇʦ ʨʝʟʫʣʴ-

ʪʘʪʘʤ ʨʘʙʦʪʳ ʤʦʞʥʦ ʩʜʝʣʘʪʴ ʚʳʚʦʜ, ʯʪʦ ʨʘʜʠʫʩ ʪʝʥʠ ʟʘʚʠʩʠʪ ʥʝ ʪʦʣʴʢʦ ʦʪ 

ʧʘʨʘʤʝʪʨʦʚ ʢʨʦʪʦʚʦʡ ʥʦʨʳ, ʥʦ ʠ ʦʪ ʚʨʝʤʝʥʠ ʥʘʙʣʶʜʝʥʠʷ. ʇʨʠʯʝʤ ʥʘ ʨʘʥʥʠʭ 

ʚʨʝʤʝʥʘʭ ʪʝʥʴ ʢʨʦʪʦʚʦʡ ʥʦʨʳ ʫʤʝʥʴʰʘʝʪʩʷ ʠʟ-ʟʘ ʫʤʝʥʴʰʝʥʠʷ ʫʛʣʦʚʦʛʦ ʤʦ-

ʤʝʥʪʘ ȿὒ ȿ ʬʦʪʦʥʦʚ, ʬʦʨʤʠʨʫʶʱʠʭ ʛʨʘʥʠʮʫ ʪʝʥʠ ʢʨʦʪʦʚʦʡ ʥʦʨʳ, ʘ ʥʘ ʧʦʟʜ-
ʥʠʭ ð ʫʚʝʣʠʯʠʚʘʝʪʩʷ ʠʟ-ʟʘ ʨʘʩʰʠʨʝʥʠʷ ʚʩʝʣʝʥʥʦʡ ʌʨʠʜʤʘʥʘ. 

ʈʘʙʦʪʘ ʙʳʣʘ ʧʦʜʜʝʨʞʘʥʘ ʛʨʘʥʪʦʤ ʌʦʥʜʘ ʨʘʟʚʠʪʠʷ ʪʝʦʨʝʪʠʯʝʩʢʦʡ ʬʠʟʠʢʠ 

ʠ ʤʘʪʝʤʘʪʠʢʠ çɹɸɿʀʉè ˉ 24-1-1-39-2, ʘ ʪʘʢʞʝ ʛʨʘʥʪʦʤ  

ʈʦʩʩʠʡʩʢʦʛʦ ʥʘʫʯʥʦʛʦ ʬʦʥʜʘ (ʧʨʦʝʢʪ ˉ 25-22-00163). 
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The shadow of a dynamic wormhole in Friedmann universe 
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Abstract. The motion of photons in the space-time of a closed isotropic Friedmann uni-

verse containing a dynamic wormhole filled with dust is considered. Geodesic equations for 

photons in the space-time of a dynamic wormhole and in the space-time of the Friedmann 

universe are obtained and solved. A formula for the radius of the wormhole shadow is ob-

tained and analyzed. It is concluded that the size of the shadow depends not only on the 

parameters of the wormhole, but also on the observation time. At early times, the wormhole 

shadow decreases, while at later times it increases due to the expansion of the Friedmann 

universe. 
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Introduction.  A wormhole is a structure of space-time with a non-trivial topology, 

which is a tunnel connecting different spatial regions of the same universe or dif-

ferent universes. Usually, the existence of a traversable wormhole in the general 

relativity (GR) requires exotic matter that violates the null energy condition (NEC) 

[1]. However, some wormhole configurations may exist without it. Our attention 

was attracted by the articles [2ï4] devoted to the study of possible traversable 

wormholes in GR filled with dust, in which the authors obtained the models of tra-

versable dynamic wormholes that do not violate the NEC. 

In this paper, we consider the motion of photons in the space-time of the 

Friedmann universe containing a dynamic wormhole [4], obtain the formula for the 

radius of the wormhole shadow and investigate its dependence on the observation 

time. 

Methods and materials; results. As a model, we considered the dynamic 

wormhole presented in the article [4]. The metric of this wormhole can be written 

as follows: 

 Ὠί Ὠ†
ȟ
ὨὙ ὶ Ὑȟ† Ὠ— — Ὠ‰ ȟ (1) 

where ὶḳ ȟὬὙ . The dependence ὶὙȟ† is specified parametrically: 

ὶ
ὊὙ

ςὬὙ
ρ  –ȟ†

ὊὙ

ςὬȾ Ὑ
–  –ȟ  

where ὊὙ ςὦρ Ὑ , the constants ὦȟὯ π, the parameter –ɴ πȟς“. We 

wrote the geodesic equations for photons in the wormhole space-time (1) using 

Christoffel symbols and solved them in the approximation of a small parameter – 
(the initial period of wormhole evolution). By analyzing the geodesic equations, we 

obtained the turning point of the photon trajectory: 

Ὑ
Ⱦ Ⱦ

ρ,  

where ὒ is the angular momentum of the photon, ὅ is a constant associated with 

the energy of the photon Ὁ: ˞ †ȾὉ. 

Next, we considered the motion of photons in a closed isotropic Friedmann 

universe, the metric of which can be written as follows: 

Ὠί ὥ – Ὠ– Ὠ… … Ὠ— — Ὠ‰ , 

where ὥ– ὥ ρ  – is the cosmological scale factor, ὥ  const, … is the 

radial angle, – is a parameter related to time: † ὥ –  –. We obtained the 

geodesic equations for photons in the Friedmann universe using the Hamilton-

Jacobi method.  

We then considered the motion of photons in a Friedmann universe containing 

a wormhole (1) of size Ὑz, assuming that the radiating matter is located only in the 

Friedmann universe. In this case, the boundary of the wormhole shadow is formed 
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by photons ñbornò in the Friedmann universe, passing through the wormhole and 

reaching the observer located at the point … , at the moment of observation 

† – . Since the space-time under consideration is spherically symmetric, the 

boundary of the shadow will be a circle with a radius of ‌ : 

‌ ὥȿὒ ȿρ  –  

 … ρ  – ὑ  …   – Ѝὑ , 

where ὒ  ð the angular momentum of the photons forming the boundary of the 

wormhole shadow, ὑ is the constant of integration obtained when deriving the 

equations of geodesics in the Friedmann universe and is related to the energy of the 

photon Ὁ, ὑ ὥ–Ὁ .  

It is clear that the size of the shadow depends on both the observer's coordinates 

… ȟ–  and on ὒ , which depends on the parameters of the wormhole. For a 

fixed position of the observer … ȟ the shadow of a given wormhole ὙzȟὯȟὦ depends 

only on the observation time † – . For small † – , the shadow size de-

creases as more and more photons from the Friedmann universe that enter the worm-

hole reach the observer, i. e. ȿὒ ȿ decreases with time. Moreover, the decrease in 
ȿὒ ȿ occurs rapidly and is not compensated by the expansion of the universe. At late 

times, when ȿὒ ȿ reaches its minimum value corresponding to Ὑ π, the size of 

the shadow increases due to the expansion of the Friedmann universe.  

Conclusion. In this paper, we considered the motion of photons in the space-

time of the Friedmann universe containing a dynamic wormhole, and obtained a 

formula for the radius of the wormhole shadow. Based on the results of the work, 

we can conclude that the radius of the shadow depends not only on the parameters 

of the wormhole, but also on the observation time. Moreover, at early times, the 

wormhole shadow decreases due to a decrease in the angular momentum ȿὒ ȿ of 

the photons forming the boundary of the wormhole shadow, and at later times, it 

increases due to the expansion of the Friedmann universe. 
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ɸʥʥʦʪʘʮʠʷ. ʉʦʚʨʝʤʝʥʥʘʷ ʬʠʟʠʢʘ ʩʯʠʪʘʝʪ, ʯʪʦ çʧʘʨʘʜʦʢʩʳ ɿʝʥʦʥʘè ʨʘʟʨʝʰʘʶʪʩʷ, 

ʝʩʣʠ ʦʥʠ ʩʬʦʨʤʫʣʠʨʦʚʘʥʳ ʩʪʨʦʛʦ ʚ ʩʤʳʩʣʝ ʩʦʚʨʝʤʝʥʥʦʡ ʤʘʪʝʤʘʪʠʢʠ. ʇʨʠ ʵʪʦʤ, ʤʥʦ-

ʛʠʝ ʫʯʝʥʳʝ, ʠʩʪʦʨʠʢʠ ʠ ʬʠʣʦʩʦʬʳ ʧʦʣʘʛʘʶʪ, ʯʪʦ ʧʘʨʘʜʦʢʩʳ ɿʝʥʦʥʘ ʷʚʣʷʶʪʩʷ ʣʠʰʴ 

ʢʘʞʫʱʠʤʠʩʷ ʧʘʨʘʜʦʢʩʘʤʠ, ʚʦʟʥʠʢʘʶʱʠʤʠ ʚ ʨʝʟʫʣʴʪʘʪʝ ʧʣʦʭʦ ʧʦʩʪʘʚʣʝʥʥʳʭ ʧʨʦʙʣʝʤ 

ʠ ʧʨʝʜʚʟʷʪʦʩʪʠ ʯʝʣʦʚʝʯʝʩʢʦʛʦ ʨʘʩʩʫʞʜʝʥʠʷ. ʆʜʥʘʢʦ, ʠʤʝʥʥʦ ʬʦʨʤʫʣʠʨʦʚʢʘ ɻʘʣʠʣʝʝʤ 

ʟʘʢʦʥʘ ʠʥʝʨʮʠʠ, ʚʢʣʶʯʝʥʥʦʛʦ ʧʦʟʞʝ ʚ ʟʘʢʦʥʳ ʜʠʥʘʤʠʢʠ ʅʴʶʪʦʥʘ, ʢʘʢ ʙʘʟʦʚʦʛʦ, ʧʦʟ-

ʚʦʣʷʝʪ ʠʥʘʯʝ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʧʘʨʘʜʦʢʩ ɿʝʥʦʥʘ ʦ ʜʚʠʞʫʱʝʡʩʷ ʩʪʨʝʣʝ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʇʘʨʘʜʦʢʩ, ɿʝʥʦʥ, ɻʘʣʠʣʝʡ, ʩʠʩʪʝʤʘ ʢʦʦʨʜʠʥʘʪ, ʠʥʝʨʮʠʘʣʴʥʘʷ ʩʠ-

ʩʪʝʤʘ ʦʪʩʯʝʪʘ 

ɺʚʝʜʝʥʠʝ. ʆʙʳʯʥʦ ʩʯʠʪʘʝʪʩʷ, ʯʪʦ ʠʤʝʥʥʦ ɻ. ɻʘʣʠʣʝʡ ʩʣʦʚʘʤʠ çʄʘʪʝʤʘʪʠʢʘ ð 

ʷʟʳʢ ʬʠʟʠʢʠè ʩʦʚʝʨʰʠʣ ʧʦʚʦʨʦʪ ʚ ʠʟʫʯʝʥʠʠ ʬʠʟʠʢʠ, ʧʝʨʝʡʜʷ ʢ ʢʦʣʠʯʝʩʪʚʝʥ-

ʥʦʤʫ ʷʟʳʢʫ ʧʨʠ ʦʧʠʩʘʥʠʠ ʬʠʟʠʯʝʩʢʠʭ ʧʨʦʮʝʩʩʦʚ [2ï4]. ɼʣʷ ʦʧʠʩʘʥʠʷ ʧʦʩʪʫʧʘ-

ʪʝʣʴʥʦʛʦ ʜʚʠʞʝʥʠʷ ʠʩʧʦʣʴʟʦʚʘʣʠʩʴ ʜʝʢʘʨʪʦʚʳ ʢʦʦʨʜʠʥʘʪʳ. ʕʪʦʪ ʢʦʨʝʥʥʦʡ ʧʦ-

ʚʦʨʦʪ ʙʳʣ ʟʘʢʨʝʧʣʝʥ ʀ. ʅʴʶʪʦʥʦʤ ʚ ʚʠʜʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʜʣʷ 

ʬʦʨʤʫʣʠʨʦʚʢʠ ʟʘʢʦʥʦʚ ʜʚʠʞʝʥʠʷ ʥʝʙʝʩʥʳʭ ʠ ʟʝʤʥʳʭ ʪʝʣ, ʪʝʧʣʦʚʳʭ ʧʨʦʮʝʩʩʦʚ 

[1]. ʆʜʥʘʢʦ ʠʤʝʥʥʦ ʬʦʨʤʫʣʠʨʦʚʢʘ ɻʘʣʠʣʝʝʤ ʟʘʢʦʥʘ ʠʥʝʨʮʠʠ, ʚʢʣʶʯʝʥʥʦʛʦ 

ʧʦʟʞʝ ʚ ʟʘʢʦʥʳ ʜʠʥʘʤʠʢʠ ʅʴʶʪʦʥʘ, ʢʘʢ ʙʘʟʦʚʦʛʦ, ʧʦʟʚʦʣʷʝʪ ʠʥʘʯʝ ʨʘʩʩʤʘʪʨʠ-

ʚʘʪʴ ʧʘʨʘʜʦʢʩ ɿʝʥʦʥʘ ʦ ʜʚʠʞʫʱʝʡʩʷ ʩʪʨʝʣʝ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɺʠʟʫʘʣʴʥʦ, ʤʦʞʥʦ ʧʦʜʪʚʝʨʜʠʪʴ ʜʚʠ-

ʞʝʥʠʝ ʩʪʨʝʣʳ, ʨʘʩʩʤʘʪʨʠʚʘʷ ʝʝ ʨʘʟʤʘʟʘʥʥʳʡ ʩʣʝʜ ʥʘ ʬʦʪʦʛʨʘʬʠʠ. ʈʘʟʤʳʪʠʝ 

ʠʟʦʙʨʘʞʝʥʠʷ ʥʘ ʬʦʪʦʛʨʘʬʠʠ ð ʠʟʚʝʩʪʥʳʡ ʧʨʠʝʤ ʬʦʪʦʛʨʘʬʦʚ, çʦʞʠʚʣʷʶʱʠʡè 

ʬʦʪʦʛʨʘʬʠʨʫʝʤʳʡ ʦʙʲʝʢʪ. ʅʘʦʙʦʨʦʪ, ʯʪʦʙʳ ʩʜʝʣʘʪʴ ʯʝʪʢʦʝ ʠʟʦʙʨʘʞʝʥʠʝ ʜʚʠ-

ʞʫʱʝʛʦʩʷ ʦʙʲʝʢʪʘ, ʬʦʪʦʛʨʘʬ ʜʦʣʞʝʥ ʧʦʚʦʨʘʯʠʚʘʪʴ ʬʦʪʦʘʧʧʘʨʘʪ ʚʩʣʝʜ ʟʘ ʤʯʘ-

ʱʠʤʩʷ ʦʙʲʝʢʪʦʤ, ʥʦ ʩʤʘʟʳʚʘʷ ʯʝʪʢʦʩʪʴ ʠʟʦʙʨʘʞʝʥʠʷ ʬʦʥʘ. ʊʝʧʝʨʴ ʤʦʞʥʦ ʚʦ-

ʦʙʨʘʟʠʪʴ ʧʦʜʚʠʞʥʫʶ ʧʣʘʪʬʦʨʤʫ, ʥʘ ʢʦʪʦʨʦʡ ʨʘʩʧʦʣʘʛʘʝʪʩʷ ʥʘʙʣʶʜʘʪʝʣʴ, ʚʜʦʣʴ 

ʢʦʪʦʨʦʡ ʜʚʠʞʝʪʩʷ ʦʙʲʝʢʪ (ʩʪʨʝʣʘ). ʉʢʦʨʦʩʪʴ ʧʣʘʪʬʦʨʤʳ ʤʦʞʥʦ ʧʣʘʚʥʦ ʠʟʤʝ-

ʥʷʪʴ, ʯʪʦʙʳ ʩʜʝʣʘʪʴ ʝʝ ʨʘʚʥʦʡ ʩʢʦʨʦʩʪʠ ʩʪʨʝʣʳ. ʅʘ ʧʣʘʪʬʦʨʤʝ, ʥʘʨʷʜʫ  

ʩ ʥʘʙʣʶʜʘʪʝʣʝʤ ʨʘʩʧʦʣʦʞʝʥʳ ʩʠʩʪʝʤʘ ʜʝʢʘʨʪʦʚʳʭ ʢʦʦʨʜʠʥʘʪ ʠ ʯʘʩʳ. ɹʫʜʝʤ 

ʧʦʣʘʛʘʪʴ, ʯʪʦ ʩʢʦʨʦʩʪʴ ʧʣʘʪʬʦʨʤʳ ʚʜʦʣʴ ʚʳʙʨʘʥʥʦʛʦ ʥʘʧʨʘʚʣʝʥʠʷ ʧʦʩʪʦʷʥʥʘ ʠ 

ʟʥʘʯʠʪʝʣʴʥʦ ʤʝʥʴʰʝ ʩʢʦʨʦʩʪʠ ʩʚʝʪʘ. ʇʦʣʫʯʠʤ ʠʥʝʨʮʠʘʣʴʥʫʶ ʩʠʩʪʝʤʫ ʦʪʩʯʝʪʘ 

(ʀʉʆ) ʢʣʘʩʩʠʯʝʩʢʦʡ ʤʝʭʘʥʠʢʠ. ʊʦʛʜʘ ʩʦʛʣʘʩʥʦ ʫʪʚʝʨʞʜʝʥʠʶ ɻʘʣʠʣʝʷ ʦʙ ʠʥʝʨ-

ʮʠʘʣʴʥʦʩʪʠ ʜʚʠʞʝʥʠʷ, ʚʩʝ ʤʝʭʘʥʠʯʝʩʢʠʝ ʧʨʦʮʝʩʩʳ, ʥʘʙʣʶʜʘʝʤʳʝ ʩ ʵʪʦʡ ʀʉʆ, 

ʙʫʜʫʪ ʟʘʨʝʛʠʩʪʨʠʨʦʚʘʥʳ ʢʘʢ ʧʨʦʠʩʭʦʜʷʱʠʝ ʚ ʥʝʧʦʜʚʠʞʥʦʡ ʩʠʩʪʝʤʝ ʦʪʩʯʝʪʘ [6]. 

ɿʘʢʣʶʯʝʥʠʝ. ʀʥʳʤʠ ʩʣʦʚʘʤʠ, ʥʘʙʣʶʜʘʪʝʣʴ ʥʘ ʧʣʘʪʬʦʨʤʝ, ʨʘʚʥʦʤʝʨʥʦ ʠ 

ʧʨʷʤʦʣʠʥʝʡʥʦ ʜʚʠʞʫʱʝʡʩʷ ʦʪʥʦʩʠʪʝʣʴʥʦ ʚʳʧʫʱʝʥʥʦʡ ʩʪʨʝʣʳ ʩʦ ʩʢʦʨʦʩʪʴʶ 
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ʟʥʘʯʠʪʝʣʴʥʦ ʤʝʥʴʰʝʡ ʩʢʦʨʦʩʪʠ ʩʚʝʪʘ ʠ ʨʘʚʥʦʡ ʩʢʦʨʦʩʪʠ ʩʪʨʝʣʳ, ʙʫʜʝʪ ʚʠʜʝʪʴ 

ʝʝ ʥʝʧʦʜʚʠʞʥʦʡ, ʢʘʢ ʠ ʚ ʫʪʚʝʨʞʜʝʥʥʦʤ ʧʘʨʘʜʦʢʩʝ ɿʝʥʦʥʘ [3, 5].  

ʆʪʤʝʪʠʤ, ʯʪʦ ʟʘʢʦʥ ʠʥʝʨʮʠʠ  ʵʪʦ ʢʘʯʝʩʪʚʝʥʥʳʡ ʟʘʢʦʥ ʬʠʟʠʢʠ, ʦʥ ʥʝ ʠʩ-

ʧʦʣʴʟʫʝʪ ʤʘʪʝʤʘʪʠʯʝʩʢʠʭ ʪʝʨʤʠʥʦʚ. ʇʦʩʪʫʣʘʪʦʤ ʩʣʫʞʠʪ ʫʪʚʝʨʞʜʝʥʠʝ, ʯʪʦ 

ʧʨʦʩʪʨʘʥʩʪʚʦ ʦʜʥʦʨʦʜʥʦ ʠ ʠʟʦʪʨʦʧʥʦ, ʘ ʚʨʝʤʷ ð ʦʜʥʦʨʦʜʥʦ, ʪʦʛʜʘ ʀʉʆ ʩʫ-

ʱʝʩʪʚʫʶʪ. ʊʝʧʝʨʴ, ʩʦʛʣʘʩʥʦ ʪʝʦʨʝʤʝ ʅʝʪʝʨ, ʦʜʥʦʨʦʜʥʦʩʪʴ ʧʨʦʩʪʨʘʥʩʪʚʘ ʦʪʥʦ-

ʩʠʪʝʣʴʥʦ ʩʜʚʠʛʦʚ ʜʘʩʪ ʟʘʢʦʥ ʩʦʭʨʘʥʝʥʠʷ ʠʤʧʫʣʴʩʘ, ʠʟʦʪʨʦʧʥʦʩʪʴ ʧʨʠʚʝʜʝʪ  

ʢ ʩʦʭʨʘʥʝʥʠʶ ʤʦʤʝʥʪʘ ʠʤʧʫʣʴʩʘ, ʘ ʦʜʥʦʨʦʜʥʦʩʪʴ ʚʨʝʤʝʥʠ ð ʢ ʩʦʭʨʘʥʝʥʠʶ 

ʵʥʝʨʛʠʠ ʜʚʠʞʫʱʝʛʦʩʷ ʪʝʣʘ [6]. ɽʛʦ ʬʦʨʤʘʣʠʟʘʮʠʠ ʚ ʩʧʝʮʠʘʣʴʥʦʡ ʪʝʦʨʠʠ ʦʪ-

ʥʦʩʠʪʝʣʴʥʦʩʪʠ ʜʘʣʘ ʚʦʟʤʦʞʥʦʩʪʴ ɸ. ʕʡʥʰʪʝʡʥʫ ʢʘʯʝʩʪʚʝʥʥʦ ʧʦʥʷʪʴ ʥʝʚʦʟ-

ʤʦʞʥʦʩʪʴ ʜʚʠʞʝʥʠʷ ʩʦ ʩʢʦʨʦʩʪʴʶ ʙʦʣʴʰʝʡ ʩʢʦʨʦʩʪʠ ʩʚʝʪʘ ʠ ʤʘʪʝʤʘʪʠʯʝʩʢʠ 

ʫʩʪʘʥʦʚʠʪʴ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʴ ʵʥʝʨʛʠʠ ʠ ʤʘʩʩʳ. 
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Abstract. Modern physics believes that ñZeno's paradoxesò are resolved if they are formu-

lated strictly in the sense of modern mathematics. At the same time, many scientists, histo-

rians and philosophers believe that Zeno's paradoxes are only apparent paradoxes that arise 

as a result of poorly posed problems and biased human reasoning. However, it is Galileo's 

formulation of the law of inertia, later included in Newton's laws of dynamics as a basic 

one, that allows us to consider Zeno's paradox about a moving arrow differently. 

Keywords: Paradox, Zeno, Galileo, coordinate system, inertial reference system 

Introduction.  It is generally believed that it was G. Galileo who, with the words 

ñMathematics is the language of physics,ò made a turn in the study of physics, moving 

to a quantitative language in describing physical processes [2ï4]. Cartesian coordinates 

were used to describe translational motion. This radical turn was consolidated by  
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I. Newton in the form of differential equations for formulating the laws of motion of 

celestial and terrestrial bodies, thermal processes [1]. However, it was Galileo's formu-

lation of the law of inertia, later included in Newton's laws of dynamics as a basic one, 

that allows us to consider Zeno's paradox about the moving arrow differently. 

Methods and materials; results. Visually, the movement of the arrow can be 

confirmed by examining its blurred trace in the photograph. Blurring the image in a 

photograph is a well-known technique of photographers, ñbringing to lifeò the pho-

tographed object. Contrariwise, to make a clear image of a moving object, the pho-

tographer must turn the camera after the rushing object, but blurring the clarity of 

the background image. Now one can imagine a moving platform on which the ob-

server is located, along which the object (arrow) moves. The speed of the platform 

can be smoothly changed to make it equal to the speed of the arrow. On the plat-

form, along with the observer, there is a system of Cartesian coordinates and a 

clock. We will assume that the speed of the platform along the selected direction is 

constant and significantly less than the speed of light. We will obtain an inertial 

frame of reference of classical mechanics (IRF). Then, according to Galileo's asser-

tion about the inertia of motion, all mechanical processes observed from this IRF 

will be registered as occurring in a stationary reference frame [6]. 

Conclusion. In other words, an observer on a platform. which is uniformly 

moving relative to a released arrow at a speed significantly less than the speed of 

light and equal to the speed of the arrow, will see it as stationary, as in the stated 

Zeno paradox [2, 5]. 

Note that the law of inertia is a qualitative law of physics, it does not use 

mathematical terms. The postulate is the assertion that space is homogeneous and 

isotropic, and time is homogeneous, then IRFs exist. Now, according to Noether's 

theorem, the homogeneity of space relative to shifts will give the law of conserva-

tion of momentum, isotropy will lead to conservation of angular momentum, and 

homogeneity of time ð to conservation of the energy of a moving body [6]. Its 

formalization in the special theory of relativity allowed A. Einstein to qualitatively 

understand the impossibility of motion with a speed greater than the speed of light 

and to mathematically establish the equivalence of energy and mass. 
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ɸʥʥʦʪʘʮʠʷ. ʇʨʝʜʣʦʞʝʥ ʧʨʠʥʮʠʧ ʜʝʡʩʪʚʠʷ ʜʝʪʝʢʪʦʨʘ ʠ ʝʛʦ ʢʦʥʩʪʨʫʢʮʠʷ, ʧʨʝʜʥʘʟʥʘ-

ʯʝʥʥʦʛʦ ʜʣʷ ʨʝʛʠʩʪʨʘʮʠʠ ʠʟʣʫʯʝʥʠʷ ʨʘʥʥʝʡ ɺʩʝʣʝʥʥʦʡ, ʚ ʨʘʤʢʘʭ ʛʨʘʚʠʪʘʮʠʦʥʥʦʛʦ 

ʢʘʥʘʣʘ ʧʝʨʝʜʘʯʠ ʵʥʝʨʛʠʠ. ʅʦʚʳʡ ʪʠʧ ʜʝʪʝʢʪʦʨʘ ʨʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʢʘʢ ʠʥʩʪʨʫʤʝʥʪ ʜʣʷ 

ʵʢʩʧʝʨʠʤʝʥʪʘʣʴʥʦʛʦ ʠʩʩʣʝʜʦʚʘʥʠʷ ʠʩʪʦʨʠʠ ʢʦʩʤʦʩʘ. ʇʦʜʯʝʨʢʠʚʘʝʪʩʷ ʘʢʪʫʘʣʴʥʦʩʪʴ 

ʧʨʦʝʢʪʘ ʠ ʫʢʘʟʳʚʘʝʪʩʷ ʪʝʦʨʝʪʠʯʝʩʢʘʷ ʚʦʟʤʦʞʥʦʩʪʴ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ 

ʚʦʣʥ ʚ ʢʠʣʦʛʝʨʮʦʚʦʤ ʜʠʘʧʘʟʦʥʝ ʯʘʩʪʦʪ. ɸʥʘʣʠʟʠʨʫʶʪʩʷ ʩʭʝʤʳ ʩʦʚʨʝʤʝʥʥʳʭ ʢʨʠʦ-

ʛʝʥʥʳʭ ʜʝʪʝʢʪʦʨʦʚ, ʢʦʪʦʨʳʝ ʤʦʛʫʪ ʩʣʫʞʠʪʴ ʧʨʦʪʦʪʠʧʘʤʠ ʜʣʷ ʨʘʟʨʘʙʦʪʢʠ ʥʦʚʦʛʦ ʧʨʠ-

ʙʦʨʘ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʨʝʣʠʢʪʦʚʦʝ ɻʨʘʚʠʪʘʮʠʦʥʥʦʝ ʠʟʣʫʯʝʥʠʝ, ʩʪʦʭʘʩʪʠʯʝʩʢʠʡ ʛʨʘʚʠʪʘ-

ʮʠʦʥʥʳʡ ʚʦʣʥʦʚʦʡ ʬʦʥ, ʢʨʠʦʛʝʥʠʢʘ, ʤʘʛʥʠʪʦʢʘʣʦʨʠʤʝʪʨʳ 

ɺʚʝʜʝʥʠʝ. ʈʘʟʨʘʙʦʪʢʘ ʧʨʦʪʦʪʠʧʘ ʜʝʪʝʢʪʦʨʘ ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʚʦʣʥ (ɻɺ) ʚ ʢʠ-

ʣʦʛʝʨʮʦʚʦʤ (ʢɻʮ) ʜʠʘʧʘʟʦʥʝ ʯʘʩʪʦʪ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʧʝʨʩʧʝʢʪʠʚʥʦʝ 

ʥʘʧʨʘʚʣʝʥʠʝ ʚ ʩʦʚʨʝʤʝʥʥʦʡ ʬʠʟʠʢʝ ʠ ʘʩʪʨʦʬʠʟʠʢʝ. ʀʟʚʝʩʪʥʦ, ʯʪʦ ʨʝʛʠʩʪʨʘʮʠʷ 

ʨʝʣʠʢʪʦʚʦʛʦ ʤʠʢʨʦʚʦʣʥʦʚʦʛʦ ʠʟʣʫʯʝʥʠʷ, ʠʜʫʱʝʛʦ ʠʟ ʢʦʩʤʦʩʘ ʚ 1965 ʛ., ʧʦʜ-

ʪʚʝʨʜʠʣʘ ʪʝʦʨʠʶ ɹʦʣʴʰʦʛʦ ɺʟʨʳʚʘ ɺʩʝʣʝʥʥʦʡ ʠ ʩʦʚʝʨʰʠʣʘ ʧʨʦʨʳʚ ʚ ʧʦʟʥʘ-

ʥʠʠ ʢʦʩʤʦʩʘ [1ï5]. ʀʩʧʦʣʴʟʦʚʘʥʠʝ ʜʨʫʛʦʛʦ ʢʘʥʘʣʘ ʧʝʨʝʜʘʯʠ ʵʥʝʨʛʠʠ ʤʦʞʝʪ 

ʩʪʘʪʴ ʚʘʞʥʳʤ ʠʥʩʪʨʫʤʝʥʪʦʤ ʜʣʷ ʠʩʩʣʝʜʦʚʘʥʠʷ ʨʘʥʥʝʡ ɺʩʝʣʝʥʥʦʡ, ʘ ʪʘʢʞʝ 

ʜʣʷ ʠʟʫʯʝʥʠʷ ʵʢʟʦʪʠʯʝʩʢʠʭ ʘʩʪʨʦʬʠʟʠʯʝʩʢʠʭ ʦʙʲʝʢʪʦʚ, ʪʘʢʠʭ ʢʘʢ ʥʝʡʪʨʦʥʥʳʝ 

ʟʚʝʟʜʳ, ʯʝʨʥʳʝ ʜʳʨʳ ʠʣʠ ʛʠʧʦʪʝʪʠʯʝʩʢʠʝ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʝ ʩʪʨʫʥʳ [6, 7]. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɸ. ʆʩʥʦʚʥʳʝ ʧʨʠʥʮʠʧʳ ʨʘʙʦʪʳ 

ʧʨʦʪʦʪʠʧʘ. ɻɺ ʧʨʝʜʩʪʘʚʣʷʶʪ ʩʦʙʦʡ ʫʥʠʢʘʣʴʥʳʡ ʢʘʥʘʣ ʧʝʨʝʜʘʯʠ ʠʥʬʦʨʤʘ-

ʮʠʠ ʦ ʩʦʙʳʪʠʷʭ ʚʦ ɺʩʝʣʝʥʥʦʡ. ʇʨʦʪʦʪʠʧ ʜʝʪʝʢʪʦʨʘ ʧʨʝʜʧʦʣʘʛʘʝʪ ʠʩʧʦʣʴʟʦʚʘ-

ʥʠʝ ʯʫʚʩʪʚʠʪʝʣʴʥʳʭ ʵʣʝʤʝʥʪʦʚ, ʨʝʘʛʠʨʫʶʱʠʭ ʥʘ ʤʠʢʨʦʩʢʦʧʠʯʝʩʢʠʝ ʠʟʤʝʥʝ-

ʥʠʷ ʧʨʦʩʪʨʘʥʩʪʚʦʚʨʝʤʝʥʠ ʚ ʢɻʮ ʜʠʘʧʘʟʦʥʝ. ɻɺ ʩ ʯʘʩʪʦʪʘʤʠ ʚ ʜʠʘʧʘʟʦʥʝ ʦʪ 

ʥʝʩʢʦʣʴʢʠʭ ʩʦʪʝʥ ʛʝʨʮ ʜʦ ʥʝʩʢʦʣʴʢʠʭ ʢʠʣʦʛʝʨʮ ʤʦʛʫʪ ʙʳʪʴ ʚʳʟʚʘʥʳ ʩʣʠʷʥʠʝʤ 

ʥʝʡʪʨʦʥʥʳʭ ʟʚʝʟʜ, ʢʦʣʝʙʘʥʠʷʤʠ ʤʦʣʦʜʳʭ ʥʝʡʪʨʦʥʥʳʭ ʟʚʝʟʜ ʠʣʠ ʜʨʫʛʠʤʠ ʚʳ-

ʩʦʢʦʵʥʝʨʛʝʪʠʯʝʩʢʠʤʠ ʧʨʦʮʝʩʩʘʤʠ [7]. 

ʇʨʦʪʦʪʠʧ ʜʦʣʞʝʥ ʙʳʪʴ ʦʧʪʠʤʠʟʠʨʦʚʘʥ ʜʣʷ ʨʝʛʠʩʪʨʘʮʠʠ ʠʤʝʥʥʦ ʵʪʠʭ ʯʘ-

ʩʪʦʪ, ʯʪʦ ʦʪʣʠʯʘʝʪ ʝʛʦ ʦʪ ʩʫʱʝʩʪʚʫʶʱʠʭ ʜʝʪʝʢʪʦʨʦʚ (ʥʘʧʨʠʤʝʨ, LIGO, 

VIRGO, KAGRA), ʨʘʙʦʪʘʶʱʠʭ ʚ ʙʦʣʝʝ ʥʠʟʢʦʤ ʯʘʩʪʦʪʥʦʤ ʜʠʘʧʘʟʦʥʝ [8]. 

ʄʝʤʙʨʘʥʥʳʝ, ʨʝʟʦʥʘʥʩʥʳʝ ʠ ʤʘʛʥʠʪʦʩʪʨʠʢʮʠʦʥʥʳʝ ʩʠʩʪʝʤʳ: ʚ ʢʘʯʝʩʪʚʝ 

ʯʫʚʩʪʚʠʪʝʣʴʥʳʭ ʵʣʝʤʝʥʪʦʚ ʜʝʪʝʢʪʦʨʦʚ ʠʩʧʦʣʴʟʫʶʪ ʤʝʭʘʥʠʯʝʩʢʠʝ ʨʝʟʦʥʘʪʦʨʳ 

ʠʣʠ ʤʝʤʙʨʘʥʳ, ʢʦʪʦʨʳʝ ʩʧʦʩʦʙʥʳ ʫʩʠʣʠʚʘʪʴ ʩʠʛʥʘʣʳ ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʚʦʣʥ 

ʟʘ ʩʯʝʪ ʠʭ ʩʦʙʩʪʚʝʥʥʳʭ ʢʦʣʝʙʘʥʠʡ. ʕʪʠ ʩʠʩʪʝʤʳ ʤʦʛʫʪ ʙʳʪʴ ʠʟʛʦʪʦʚʣʝʥʳ ʠʟ 
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ʩʚʝʨʭʯʠʩʪʳʭ ʤʘʪʝʨʠʘʣʦʚ, ʪʘʢʠʭ ʢʘʢ ʢʨʝʤʥʠʡ ʠʣʠ ʩʘʧʬʠʨ, ʜʣʷ ʤʠʥʠʤʠʟʘʮʠʠ 

ʧʦʪʝʨʴ ʵʥʝʨʛʠʠ. ɼʘʥʥʳʡ ʪʠʧ ʜʝʪʝʢʪʦʨʘ ʠʩʧʦʣʴʟʫʝʪ ʛʝʥʝʨʘʮʠʶ ʤʘʛʥʠʪʥʦʛʦ 

ʦʪʢʣʠʢʘ ʤʘʪʝʨʠʘʣʘ ʜʘʪʯʠʢʘ ʧʨʠ ʝʛʦ ʜʝʬʦʨʤʘʮʠʠ ʛʨʘʚʠʪʘʮʠʦʥʥʦʡ ʚʦʣʥʦʡ.  

ɼʣʷ ʜʦʩʪʠʞʝʥʠʷ ʚʳʩʦʢʦʡ ʯʫʚʩʪʚʠʪʝʣʴʥʦʩʪʠ ʜʝʪʝʢʪʦʨ ʤʦʞʝʪ ʠʩʧʦʣʴʟʦʚʘʪʴ 

ʢʨʠʦʛʝʥʥʳʝ ʩʠʩʪʝʤʳ, ʩʥʠʞʘʶʱʠʝ ʪʝʧʣʦʚʦʡ ʰʫʤ ʠ ʧʦʚʳʰʘʶʱʠʝ ʪʦʯʥʦʩʪʴ 

ʠʟʤʝʨʝʥʠʡ. ʉʦʚʨʝʤʝʥʥʳʝ ʢʨʠʦʛʝʥʥʳʝ ʜʝʪʝʢʪʦʨʳ, ʪʘʢʠʝ ʢʘʢ KAGRA (ʗʧʦ-

ʥʠʷ), ʩʣʫʞʘʪ ʦʩʥʦʚʦʡ ʜʣʷ ʨʘʟʨʘʙʦʪʢʠ ʥʦʚʳʭ ʪʝʭʥʦʣʦʛʠʡ. 

ɹ. ɺʦʟʤʦʞʥʳʝ ʩʭʝʤʳ ʨʝʘʣʠʟʘʮʠʠ. ɹʦʣʦʤʝʪʨʠʯʝʩʢʠʝ ʜʝʪʝʢʪʦʨʳ: ʙʦʣʦ-

ʤʝʪʨʳ, ʯʫʚʩʪʚʠʪʝʣʴʥʳʝ ʢ ʠʟʤʝʥʝʥʠʷʤ ʪʝʤʧʝʨʘʪʫʨʳ, ʤʦʛʫʪ ʙʳʪʴ ʘʜʘʧʪʠʨʦʚʘ-

ʥʳ ʜʣʷ ʨʝʛʠʩʪʨʘʮʠʠ ʚʪʦʨʠʯʥʳʭ ʵʬʬʝʢʪʦʚ ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʚʦʣʥ, ʥʘʧʨʠʤʝʨ, 

ʥʘʛʨʝʚʘ ʤʘʪʝʨʠʘʣʘ. 

ɸʣʴʪʝʨʥʘʪʠʚʦʡ ʤʦʛʫʪ ʩʣʫʞʠʪʴ ʥʘʥʦʨʘʟʤʝʨʥʳʝ ʤʝʭʘʥʠʯʝʩʢʠʝ ʦʩʮʠʣʣʷʪʦ-

ʨʳ, ʦʭʣʘʞʜʝʥʥʳʝ ʜʦ ʩʚʝʨʭʥʠʟʢʠʭ ʪʝʤʧʝʨʘʪʫʨ, ʤʦʛʫʪ ʠʩʧʦʣʴʟʦʚʘʪʴʩʷ ʜʣʷ ʦʙ-

ʥʘʨʫʞʝʥʠʷ ʤʘʣʳʭ ʚʦʟʤʫʱʝʥʠʡ ʧʨʦʩʪʨʘʥʩʪʚʦʚʨʝʤʝʥʠ. 

ɺ. ʎʝʣʝʩʦʦʙʨʘʟʥʦʩʪʴ ʧʨʦʝʢʪʘ. ʅʘʫʯʥʘʷ ʟʥʘʯʠʤʦʩʪʴ: ʦʙʥʘʨʫʞʝʥʠʝ ʛʨʘ-

ʚʠʪʘʮʠʦʥʥʳʭ ʚʦʣʥ ʚ ʢʠʣʦʛʝʨʮʦʚʦʤ ʜʠʘʧʘʟʦʥʝ ʧʦʟʚʦʣʠʪ ʧʦʣʫʯʠʪʴ ʥʦʚʳʝ ʜʘʥ-

ʥʳʝ ʦ ʧʨʦʮʝʩʩʘʭ, ʧʨʦʠʩʭʦʜʷʱʠʭ ʚ ʵʢʩʪʨʝʤʘʣʴʥʳʭ ʫʩʣʦʚʠʷʭ, ʪʘʢʠʭ ʢʘʢ ʩʣʠʷ-

ʥʠʝ ʥʝʡʪʨʦʥʥʳʭ ʟʚʝʟʜ ʠʣʠ ʢʦʣʣʘʧʩ ʤʘʩʩʠʚʥʳʭ ʦʙʲʝʢʪʦʚ. ʕʪʦ ʪʘʢʞʝ ʤʦʞʝʪ 

ʧʦʤʦʯʴ ʧʨʦʚʝʨʠʪʴ ʪʝʦʨʠʠ, ʚʳʭʦʜʷʱʠʝ ʟʘ ʨʘʤʢʠ ʩʪʘʥʜʘʨʪʥʦʡ ʤʦʜʝʣʠ ʬʠʟʠʢʠ, 

ʥʘʧʨʠʤʝʨ, ʪʝʦʨʠʶ ʩʪʨʫʥ ʠʣʠ ʜʦʧʦʣʥʠʪʝʣʴʥʳʝ ʠʟʤʝʨʝʥʠʷ. 

ʊʝʭʥʦʣʦʛʠʯʝʩʢʘʷ ʙʘʟʘ: ʨʘʟʨʘʙʦʪʢʘ ʧʨʦʪʦʪʠʧʘ ʩʪʠʤʫʣʠʨʫʝʪ ʨʘʟʚʠʪʠʝ ʥʦ-

ʚʳʭ ʪʝʭʥʦʣʦʛʠʡ, ʪʘʢʠʭ ʢʘʢ ʢʨʠʦʛʝʥʥʳʝ ʩʠʩʪʝʤʳ, ʢʚʘʥʪʦʚʘʷ ʦʧʪʠʢʘ ʠ ʥʘʥʦʤʝ-

ʭʘʥʠʢʘ, ʢʦʪʦʨʳʝ ʤʦʛʫʪ ʥʘʡʪʠ ʧʨʠʤʝʥʝʥʠʝ ʚ ʜʨʫʛʠʭ ʦʙʣʘʩʪʷʭ ʥʘʫʢʠ ʠ ʪʝʭʥʠʢʠ. 

ɼʦʧʦʣʥʝʥʠʝ ʢ ʩʫʱʝʩʪʚʫʶʱʠʤ ʵʢʩʧʝʨʠʤʝʥʪʘʤ: ʜʝʪʝʢʪʦʨ ʚ ʢɻʮ ʜʠʘʧʘʟʦʥʝ 

ʙʫʜʝʪ ʜʦʧʦʣʥʷʪʴ ʩʫʱʝʩʪʚʫʶʱʠʝ ʧʨʦʝʢʪʳ, ʪʘʢʠʝ ʢʘʢ LIGO, VIRGO, KAGRA  

ʠ ʙʫʜʫʱʠʝ ʢʦʩʤʠʯʝʩʢʠʝ ʤʠʩʩʠʠ (ʥʘʧʨʠʤʝʨ, LISA). ʕʪʦ ʧʦʟʚʦʣʠʪ ʩʦʟʜʘʪʴ ʙʦ-

ʣʝʝ ʧʦʣʥʫʶ ʢʘʨʪʠʥʫ ʛʨʘʚʠʪʘʮʠʦʥʥʦ-ʚʦʣʥʦʚʦʛʦ çʥʝʙʘè. 

ʆʮʝʥʢʘ ʬʣʫʢʪʫʘʮʠʠ ʪʝʤʧʝʨʘʪʫʨʳ. ʆʧʨʝʜʝʣʠʤ ʩʪʘʪʠʩʪʠʯʝʩʢʫʶ ʪʝʤʧʝ-

ʨʘʪʫʨʫ ʧʨʠ ʛʝʥʝʨʘʮʠʠ ʚʦʣʥ ʵʥʝʨʛʠʠ ‏ὗ ʩʪʦʭʘʩʪʠʯʝʩʢʠʤ ʛʨʘʚʠʪʘʮʠʦʥʥʦ-

ʚʦʣʥʦʚʳʤ ʬʦʥʦʤ (ʉɻɺʌ), 

Ὕ
ὗ‏

ὨὛ
 ȟ 

ʛʜʝ ὨὛ ὯˎÌÎὡ, Ὧˎ ð ʧʦʩʪʦʷʥʥʘʷ ɹʦʣʴʮʤʘʥʘ, W ð ʯʠʩʣʦ ʜʦʧʫʩʪʠʤʳʭ ʵʥʝʨ-

ʛʝʪʠʯʝʩʢʠʭ ʩʦʩʪʦʷʥʠʡ [9]. ʇʦʣʘʛʘʷ, ʯʪʦ ʧʨʠ ʛʝʥʝʨʘʮʠʠ ʨʦʞʜʘʝʪʩʷ ʜʚʘ ʢʚʘʥʪʘ 

ʠʟʣʫʯʝʥʠʷ ʩ ʵʥʝʨʛʠʝʡ hɜ, ʛʜʝ ɜ = 106 ɻʮ, 

 ЎὝḗρȟτπϽρπ +Ȣ 

ʈʝʟʫʣʴʪʘʪʳ. ʀʪʘʢ, ʚ ʢʨʠʦʛʝʥʥʦʡ ʫʩʪʘʥʦʚʢʝ ʩ ʪʝʤʧʝʨʘʪʫʨʦʡ ʊ < 0,2Ā10-4 K 

ʤʦʞʥʦ ʟʘʤʝʪʠʪʴ ʬʣʫʢʪʫʘʮʠʠ ʪʝʤʧʝʨʘʪʫʨʳ, ʚʳʟʚʘʥʥʳʝ ʧʦʛʣʦʱʝʥʠʝʤ ʉɻɺʌ. 

ɼʣʷ ʵʪʦʛʦ ʤʦʞʥʦ ʧʨʝʜʣʦʞʠʪʴ ʫʩʪʘʥʦʚʢʫ ʠʟ ʜʚʫʭ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦ ʨʘʩʧʦʣʦ-

ʞʝʥʥʳʭ ʜʝʪʝʢʪʦʨʦʚ ʠ ʧʦʜʢʣʶʯʝʥʠʝ ʩʭʝʤʳ ʘʥʪʠʩʦʚʧʘʜʝʥʠʡ ʠʭ ʧʦʢʘʟʘʥʠʡ.  

ɺ ʦʙʟʦʨʝ ʧʨʦʪʦʪʠʧʦʚ ʫʩʪʘʥʦʚʦʢ ʜʣʷ ʨʝʛʠʩʪʨʘʮʠʠ ʉɻɺʌ ʫʢʘʟʘʥʳ ʩʭʝʤʳ  

[10, 11] ʩʫʱʝʩʪʚʫʶʱʠʭ ʠ ʧʨʦʝʢʪʠʨʫʝʤʳʭ ʤʘʛʥʠʪʦʢʘʣʦʨʠʤʝʪʨʦʚ, ʧʨʠ ʨʘʙʦʯʠʭ 
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ʪʝʤʧʝʨʘʪʫʨʘʭ ʥʠʞʝ ʤʠʢʨʦʢʝʣʴʚʠʥʦʚ. ɺ ʢʘʯʝʩʪʚʝ ʤʝʭʘʥʠʟʤʘ ʧʝʨʝʜʘʯʠ ʵʥʝʨʛʠʠ 

ʛʨʘʚʠʪʦʥʘ ʤʘʛʥʠʪʥʦʤʫ ʧʦʣʶ ʚ ʤʘʛʥʠʪʦʢʘʣʦʨʠʤʝʪʨʘʭ ʧʨʝʜʣʘʛʘʝʪʩʷ ʚʦʟʙʫʞʜʝ-

ʥʠʝ ʤʘʛʥʦʥʘ [12].  

 
 

˾͙ͫΦ мΦ ˸͎͙͊ͤͭͤ·͚ ͙͔͊ͦͪͣͭͪ͟͡ ό͙ͪͫΦ ͙͘ ͫͭ͊ͭΈ͙ ώмлϐύ 

 

ɿʘʢʣʶʯʝʥʠʝ. ʇʨʦʪʦʪʠʧ ʜʝʪʝʢʪʦʨʘ ɻɺ ʚ ʢɻʮ ʜʠʘʧʘʟʦʥʝ ð ʵʪʦ ʤʥʦʛʦʦʙʝ-

ʱʘʶʱʠʡ ʧʨʦʝʢʪ, ʢʦʪʦʨʳʡ ʤʦʞʝʪ ʟʥʘʯʠʪʝʣʴʥʦ ʨʘʩʰʠʨʠʪʴ ʥʘʰʠ ʟʥʘʥʠʷ ʦ ɺʩʝ-

ʣʝʥʥʦʡ. ʀʩʧʦʣʴʟʫʷ ʩʦʚʨʝʤʝʥʥʳʝ ʢʨʠʦʛʝʥʥʳʝ ʪʝʭʥʦʣʦʛʠʠ ʠ ʢʚʘʥʪʦʚʳʝ ʤʝʪʦ-

ʜʳ, ʤʦʞʥʦ ʩʦʟʜʘʪʴ ʧʨʠʙʦʨ, ʩʧʦʩʦʙʥʳʡ ʟʘʨʝʛʠʩʪʨʠʨʦʚʘʪʴ ʩʠʛʥʘʣʳ, 

ʥʝʜʦʩʪʫʧʥʳʝ ʜʣʷ ʪʝʢʫʱʠʭ ʩʠʩʪʝʤ. ʈʝʘʣʠʟʘʮʠʷ ʪʘʢʦʛʦ ʜʝʪʝʢʪʦʨʘ ʩʪʘʥʝʪ ʚʘʞ-

ʥʳʤ ʰʘʛʦʤ ʚ ʨʘʟʚʠʪʠʠ ʛʨʘʚʠʪʘʮʠʦʥʥʦ-ʚʦʣʥʦʚʦʡ ʘʩʪʨʦʥʦʤʠʠ ʠ ʦʪʢʨʦʝʪ ʥʦʚʳʝ 

ʛʦʨʠʟʦʥʪʳ ʚ ʠʩʩʣʝʜʦʚʘʥʠʠ ʢʦʩʤʦʩʘ. 
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Prototype of a Gravitational Wave Detector to Record Radiation from the Early 
Universe in the Kilohertz Range 
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V.A. Kotelnikov IRE RAS, Moscow, Russia 

Abstract. The operating principle of a detector designed to register radiation of the early 

Universe within the gravitational energy transfer channel is proposed. The new type of the 

detector is considered as a tool for experimental study of the history of space. The rele-

vance of the project is emphasized and the theoretical possibility of the existence of gravita-

tional waves in the kilohertz frequency range (SGWR) is indicated. The schemes of modern 

cryogenic detectors are analyzed, which can serve as prototypes for the development of a 

new device. 

Keywords: relic gravitational radiation, stochastic gravitational wave background, cryo-

genics, magnetocalorimeters extreme conditions, such as the merger of neutron stars or the 

collapse of massive objects. 

Introduction.  Development of a prototype gravitational wave (GW) detector in the 

kilohertz (kHz) frequency range is a promising direction in modern physics and 

astrophysics. It is known that the registration of relic microwave radiation coming 

from space in 1965 confirmed the Big Bang theory of the Universe and made a 

https://www.nobelprize.org/prizes/physics/2017/summary/
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breakthrough in the study of space [1-5]. Using another energy transmission chan-

nel can become an important tool for exploring the early Universe, as well as for 

studying exotic astrophysical objects such as neutron stars, black holes or hypothet-

ical cosmological strings [6, 7]. 

Methods and materials; results. A. Basic principles of the prototype. GW 

are a unique channel for transmitting information about events in the Universe. The 

detector prototype involves the use of sensitive elements that respond to micro-

scopic changes in spacetime in the kHz range. GWs with frequencies in the range 

from several hundred hertz to several kilohertz can be caused by neutron star mer-

gers, oscillations of young neutron stars or other high-energy processes [7]. 

The prototype should be optimized to register these frequencies, which distin-

guishes it from existing detectors (e.g. LIGO, VIRGO, KAGRA) operating in a 

lower frequency range [8]. 

Membrane, resonance and magnetostrictive systems: Mechanical resonators or 

membranes have been used as sensitive elements of detectors, which are capable of 

amplifying gravitational wave signals due to their own oscillations. These systems 

can be made of ultra-pure materials such as silicon or sapphire to minimize energy 

losses. This type of detector uses the generation of a magnetic response of the sen-

sor material when it is deformed by a GW. 

To achieve high sensitivity, the detector can use cryogenic systems that reduce 

thermal noise and increase the accuracy of measurements. Modern cryogenic de-

tectors, such as KAGRA (Japan), serve as a basis for the development of new tech-

nologies. 

B. Possible implementation schemes. Bolometric detectors: Bolometers are 

sensitive to temperature changes so its can be adapted to register secondary effects 

of gravitational waves, such as heating of a material. An alternative is nanoscale 

mechanical oscillators cooled to ultra-low temperatures, which can be used to de-

tect small disturbances in spacetime. 

C. Feasibility of the project. Scientific significance: Detection of gravitational 

waves in the kHz range will provide new data on processes occurring in extreme 

conditions, such as the merger of neutron stars or the collapse of massive objects. 

It can also help test theories that go beyond the standard model of physics, 

such as string theory or extra dimensions. 

Technological base: The development of the prototype will stimulate the devel-

opment of new technologies such as cryogenic systems, quantum optics and nano-

mechanics, which could find application in other areas of science and technology. 

Addition to existing experiments: The detector in the kHz range will comple-

ment existing projects such as LIGO, VIRGO, KAGRA and future space missions 

(e.g. LISA). This will allow us to create a more complete scope of the gravitational 

wave ñskyò. 

Evaluation of temperature fluctuations. We will determine the statistical tem-

perature during the generation of energy waves ŭQ by stochastic GW background 
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where dS = kB lnW, kB is the Boltzmann constant, W is the adopted energetic levels 

number in the system [9]. Assuming that two radiation quanta with energy hɜ are 

generated during generation, where ɜ = 106 Hz,  

ЎὝḗρȟτπϽρπ ὑ Ȣ 

So, in a cryogenic setup with a temperature of T < 0.2Ā10-4 K, temperature 

fluctuations caused by the absorption of the SGWB can be observed. For this pur-

pose, a setup of two perpendicularly located detectors and the connection by an 

anticoincidence circuit for their readings can be proposed. In a review of prototype 

setups for recording the SGWB, schemes [10, 11] of existing and planned magne-

tocalorimeters are indicated, at operating temperatures below microkelvins. 

Magnon excitation [12] is proposed as a mechanism for transferring graviton 

energy to a magnetic field in magnetocalorimeters. 

 

 
 

Fig. 1. Magnetic calorimeter (fig. from [10]) 
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Conclusion. The prototype of the GW detector in the kHz range is a promising 

project, which can significantly expand our knowledge of the Universe. Using 

modern cryogenic technologies and quantum methods, it is possible to create a de-

vice capable of registering signals that are inaccessible to current systems. The im-

plementation of such a detector will be an important step in the development of 

gravitational wave astronomy and will open new horizons in space exploration. 
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Abstract. In this study, we have described an autonomous dynamical system within a broad 

scalar-tensor gravity context. This context includes the overall configuration of non-

minimally coupled scalar field functions for both the torsion scalar (T) and the boundary 

term (B). We have investigated three well-founded forms of potential functions and limited 

the model parameters through dynamical system analysis. This analysis has been essential 

to select cosmologically viable models. We have examined the behavior of dynamical pa-

rameters, including equation-of-state parameters, as well as the standard density parameters 

for radiation, matter, and dark energy (DE) to evaluate their alignment with current obser-

vational data. The phase space diagrams are provided to illustrate the stability conditions of 

the respective critical points. The Universe is clearly undergoing a late-time cosmic accel-

eration phase through the DE-dominated critical points. Furthermore, we test our results 

with the most widely accepted ȿCDM model. The findings are further analyzed using the 

cosmological datasets of Supernovae Ia and the Hubble rate H(z). 

Keywords: Sorkin-Schutz formalism, f (T, ű) gravity, Autonomous Dynamical System 

Analysis 
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Abstract. Unimodular Gravity was first introduced by Einstein as early as in 1919. The 

extra unimodularity condition imposed on the pseudo-Riemannian metric seemed to be a 

promising alternative to the cosmological constant, by using the condition det(g) = 1 as a 

Lagrange multiplier in the Einstein ð Hilbert variational principle. In this talk, we shall 

investigate physical and mathematical aspects of extension of the unimodularity condition 

to the 5-dimensional Kaluza ð Klein space. It turns out that when the unimodularity con-

straint applies to the five dimensional equations, it does not necessarily apply to the reduced 

equations in four dimensions. The reduction of the five dimensional equations to four di-

mensions leads to a quite unusual structure connecting gravity to a scalar field and ordinary 

matter, which stems from the five dimensional framework. Cosmological vacuum solutions 

of the effective four dimensional equations have been derived in our recent paper [1]. They 

describe a symmetrically bouncing universe. However, even if the four dimensional metric 

is free of singularities, the original five dimensional one becomes degenerate at the bounce 

since the modulus field associated with the fifth dimension vanishes at the transition point 

from the contracting to the expanding phase.  

Keywords: Unimodular Gravity, Kaluza ð Klein model, Cosmology, Bouncing solutions 

Introduction.  The unimodular gravity was viewed as another approach to the cos-

mological constant problem and to quantization of gravity. In fact, the unimodular 

condition implies that the resulting field equations, after solving the constraint on 

the determinant of the metric, are traceless. Due to this property, any cosmological 

constant term disappears from the field equations. However, it can reappear as an 

integration constant. One consequence of this property is that, for example, the 

possible connection of the cosmological constant, for example, with the vacuum 

energy is lost. Notice, moreover, that instead of imposing the determinant of the 

metric equal to 1, the unimodular condition can be generalized by imposing that the 

determinant of the metric is equal to the determinant of a given fiducial metric. In 

any case, the condition on the determinant implies that the theory is invariant by a 

restricted class of diffeomorphism, the transverse diffeomorphism. By generalizing 

the unimodular gravity to the Kaluza ð Klein, we follow the lines sketched in our 

previous publication. 

Our investigation of unimodular gravity in the context of the 5-dimensional 

Kaluza ð Klein theory should be preceded by the following considerations. We 

are confronted with an alternative choice of the way we apply the unimodularity 
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condition. We can choose to impose it to the variational principle in 5 dimensions, 

find the solutions and then proceed to dimensional reduction, or perform dimen-

sional reduction first, expressing everything in terms of $4$-dimensonal Riemanni-

an metric and electromagnetic and scalar fields, and then proceed to variational 

principle in 4 dimensions with unimodular condition imposed on the $4$-

dimensional metric. The situation is illustrated by the following diagram: 

 

 
In order to explore all the degrees of freedom present in the Kaluza ð Klein 

setting, we choose to apply the unimodular condition directly to the 5-dimensional 

variational principle, leading to ñtheory Bò on our diagram. Cosmological model 

based on this theory does not need cosmological constant, and can lead to bouncing 

Universe instead of singularity at the Big Bang. 

Methods and materials; results. The methods are the usual ones in theoreti-

cal and mathematical physics: elaborating the model first, solving equations next, 

analyzing solutionsô properties and trying to find a physical interpretation. 

Conclusion. We have explored cosmological solutions in the absence of elec-

tromagnetic field coming from the Kaluza ð Klein structure, which is required to 

have isotropy in the three spatial dimensions of the external space. For the Kaluza ð 

Klein unimodular gravity the reduction to four dimensions preserves the coupling to 

the electromagnetic field emerging from the five-dimensional metric. This is related 

to the traceless character of the electromagnetic field. The coupling of the scalar 

(modulus) field Phi associated to the fifth dimension, may possible bring new struc-

tures, e.g. static, spherically symmetric configurations, including Black Holes. 

For the cosmological solution found here, we may also expect some peculiar 

features at perturbative level. Finally, the effective theory in four dimensions, and 

its coupling to matter emerging from unimodular Kaluza-Klein theory, must be 

developed further since they correspond to a new implementation of the coupling 

of the scalar field and gravity after reduction to the usual four-dimensional space-

time. 
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˿˽͋ ̅ˮ̇ ˾ˢ˹Σ ˿͊ͤͭ͟-˽͔͔͎ͭͪ͋ͯͪΣ ˾͙ͦͫͫΎ 

ɸʥʥʦʪʘʮʠʷ. ɼʣʷ ʢʦʤʧʦʟʠʮʠʠ ʣʦʨʝʥʮʝʚʳʭ ʙʫʩʪʦʚ L1L2 ʚ ʝʚʢʣʠʜʦʚʦʤ 4-ʤʝʨʥʦʤ ʧʨʦ-

ʩʪʨʘʥʩʪʚʝ ʢʚʘʪʝʨʥʠʦʥʦʚ ʘʥʘʣʠʪʠʯʝʩʢʠ ʥʘʡʜʝʥ ʪʨʠʧʣʝʪ ʩʦʙʩʪʚʝʥʥʳʭ ʚʝʢʪʦʨʦʚ c0, c1, 

c2, ʢʦʪʦʨʳʝ ʠʤʝʶʪ ʝʜʠʥʠʯʥʫʶ ʧʨʦʝʢʮʠʶ ʥʘ ʦʩʴ ʚʨʝʤʝʥʠ ʠ ʷʚʣʷʶʪʩʷ ʙʘʟʠʩʦʤ  

3-ʤʝʨʥʦʛʦ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ, ʦʨʪʦʛʦʥʘʣʴʥʦʛʦ ʥʘʧʨʘʚʣʝʥʠʶ n ʦʩʠ ʚʨʘʱʝʥʠʷ ɺʠʛʥʝʨʘ V 

ʥʘ ʫʛʦʣ j. ɽʜʠʥʠʯʥʳʡ ʚʝʢʪʦʨ n0 ʥʘʧʨʘʚʣʝʥʠʷ ʨʘʟʥʦʩʪʠ ʚʝʢʪʦʨʦʚ c1ïc0 ʥʝ ʟʘʚʠʩʠʪ  

ʦʪ ʧʦʨʷʜʢʘ ʩʣʦʞʝʥʠʷ ʩʢʦʨʦʩʪʝʡ ʠ ʩʚʷʟʘʥ ʩ ʥʘʧʨʘʚʣʝʥʠʝʤ n ʨʝʟʫʣʴʪʠʨʫʶʱʝʡ ʩʢʦʨʦʩʪʠ 

ʧʦʚʦʨʦʪʦʤ ʥʘ ʧʦʣʦʚʠʥʥʳʡ ʫʛʦʣ: 
0 /2

,n b n V n
­j j

= Ö ¹  ʛʜʝ 
0
cos /2 sin /2,b i= j +n j  

ʘ i0 ð ʝʜʠʥʠʮʘ ʚ ʘʣʛʝʙʨʝ ʢʚʘʪʝʨʥʠʦʥʦʚ. ʇʨʠ ʵʪʦʤ ʦʙʝʩʧʝʯʠʚʘʝʪʩʷ ʣʘʢʦʥʠʯʥʦʩʪʴ ʙʝʩ-

ʢʦʦʨʜʠʥʘʪʥʳʭ ʚʳʢʣʘʜʦʢ ʩ ʩʠʤʤʝʪʨʠʟʦʚʘʥʥʳʤ ʧʨʝʜʩʪʘʚʣʝʥʠʝʤ ʢʦʤʧʦʟʠʮʠʠ ʙʫʩʪʦʚ: 

0
1 2 /2 /2

.
n n

L L VL V L V
j­j ­ j­j

¹ =  

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʢʦʤʧʦʟʠʮʠʷ ʙʫʩʪʦʚ ʃʦʨʝʥʮʘ, ʩʦʙʩʪʚʝʥʥʳʝ ʚʝʢʪʦʨʘ, ʧʦʣʦʚʠʥʥʳʡ 

ʫʛʦʣ ɺʠʛʥʝʨʘ, ʝʚʢʣʠʜʦʚʘ ʛʝʦʤʝʪʨʠʷ, ʛʝʦʤʝʪʨʠʯʝʩʢʘʷ ʠʥʪʝʨʧʨʝʪʘʮʠʷ, ʢʚʘʪʝʨʥʠʦʥʳ 

ɺʚʝʜʝʥʠʝ. ʂʦʤʧʦʟʠʮʠʷ ʣʦʨʝʥʮʝʚʳʭ ʙʫʩʪʦʚ ʠ ʩʣʦʞʝʥʠʝ ʨʝʣʷʪʠʚʠʩʪʩʢʠʭ ʩʢʦ-

ʨʦʩʪʝʡ ʚ ʬʠʟʠʢʝ ʷʚʣʷʝʪʩʷ ʢʣʘʩʩʠʯʝʩʢʦʡ ʪʝʤʦʡ, ʢʦʪʦʨʘʷ ʧʨʦʜʦʣʞʘʝʪ ʨʘʩʩʤʘʪ-

ʨʠʚʘʪʴʩʷ ʧʣʝʷʜʦʡ ʩʦʚʨʝʤʝʥʥʠʢʦʚ, ʢ ʯʠʩʣʫ ʢʦʪʦʨʳʭ ʧʨʠʥʘʜʣʝʞʘʪ A.A. Ungar, 

J.F. Barrett, S.J. Sangwine, M.J. Visser, T.S. Berry, ɺ.ʀ. ʈʠʪʫʩ, ɻ.ɹ. ʄʘʣʳʢʠʥ, 

ɿ.ʂ. ʉʠʣʘʛʘʜʟʝ ʠ ʜʨ. ɺʩʣʝʜ ʟʘ çɺʝʢʪʦʨʥʦʡ ʘʣʛʝʙʨʦʡè ɻ. ʂʘʟʘʥʦʚʳ ʥʘʯʘʣʠ ʧʨʠ-

ʫʤʥʦʞʘʪʴʩʷ ʚʝʨʩʠʠ ʘʣʛʝʙʨʘʠʯʝʩʢʦʛʦ ʦʧʠʩʘʥʠʷ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ ʃʦʨʝʥʮʘ  

ʚ ʧʨʦʩʪʨʘʥʩʪʚʘʭ ʩ ʨʘʟʣʠʯʥʦʡ ʨʘʟʤʝʨʥʦʩʪʴʶ ʠ ʛʝʦʤʝʪʨʠʝʡ. ʇʨʠ ʵʪʦʤ ʣʠʰʴ ʥʝ-

ʤʥʦʛʠʝ ʨʘʙʦʪʳ ʨʘʩʩʤʘʪʨʠʚʘʶʪ ʣʦʨʝʥʮʝʚʳ ʙʫʩʪʳ ʚ ʪʝʨʤʠʥʘʭ ʦʨʠʛʠʥʘʣʴʥʳʭ 

ʢʚʘʪʝʨʥʠʦʥʦʚ ʋ.ʈ. ɻʘʤʠʣʴʪʦʥʘ ʠ ʠʭ ʝʩʪʝʩʪʚʝʥʥʳʭ ʦʙʦʙʱʝʥʠʡ ð ʦʢʪʦʥʠʦʥʦʚ, 

ʘ ʥʝ ʠʭ ʤʦʜʠʬʠʢʘʮʠʡ. ʊʘʢʦʚʳʤʠ ʷʚʣʷʶʪʩʷ [1, 2], ʢʦʪʦʨʳʝ ʨʘʟʣʠʯʥʳʤʠ ʧʫʪʷʤʠ 

ʧʨʠʚʦʜʷʪ ʢ ʦʜʠʥʘʢʦʚʦʤʫ ʦʧʠʩʘʥʠʶ ʩʣʦʞʝʥʠʷ ʩʢʦʨʦʩʪʝʡ ʧʦʩʨʝʜʩʪʚʦʤ 0n  ʠ 

ʦʮʝʥʢʘʤ ʜʣʷ ʫʛʣʘ ɺʠʛʥʝʨʘ f, ʩʦʚʧʘʜʘʶʱʠʤ ʩ ʪʦʯʥʦʩʪʴʶ ʜʦ ʟʥʘʢʘ. ɺ ʜʘʥʥʦʡ 

ʨʘʙʦʪʝ ʚʧʝʨʚʳʝ ʧʨʝʜʣʘʛʘʝʪʩʷ ʩʧʦʩʦʙ ʛʝʦʤʝʪʨʠʯʝʩʢʦʛʦ ʧʦʩʪʨʦʝʥʠʷ ʥʘʡʜʝʥʥʳʭ 

ʚ [1 et seq.] ʩʦʙʩʪʚʝʥʥʳʭ ʚʝʢʪʦʨʦʚ, ʚ ʙʘʟʠʩʝ ʢʦʪʦʨʳʭ 1 2L L  ʪʨʠʚʠʘʣʴʥʦ ʦʧʠʩʳ-

ʚʘʝʪʩʷ ʨʘʩʪʷʞʝʥʠʝʤ ʦʜʥʦʛʦ ʠʟ ʩʚʝʪʦʧʦʜʦʙʥʳʭ ʚʝʢʪʦʨʦʚ 0c  ʠʣʠ 1c  ʧʨʠ ʩʞʘʪʠʠ 

ʚʦ ʩʪʦʣʴʢʦ ʞʝ ʨʘʟ ʚʪʦʨʦʛʦ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ʈʠʩ. 1 ʜʝʤʦʥʩʪʨʠʨʫʝʪ ʧʨʠ ʟʘʜʘʥʥʦʤ 

n ʦʩʪʘʣʴʥʳʝ ʩʦʙʩʪʚʝʥʥʳʝ ʚʝʢʪʦʨʘ ʜʣʷ1 2L L , ʢʦʪʦʨʳʝ ʩʪʨʦʷʪʩʷ ʧʦ ʧʝʨʝʤʝʥʥʦʡ 

ʪʦʯʢʝ A ʚ ʣʶʙʦʤ ʨʘʢʫʨʩʝ ʧʨʦʛʨʘʤʤʦʡ GeoGebra, ʯʪʦ ʧʦʟʚʦʣʷʝʪ ʨʝʰʠʪʴ ʜʦ-

ʚʦʣʴʥʦ ʩʣʦʞʥʫʶ ʟʘʜʘʯʫ ʣʶʙʦʤʫ ʞʝʣʘʶʱʝʤʫ. 
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˾͙ͫΦ 1. x ͙͊ͫ͘ ͍͔͍ͭͦͪͦ͟ c0, c1, c2 ͭ ͔ͪͻ͔͎ͣͪͤͦͦ ͍ͨͦ͒ͨͪͦͫͭͪ͊ͤͫͭ͊Σ  

͎ͦͪͭͦͦͤ͊͡Έ͎ͤͦͦ ͙ͦͫ n ͍ ͙͎͔͍͎ͤͪͦͫͦͦ͟ ͍ͪ͊΅͔͙ͤΎ V 

 

ɺʝʨʪʠʢʘʣʴʥʘʷ ʦʩʴ z  c ʧʦʤʝʯʝʥʥʳʤʠ ʥʫʣʝʚʳʤ ʠ ʝʜʠʥʠʯʥʳʤ ʟʥʘʯʝʥʠʷʤʠ ð 

ʦʩʴ ʚʨʝʤʝʥʠ. ʇʦʚʝʨʭʥʦʩʪʴ ʚʨʘʱʝʥʠʷ ʚʦʢʨʫʛ ʦʩʠ ʚʨʝʤʝʥʠ ð ʧʘʨʘʙʦʣʦʠʜ 
2 2 2z x y= + . ɻʦʨʠʟʦʥʪʘʣʴʥʘʷ ʧʣʦʩʢʦʩʪʴ ʝʜʠʥʠʯʥʦʛʦ ʚʨʝʤʝʥʠ ʧʝʨʝʩʝʢʘʝʪ ʧʘ-

ʨʘʙʦʣʦʠʜ ʧʦ ʝʜʠʥʠʯʥʦʤʫ ʢʨʫʛʫ. A ð ʪʦʯʢʘ ʧʘʨʘʙʦʣʦʠʜʘ, ʣʝʞʘʱʘʷ ʚʳʰʝ ʛʦʨʠ-

ʟʦʥʪʘʣʴʥʦʡ ʧʣʦʩʢʦʩʪʠ. ɺʝʨʪʠʢʘʣʴʥʘʷ ʧʣʦʩʢʦʩʪʴ ʩʦʜʝʨʞʠʪ ʦʩʴ ʚʨʝʤʝʥʠ ʠ ʪʦʯ-

ʢʫ A. ɺ ð ʪʦʯʢʘ ʧʝʨʝʩʝʯʝʥʠʷ ʩ ʛʦʨʠʟʦʥʪʘʣʴʥʦʡ ʧʣʦʩʢʦʩʪʴʶ ʦʪʨʝʟʢʘ, 

ʩʦʝʜʠʥʷʶʱʝʛʦ ʥʘʯʘʣʦ ʦʪʩʯʝʪʘ ʚʨʝʤʝʥʠ ʩ ʪʦʯʢʦʡ A. ɼʣʷ ʧʦʩʪʨʦʝʥʠʷ 2c  ʠʟ ʪʦʯ-

ʢʠ A ʦʧʫʩʢʘʝʪʩʷ ʧʝʨʧʝʥʜʠʢʫʣʷʨ ʥʘ ʛʦʨʠʟʦʥʪʘʣʴʥʫʶ ʧʣʦʩʢʦʩʪʴ. ʂʦʥʮʳ ʩʚʝʪʦ-

ʧʦʜʦʙʥʳʭ ʚʝʢʪʦʨʦʚ 0c  ʠ 1c  ʥʘʭʦʜʷʪʩʷ ʥʘ ʝʜʠʥʠʯʥʦʤ ʢʨʫʛʝ ʠ ʩʦʚʧʘʜʘʶʪ ʩ 

ʢʦʥʮʘʤʠ ʭʦʨʜʳ, ʧʨʦʚʝʜʝʥʥʦʡ ʯʝʨʝʟ ʪʦʯʢʫ B ʦʨʪʦʛʦʥʘʣʴʥʦ ʚʝʨʪʠʢʘʣʴʥʦʡ 

ʧʣʦʩʢʦʩʪʠ.  

ɿʘʢʣʶʯʝʥʠʝ. ʋ.ʈ. ɻʘʤʠʣʴʪʦʥ ʠʟʦʙʨʝʣ ʢʚʘʪʝʨʥʠʦʥʳ ʜʣʷ ʠʥʪʝʨʧʨʝʪʘʮʠʠ 

ʨʝʘʣʴʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ-ʚʨʝʤʝʥʠ, ʥʦ ʠʭ ʧʦʪʝʥʮʠʘʣ ʧʦʢʘ ʥʝ ʠʩʯʝʨʧʘʥ. ɺ ʉʊʆ 

ʘʧʧʘʨʘʪ ʢʚʘʪʝʨʥʠʦʥʦʚ ʦʙʝʩʧʝʯʠʚʘʝʪ ʣʘʢʦʥʠʯʥʦʩʪʴ ʠ ʥʘʛʣʷʜʥʦʩʪʴ ʚʳʢʣʘʜʦʢ, 

ʧʨʠʤʝʥʝʥʠʝ ʢʦʪʦʨʳʭ ʩʜʝʨʞʠʚʘʝʪʩʷ ʦʪʯʘʩʪʠ ʪʝʤ, ʯʪʦ ʧʨʝʧʦʜʘʚʘʥʠʝ ʢʚʘʪʝʨʥʠ-

ʦʥʦʚ ʥʝ ʧʨʝʜʫʩʤʦʪʨʝʥʦ ʚ ʩʠʩʪʝʤʝ ʦʙʷʟʘʪʝʣʴʥʳʭ ʜʠʩʮʠʧʣʠʥ. ɽʩʣʠ ʘʢʪʫʘʣʴʥʘʷ 

ʩʦʚʨʝʤʝʥʥʘʷ ʧʨʦʙʣʝʤʘ ʚʳʙʦʨʘ ʥʘʠʙʦʣʝʝ ʧʦʜʭʦʜʷʱʝʡ ʤʘʪʝʤʘʪʠʢʠ ʜʣʷ ʦʧʠʩʘ-

ʥʠʷ ʧʨʦʩʪʨʘʥʩʪʚʘ-ʚʨʝʤʝʥʠ ʩ ʯʠʩʣʦʤ ʠʟʤʝʨʝʥʠʡ ʙʦʣʴʰʠʤ 4-ʭ ʨʝʰʠʪʩʷ ʚ ʧʦʣʴ-

ʟʫ ʢʚʘʪʝʨʥʠʦʥʦʚ ʠ ʦʢʪʦʥʠʦʥʦʚ, ʪʦ ʫʢʘʟʘʥʥʳʡ ʥʝʜʦʩʪʘʪʦʢ ʙʫʜʝʪ ʧʦʣʝʟʥʦ ʠʩ-

ʧʨʘʚʠʪʴ. 

˿͙ͨͫͦ͟ ͙ ͫͭͦ;͙͍ͤͦ͟ 
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Geometry of Eigenvectors for Composition of Lorentz Boosts  

Kharinov Mikhail Vyacheslavovich(*)  khar@iias.spb.su 
SPIN-code: 3068-5564 

SPC RAS, St. Petersburg, Russia 

Abstract. For the composition L1L2 of Lorentz boosts L1 and L2 in the Euclidean 4-

dimensional quaternion space, a triple of eigenvectors c0, c1, c2 is analytically found, each 

of which has a unit projection onto the time axis and represents a basis vector of a 3-

dimensional subspace orthogonal to the direction n of the Wigner rotation axis at an angle 

j. The unit vector n0 of the direction of the vector difference c1ïc0  does not depend on the 

commutation of the summed velocities and is connected with the direction n  of the result-

ing velocity by a rotation of half an angle: 
0 /2

,n b n V n
­j j

= Ö ¹  where 

0
cos /2 sin /2,b i= j +n j and i0 is the unity in the quaternion algebra. This ensures the 

conciseness of coordinate-free calculations with a symmetrized representation of the com-

position of boosts: 
0

1 2 /2 /2
.

n n
L L VL V L V

j­j ­ j­j
¹ =  

Keywords: composition of Lorentz boosts, eigenvectors, Wigner half angle, Euclidean 

geometry, geometric interpretation, quaternions 

Introduction.  The composition of Lorentz boosts and the addition of relativistic 

velocities in physics is a classical topic that continues to be considered by a galaxy 

of contemporaries, including A.A. Ungar, J.F. Barrett, S.J. Sangwine, M.J. Visser, 

T.S. Berry, V.I. Ritus, G.B. Malykin, Z.K. Silagadze and others. Following G. 

Casanova's ñEl algebra vectorialò, versions of the algebraic description of Lorentz 

transformations in spaces with different dimensions and geometries began to mul-

tiply. At the same time, only a minority of papers consider Lorentz boosts in terms 

of W. R. Hamilton's original quaternions and their natural generalizations, the oc-

tonions, rather than their modifications. Such are [1, 2], which in different ways 

lead to the same formula for the addition of velocities expressed through 0n , and 

estimates for the Wigner angle j, coinciding up to a sign. It is in this article that a 

method of geometric construction of the eigenvectors found for 1 2L L  in [1 et seq.] 

is first proposed, so that in the basis of these eigenvectors the composition 1 2L L  is 

trivially described by the stretching of one of the light-like vectors 0c  or 1c , ac-

companied with the shortening of the second by the same factor. 

Methods and materials; results. Fig. 1 shows for a given n the remaining 

eigenvectors of 1 2L L , which are constructed by the GeoGebra tool using the varia-

ble point ñAò for any observation angle. This allows anyone to solve the rather 

complex problem of operating ʘ composition 1 2L L .  
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Fig. 1. The basis of vectors 0c , 1c , 2c  of a three-dimensional subspace  

orthogonal to the direction n ƻŦ ²ƛƎƴŜǊϥǎ Ǌͦǘŀǘƛƻƴŀƭ ŀȄƛǎ 

 

The vertical z  axis with zero and one values marked is the time axis. The sur-

face of rotation around the time axis is the paraboloid: 2 2 2z x y= + . The horizontal 

plane of unit time intersects the paraboloid at a unit circle. ñAò is the point of the 

paraboloid that is above the horizontal plane. The vertical plane contains the time 

axis and the point ñAò. ñɺò is the point of intersection with the horizontal plane of 

the line segment connecting the origin of time with the point ñAò. To obtain 2c , a 

perpendicular is dropped from point ñAò onto the horizontal plane. The ends of the 

light-like vectors 0c  and 1c  are located on the unit circle and coincide with the 

ends of the chord drawn through the point ñɺò orthogonally to the vertical plane. 

Conclusion. W.R. Hamilton invented quaternions to interpret real space-time, 

but their potential in this regard has not yet been exhausted. In STR, the apparatus 

of quaternions ensures the conciseness and clarity of calculations, the use of which 

is partly constrained by the fact that the teaching of quaternions is not provided for 

in the system of compulsory disciplines. If the existing problem of choosing the 

most suitable mathematics for describing space-time with a number of dimensions 

greater than 4 is solved in favor of quaternions and octonions, then it will be useful 

to correct this shortcoming. 
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ɸʥʥʦʪʘʮʠʷ. ʈʘʩʩʤʘʪʨʠʚʘʝʪʩʷ SU(N)-ʩʠʤʤʝʪʨʠʯʥʘʷ ʤʦʜʝʣʴ ʚʟʘʠʤʦʜʝʡʩʪʚʠʷ ʤʝʞʜʫ 

ʛʨʘʚʠʪʘʮʠʦʥʥʳʤ, ʢʘʣʠʙʨʦʚʦʯʥʳʤ, ʚʝʢʪʦʨʥʳʤ ʠ ʧʩʝʚʜʦʩʢʘʣʷʨʥʳʤ (ʘʢʩʠʦʥʥʳʤ) ʧʦʣʷ-

ʤʠ. ʂʦʩʤʠʯʝʩʢʠʡ ʩʫʙʩʪʨʘʪ, ʥʘʟʚʘʥʥʳʡ ʪʝʨʤʠʥʦʤ ʮʚʝʪʥʦʡ ʵʬʠʨ, ʦʧʠʩʳʚʘʝʪʩʷ ʩ ʧʦʤʦ-

ʱʴʶ SU(N)-ʩʠʤʤʝʪʨʠʯʥʦʛʦ ʤʫʣʴʪʠʧʣʝʪʘ ʚʝʢʪʦʨʥʳʭ ʧʦʣʝʡ. ʇʨʝʜʩʪʘʚʣʝʥ ʘʥʟʘʮ ʦ ʪʦʤ, 

ʯʪʦ ʠʤʝʥʥʦ ʝʛʦ ʨʘʩʧʘʜ ʚ ʨʘʥʥʝʡ ɺʩʝʣʝʥʥʦʡ ʦʙʨʘʟʦʚʘʣ ʢʘʥʦʥʠʯʝʩʢʠʡ ʜʠʥʘʤʠʯʝʩʢʠʡ 

ʵʬʠʨ ʠ ʨʝʣʠʢʪʦʚʫʶ ʘʢʩʠʦʥʥʫʶ ʪʝʤʥʫʶ ʤʘʪʝʨʠʶ. SU(N)-ʩʠʤʤʝʪʨʠʯʥʦʝ ʧʦʣʝ ʗʥʛʘ ð 

ʄʠʣʣʩʘ, ʩʚʷʟʘʥʥʦʝ ʩ ʮʚʝʪʥʳʤ ʵʬʠʨʦʤ, ʦʙʨʘʟʫʝʪ ʠʩʪʦʯʥʠʢ, ʧʝʨʝʜʘʶʱʠʡ ʵʥʝʨʛʠʶ ʨʘʩ-

ʧʘʜʘʶʱʝʛʦʩʷ ʮʚʝʪʥʦʛʦ ʵʬʠʨʘ ʚ ʘʢʩʠʦʥʥʦʝ ʧʦʣʝ. ɺ ʢʘʯʝʩʪʚʝ ʧʨʠʣʦʞʝʥʠʷ ʨʘʩʩʤʘʪʨʠʚʘ-

ʝʪʩʷ SU(2) ʩʠʤʤʝʪʨʠʯʥʘʷ ʪʝʦʨʠʷ ʚʟʘʠʤʦʜʝʡʩʪʚʠʷ ʢʘʣʠʙʨʦʚʦʯʥʦʛʦ ʠ ʘʢʩʠʦʥʥʦʛʦ ʧʦʣʝʡ 

ʢʘʢ ʥʝʘʙʝʣʝʚ ʘʥʘʣʦʛ U(1) ʩʠʤʤʝʪʨʠʯʥʦʡ ʤʦʜʝʣʠ ʘʢʩʠʦʥʥʦ-ʠʥʜʫʮʠʨʦʚʘʥʥʦʡ ʛʝʥʝʨʘ-

ʮʠʠ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ ʚ ʵʬʠʨʥʦʡ ʩʨʝʜʝ ʩ ʤʘʛʥʠʪʥʳʤ ʧʦʣʝʤ, ʚʳʚʝʜʝʥʘ ʩʠʩʪʝʤʘ 

ʫʨʘʚʥʝʥʠʡ, ʦʧʠʩʳʚʘʶʱʘʷ ʜʘʥʥʦʝ ʚʟʘʠʤʦʜʝʡʩʪʚʠʝ. ɺʧʦʩʣʝʜʩʪʚʠʠ ʙʳʣʦ ʧʦʣʫʯʝʥʦ ʥʦ-

ʚʦʝ ʪʦʯʥʦʝ ʨʝʰʝʥʠʝ, ʢʦʪʦʨʦʝ ʦʧʠʩʳʚʘʝʪ ʨʘʥʥʶʶ ɺʩʝʣʝʥʥʫʶ ʥʘ ʩʪʘʜʠʠ ʜʦʤʠʥʠʨʦʚʘ-

ʥʠʷ ʢʘʣʠʙʨʦʚʦʯʥʦʛʦ ʧʦʣʷ ʤʘʛʥʠʪʦ-ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʪʠʧʘ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ɸʥʠʟʦʪʨʦʧʥʘʷ ʢʦʩʤʦʣʦʛʠʷ, ʧʦʣʝ ʗʥʛʘ ð ʄʠʣʣʩʘ, ʘʢʩʠʦʥʳ, ʪʝʤʥʘʷ 

ʤʘʪʝʨʠʷ 

ɺʚʝʜʝʥʠʝ. ʊʝʨʤʠʥ ʜʠʥʘʤʠʯʝʩʢʠʡ ʵʬʠʨ ʙʳʣ ʚʚʝʜʝʥ ʚ ʨʘʤʢʘʭ ʪʝʦʨʠʠ ʵʬʠʨʘ 

ʕʡʥʰʪʝʡʥʘ, ʢʦʪʦʨʘʷ ʙʳʣʘ ʩʬʦʨʤʫʣʠʨʦʚʘʥʘ ʚ ʥʘʯʘʣʝ 21 ʚʝʢʘ. ʕʪʘ ʪʝʦʨʠʷ ʦʧʝ-

ʨʠʨʫʝʪ ʩ ʚʨʝʤʝʥʠʧʦʜʦʙʥʳʤ ʝʜʠʥʠʯʥʳʤ ʜʠʥʘʤʠʯʝʩʢʠʤ ʚʝʢʪʦʨʥʳʤ ʧʦʣʝʤ Ui, 

ʢʦʪʦʨʦʝ ʠʥʪʝʨʧʨʝʪʠʨʫʝʪʩʷ ʢʘʢ ʯʝʪʳʨʝʭʚʝʢʪʦʨ ʩʢʦʨʦʩʪʠ ʥʝʢʦʪʦʨʦʛʦ ʢʦʩʤʠʯʝ-

ʩʢʦʛʦ ʩʫʙʩʪʨʘʪʘ, ʦʙʦʟʥʘʯʝʥʥʦʛʦ ʢʘʢ ʵʬʠʨ. ʎʚʝʪʥʦʡ ʜʠʥʘʤʠʯʝʩʢʠʡ ʵʬʠʨ, ʢʦʪʦ-

ʨʳʡ ʨʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʚ ʧʨʝʜʩʪʘʚʣʝʥʥʦʡ ʨʘʙʦʪʝ, ʧʦʷʚʣʷʝʪʩʷ ʚ SU(N) ʩʠʤʤʝʪ-

ʨʠʯʥʦʤ ʦʙʦʙʱʝʥʠʠ ʤʦʜʝʣʠ ʜʠʥʘʤʠʯʝʩʢʦʛʦ ʵʬʠʨʘ. ʄʦʪʠʚʳ ʪʘʢʦʛʦ 

ʨʘʩʰʠʨʝʥʠʷ ʚʢʣʶʯʘʶʪ ʬʠʟʠʯʝʩʢʠʝ ʠ ʤʘʪʝʤʘʪʠʯʝʩʢʠʝ ʘʩʧʝʢʪʳ; ʤʳ ʢʨʘʪʢʦ 

ʨʘʩʩʤʦʪʨʠʤ ʠʭ ʚ ʢʦʥʪʝʢʩʪʝ ʥʘʰʝʛʦ ʠʩʩʣʝʜʦʚʘʥʠʷ [1]. 

ɺʪʦʨʦʡ ʚʦʧʨʦʩ ʩʚʷʟʘʥ ʩ ʧʝʨʝʜʘʯʝʡ ʵʥʝʨʛʠʠ ʦʪ ʢʘʣʠʙʨʦʚʦʯʥʦʛʦ ʧʦʣʷ ʢ ʘʢ-

ʩʠʦʥʥʦʡ ʢʦʥʬʠʛʫʨʘʮʠʠ. ʆʯʝʚʠʜʥʦ, ʯʪʦ ʦʛʨʦʤʥʦʝ ʢʦʣʠʯʝʩʪʚʦ ʘʢʩʠʦʥʦʚ ʜʦʣʞ-

ʥʦ ʙʳʣʦ ʨʦʜʠʪʴʩʷ ʚ ʨʝʟʫʣʴʪʘʪʝ ʚʟʘʠʤʦʜʝʡʩʪʚʠʷ ʢʘʣʠʙʨʦʚʦʯʥʳʭ ʠ ʧʩʝʚʜʦʩʢʘ-

ʣʷʨʥʳʭ ʧʦʣʝʡ ʚ ʨʘʥʥʝʡ ɺʩʝʣʝʥʥʦʡ, ʝʩʣʠ ʩʝʡʯʘʩ ʵʪʠ ʯʘʩʪʠʮʳ ʦʙʨʘʟʫʶʪ 

ʪʝʤʥʫʶ ʤʘʪʝʨʠʶ, ʩ ʢʦʪʦʨʦʡ ʩʚʷʟʘʥʦ 23% ʧʣʦʪʥʦʩʪʠ ʵʥʝʨʛʠʠ ɺʩʝʣʝʥʥʦʡ. ɼʨʫ-

ʛʠʤʠ ʩʣʦʚʘʤʠ, ʤʳ ʧʨʝʜʧʦʣʘʛʘʝʤ, ʯʪʦ ʚ ʭʦʜʝ ʩʚʦʝʛʦ ʨʘʩʧʘʜʘ ʵʥʝʨʛʠʷ ʮʚʝʪʥʦʛʦ 

ʵʬʠʨʘ ʯʘʩʪʠʯʥʦ ʧʝʨʝʜʘʚʘʣʘʩʴ ʢʘʥʦʥʠʯʝʩʢʦʤʫ ʜʠʥʘʤʠʯʝʩʢʦʤʫ ʵʬʠʨʫ, ʘ ʯʘ-
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ʩʪʠʯʥʦ ð ʘʢʩʠʦʥʥʦʡ ʢʦʥʬʠʛʫʨʘʮʠʠ, ʧʨʠʯʝʤ ʧʦʩʨʝʜʥʠʢʦʤ ʵʪʦʛʦ ʧʨʦʮʝʩʩʘ ʙʳ-

ʣʦ ʢʘʣʠʙʨʦʚʦʯʥʦʝ ʧʦʣʝ [2]. 

ɺ ʢʘʯʝʩʪʚʝ ʧʨʠʣʦʞʝʥʠʷ ʤʳ ʠʟʫʯʘʝʤ ʘʥʠʟʦʪʨʦʧʥʳʝ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʝ ʤʦ-

ʜʝʣʠ ʩ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦ ʦʜʥʦʨʦʜʥʳʤ ʧʦʣʝʤ ʗʥʛʘ ð ʄʠʣʣʩʘ; ʠ ʪʝʧʝʨʴ ʤʳ 

ʥʘʤʝʨʝʥʳ ʠʩʩʣʝʜʦʚʘʪʴ SU(2)-ʘʥʘʣʦʛ ʥʘʤʘʛʥʠʯʝʥʥʦʡ ɺʩʝʣʝʥʥʦʡ, ʚʚʦʜʷ ʢʘʣʠʙ-

ʨʦʚʦʯʥʦʝ ʧʦʣʝ ʤʘʛʥʠʪʦʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʪʠʧʘ. ʊʝʦʨʠʷ ʪʘʢʦʛʦ ʢʘʣʠʙʨʦʚʦʯʥʦʛʦ 

ʧʦʣʷ ʠʤʝʝʪ ʜʝʣʦ ʩ SU(2)-ʩʠʤʤʝʪʨʠʯʥʳʤ ʤʫʣʴʪʠʧʣʝʪʦʤ ʚʝʢʪʦʨʥʳʭ ʧʦʪʝʥʮʠʘ-

ʣʦʚ A(a)
j ((a) = 1, 2, 3), ʠ ʜʚʝ ʫʧʦʤʷʥʫʪʳʝ ʚʳʰʝ ʵʣʝʢʪʨʦʜʠʥʘʤʠʯʝʩʢʠʝ ʧʨʦʙʣʝ-

ʤʳ ʤʦʛʫʪ ʙʳʪʴ ʨʝʰʝʥʳ ʵʣʝʛʘʥʪʥʳʤ ʦʙʨʘʟʦʤ ʚ ʨʘʤʢʘʭ ʵʪʦʡ ʪʝʦʨʠʠ [3]. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɺ ʢʘʯʝʩʪʚʝ ʦʩʥʦʚʥʦʛʦ ʤʝʪʦʜʘ ʠʩ-

ʩʣʝʜʦʚʘʥʠʷ ʚʳʩʪʫʧʘʝʪ ʨʝʰʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ, ʧʦʣʫʯʝʥʥʳʭ  

ʩ ʧʦʤʦʱʴʶ ʦʧʝʨʘʮʠʠ ʚʘʨʴʠʨʦʚʘʥʠʷ ʬʫʥʢʮʠʦʥʘʣʘ ʜʝʡʩʪʚʠʷ ʧʦ ʩʦʦʪʚʝʪʩʪʚʫʶ-

ʱʠʤ ʧʦʣʷʤ. ɼʘʥʥʳʝ ʫʨʘʚʥʝʥʠʷ ʦʧʠʩʳʚʘʶʪ ʚʟʘʠʤʦʜʝʡʩʪʚʠʝ ʢʘʣʠʙʨʦʚʦʯʥʳʭ, 

ʚʝʢʪʦʨʥʳʭ, ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʠ ʘʢʩʠʦʥʥʳʭ ʧʦʣʝʡ, ʨʝʰʝʥʠʝ ʢʦʪʦʨʳʭ ʧʦʟʚʦʣʷʝʪ-

ʩʷ ʧʦʣʫʯʠʪʴ ʬʠʟʠʯʝʩʢʫʶ ʠʥʪʝʨʧʨʝʪʘʮʠʶ ʚ ʠʩʩʣʝʜʦʚʘʥʠʠ ʜʘʥʥʦʡ ʤʦʜʝʣʠ. 

ɺ ʢʘʯʝʩʪʚʝ ʨʝʟʫʣʴʪʘʪʦʚ ʤʳ ʨʘʩʩʤʦʪʨʝʣʠ ʧʨʷʤʦʝ ʚʣʠʷʥʠʝ ʜʠʥʘʤʠʯʝʩʢʦʛʦ 

ʵʬʠʨʘ ʥʘ ʘʢʩʠʦʥʥʫʶ ʪʝʤʥʫʶ ʤʘʪʝʨʠʶ, ʠʩʧʦʣʴʟʫʷ ʧʦʪʝʥʮʠʘʣ ʘʢʩʠʦʥʥʦʛʦ ʧʦʣʷ, 

ʢʦʪʦʨʳʡ ʟʘʚʠʩʠʪ ʦʪ ʠʥʚʘʨʠʘʥʪʦʚ, ʧʨʠʧʠʩʳʚʘʝʤʳʭ ʜʠʥʘʤʠʯʝʩʢʦʤʫ ʵʬʠʨʫ. ʊʝ-

ʧʝʨʴ ʤʳ ʫʯʣʠ ʦʙʨʘʪʥʫʶ ʨʝʘʢʮʠʶ ʘʢʩʠʦʥʥʦʛʦ ʧʦʣʷ ʥʘ ʮʚʝʪʦʚʦʡ ʵʬʠʨ, ʠʩʧʦʣʴ-

ʟʫʷ ʦʙʦʙʱʝʥʠʝ ʢʦʥʩʪʠʪʫʪʠʚʥʦʛʦ ʪʝʥʟʦʨʘ ɼʞʝʢʦʙʩʦʥʘ.  

ɺ ʢʘʯʝʩʪʚʝ ʯʘʩʪʥʦʛʦ ʩʣʫʯʘʷ ʜʣʷ ʜʘʥʥʦʡ ʪʝʦʨʠʠ, ʦʩʥʦʚʘʥʥʦʡ ʥʘ ʪʦʯʥʳʭ 

ʨʝʰʝʥʠʷʭ ʦʩʥʦʚʥʳʭ ʫʨʘʚʥʝʥʠʡ ʥʘ ʚʟʘʠʤʦʜʝʡʩʪʚʠʝ ʧʦʣʝʡ ʤʘʛʥʠʪʦ-

ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʪʠʧʘ, ʤʳ ʦʙʩʫʜʠʣʠ ʩʪʨʫʢʪʫʨʫ SU(2) ʩʠʤʤʝʪʨʠʯʥʦʡ ʢʦʥʬʠʛʫ-

ʨʘʮʠʠ ʧʦʣʷ ʗʥʛʘ ð ʄʠʣʣʩʘ ʤʘʛʥʠʪʦʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʪʠʧʘ ʚ ʢʦʥʪʝʢʩʪʝ ʘʥʠʟʦ-

ʪʨʦʧʥʦ ʨʘʩʰʠʨʷʶʱʝʡʩʷ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦ-ʚʨʝʤʝʥʥʦʡ ʧʣʘʪʬʦʨʤʳ ɹʠʘʥʢʠ-I  

ʩ ʘʢʩʠʘʣʴʥʦʡ ʩʠʤʤʝʪʨʠʝʡ.  

ɿʘʢʣʶʯʝʥʠʝ. ɺ ʨʘʙʦʪʝ ʩ ʠʩʧʦʣʴʟʦʚʘʥʠʝʤ ʥʝʣʠʥʝʡʥʦʡ ʘʢʩʠʦʥʥʦʡ ʵʣʝʢ-

ʪʨʦʜʠʥʘʤʠʢʠ ʤʳ ʧʦʢʘʟʘʣʠ, ʯʪʦ ʚʟʘʠʤʦʜʝʡʩʪʚʠʝ ʘʢʩʠʦʥʥʦʡ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ  

ʩ ʛʣʦʙʘʣʴʥʳʤ ʤʘʛʥʠʪʥʳʤ ʧʦʣʝʤ ʤʦʞʝʪ ʧʨʠʚʦʜʠʪʴ ʢ ʘʥʦʤʘʣʴʥʳʤ ʚʩʧʳʰʢʘʤ 

ʘʢʩʠʦʥʥʦ-ʠʥʜʫʮʠʨʦʚʘʥʥʦʛʦ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ, ʥʦ ʩʘʤʦ ʘʢʩʠʦʥʥʦʝ ʧʦʣʝ 

ʦʩʪʘʝʪʩʷ ʚ ʢʦʥʝʯʥʦʡ ʟʦʥʝ ʵʚʦʣʶʮʠʠ. ɺ ʵʪʦʡ ʨʘʙʦʪʝ ʤʳ ʦʙʦʙʱʠʣʠ U(1)-

ʩʠʤʤʝʪʨʠʯʥʫʶ ʘʢʩʠʦʥʥʫʶ ʵʣʝʢʪʨʦʜʠʥʘʤʠʢʫ ʠ ʩʬʦʨʤʫʣʠʨʦʚʘʣʠ ʥʝʣʠʥʝʡʥʫʶ 

SU(N)-ʩʠʤʤʝʪʨʠʯʥʫʶ ʦʙʦʙʱʝʥʥʫʶ ʘʢʩʠʦʥʥʫʶ ʭʨʦʤʦʜʠʥʘʤʠʢʫ.  

ʆʜʥʠʤ ʠʟ ʢʣʶʯʝʚʳʭ ʦʙʦʙʱʝʥʠʡ ʩʪʘʣʦ ʠʩʩʣʝʜʦʚʘʥʠʝ SU(2) ʘʥʘʣʦʛʘ ʩʠʤ-

ʤʝʪʨʠʯʥʦʛʦ ʧʦʣʷ ʗʥʛʘ ð ʄʠʣʣʩʘ ʤʘʛʥʠʪʦ-ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʪʠʧʘ ʩ ʥʘʙʦʨʦʤ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ.  

ɺ ʩʣʝʜʫʶʱʠʭ ʨʘʙʦʪʘʭ ʤʳ ʥʘʜʝʝʤʩʷ ʜʦʧʦʣʥʠʪʴ ʵʪʦ ʘʥʘʣʠʪʠʯʝʩʢʦʝ ʠʩʩʣʝ-

ʜʦʚʘʥʠʝ ʧʦʜʨʦʙʥʳʤ ʯʠʩʣʝʥʥʳʤ ʘʥʘʣʠʟʦʤ ʤʦʜʝʣʠ. 
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Decay of colored aether and formation of axion dark matter 
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Abstract. The SU(N)-symmetric model of interaction between gravitational, gauge, vector 

and pseudoscalar (axion) fields is considered. The cosmic substrate, called the color ether, is 

described by an SU(N)-symmetric multiplet of vector fields. An ansatz is presented that it is 

its decay in the traditional modern world that is the traditional dynamic ether and relict action 

dark matter. The SU(N)-symmetric Yang ð Mills field associated with the color ether forms 

a source transmitting a signal of the servicing color ether to the action field. As an application 

of the SU(2) effect, the symmetric theory of interaction of the gauge and action fields as a 

non-Abelian U(1)-symmetric model of action-induced analog generation generates fields in 

the ether medium with a magnetic field, a definition system is derived that describes certain 

interactions. The law has been given a new exact solution, which characterizes the early Uni-

verse stage of dominance of gauge fields of the magneto-electric type. 

Keywords: Anisotropic cosmology, Yang ð Mills field, axions, dark matter 

Introduction.  The term dynamic ether was introduced in the framework of Ein-

stein's ether theory, which was formulated in the early 21st century. This theory 

operates with a timelike unit dynamic vector field Ui, which is interpreted as the 

four-vector velocity of some cosmic substrate, denoted as ether. The color dynamic 

ether, which is considered in the presented work, appears in the SU(N) symmetric 

generalization of the dynamic ether model. The motivations for such an extension 

include physical and mathematical aspects; we will briefly consider them in the 

context of our study [1]. 

The second question is related to the energy transfer from the gauge field to 

the axion configuration. It is obvious that a huge number of axions should have 

been born as a result of the interaction of gauge and pseudoscalar fields in the early 

Universe, if these particles now form the dark matter, which is associated with 23% 

of the energy density of the Universe. In other words, we assume that during its 

decay, the energy of the color ether was partially transferred to the canonical dy-

namic ether, and partially to the axion configuration, with the gauge field acting as 

an intermediary in this process [2].  
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As an application we study anisotropic cosmological models with a spatially 

uniform Yang ð Mills field; and now we intend to study the SU(2) analogue of the 

magnetized Universe by introducing a gauge field of magnetoelectric type. The 

theory of such a gauge field deals with an SU(2)-symmetric multiplet of vector po-

tentials A(a)j ((a) = 1, 2, 3), and the two above-mentioned electrodynamic prob-

lems can be solved elegantly within this theory [3]. 

Methods and materials; results. The main method of the study is the solution 

of differential equations obtained by varying the action functional with respect to 

the corresponding fields. These equations describe the interaction of gauge, vector, 

gravitational and axion fields, the solution of which allows us to obtain a physical 

interpretation in the study of this model. 

As results, we considered the direct influence of the dynamic ether on the axion 

dark matter using the potential of the axion field, which depends on the invariants at-

tributed to the dynamic ether. Now we took into account the back reaction of the axion 

field on the color ether using a generalization of the Jacobson constitutive tensor. 

As a special case for this theory, based on exact solutions of the main equa-

tions for the interaction of magneto-electric fields, we discussed the structure of the 

SU(2) symmetric configuration of the Yang ð Mills field of magnetoelectric type 

in the context of an anisotropically expanding space-time Bianchi-I platform with 

axial symmetry. 

Conclusion. In our work using nonlinear axion electrodynamics, we showed 

that the interaction of axion dark matter with the global magnetic field can lead to 

anomalous bursts of the axion-induced electric field, but the axion field itself re-

mains in the final evolution zone. In this work, we generalized the U(1)-symmetric 

axion electrodynamics and formulated the nonlinear SU(N)-symmetric generalized 

axion chromodynamics. One of the key generalizations was the study of the SU(2) 

analogue of the symmetric Yang ð Mills field of magnetoelectric type with a set 

of differential equations. 

In future works, we hope to supplement this analytical study with a detailed 

numerical analysis of the model. 
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Abstract. Investigating spacetimes with hidden symmetries is a promising approach to 

study ñrealisticò mathematical models enhances our understanding of gravitational phe-

nomena. In this work initiated by the assumption of existence of the canonical Killing ten-

sor forms we explore a new directive regarding the null tetrad transformations in extracting 

(algebraically) general Einstein solutions. Capitalizing on the (anti-)symmetric null tetrads 

concept a new Petrov type I solution emerges describing a cosmological model with a cur-

vature singularity in vacuum with cosmological constant ȿ. 

Keywords: Petrov Type I, Type D, Canonical Killing tensor forms, Cosmological model, 

Cosmological Singularity 

Introduction.  The acquiring of the exact solutions of Einsteinôs equations relies 

strongly on mathematical assumptions such as symmetries, potentially leading to 

(algebraically)1 general solutions in the most favorable cases. The Einstein's Field 

Equations (EFE) is not a solvable system of equations without mathematical as-

sumptions regarding symmetries. Hence, our investigation focuses on the 

spacetimes with hidden symmetries enabled by the Canonical Killing Tensor 

Forms (CKTF) for two reasons 1) not only becasuse we scope to investigate the 

underlying role of hidden symmetry of geodesics of the most general type 2) but 

also to transform the over-determined system of equations to a solvable one adding 

the Integrability Conditions (IC) of Killing tensor. 

The work of Hauser-Malhiot [1] in electrovacuum with ȿ served as a paradigm 

for us. Notably, the CKTF are generalizations of the Hauser-Malhiot's form. In our 

previous work we generalized the study of spacetimes admitting an irreducible Kill-

ing tensor by acquiring the CKTF [2] in line with the work of Churchill [3]. Among 

the solutions obtained, initiating by K2ɛɜ and applying a general null tetrad trans-

formation we were able to find and characterize algebraically a new type D solution 

characterized by a non-geodesic, shear-free and diverging null congruence. 

ððððð 
1 The use of this parenthesis indicates our intention to investigate the characteristics of a solution 

not only in terms of the possible reductions that may lead to special cases but also in terms of its alge-

braic characterization (Petrov types). 
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 ὑ ‗ ὲὲ ὰὰ ‗ ὲὰ ὰὲ ‗ ά ά άȇάȇ   

 ‗ ά άȇ άȇά Ƞ‗ π (1) (1) 

The idea to obtain (Algebraically) general solutions, implying a other trans-

formations, motivated us to entangle with this work where thankfully we extracted 

an (Algebraically) general solution and proposing a new directive to extract 

spacetimes admitting a known Killing tensor form. 

Methods and materials; results. The analysis of the previous work [2] 

showed that a general null tetrad transformation (null rotation, boost and spatial 

rotation) is not applicable since the Killing tensor is not conserved during the trans-

formation. Then, in order to apply an applicable transformation we nullified ɚ7 and 

took advantage of the remaining parameter of spatial rotation, namely t. 

 — Ὡ—Ƞ— Ὡ —Ƞ— Ὡ —Ƞ— Ὡ —Ƞὸ ὥ Ὥὦ  (2) 

This move brought to surface the key relations which helped us to unfold the 

branches of solutions. 

 

  Ώ ‖’“†
  ‖‘
  Ώ ‘”
‘† π

 (3) 

The Petrov type D solution is a cosmological model and a topological product 

of 2-spaces witɖ   ω  . A special case of this solution (Carter's Case [D]) is 

discussed by us in [4]. In this work initiating again by the reduced K2
ɛɜ and em-

ploying its integrability conditions we solve the EFE assuming though the follow-

ing transformation 

 ὲᴾ ὰȠάᴾ άȇ (4) 

This transformation preserves the Killing tensor form and correlates the spin co-

efficients between themselves providing significant simplifications. It should be 

noted that this transformation appertain to the symmetric null tetrads concept ini-

tially discussed by Debever [5] while pursuing the most general Petrov type D 

solution. 

Along these lines, the resolution of Newman-Penrose Field equations and IC 

of K2
ɛɜ assuming the transformation (4) yields a new Petrov type I with  

ω   describing a cosmological model with a non-geodesic, shear-free and diverg-

ing null congruence with its hidden symmetry in non-null geodesics enabled by 

K2ɛɜ Canonical Killing tensor form. It should be noted that the Weyl component of 

the solution, where ὑ ὑ ὭὑȠ    Ὥ are constants of integration, has 
the form 
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 ςɰ ςɤ Ƞ  

where x,yŸ 0 then Ɋ2 Ÿ Ð presenting a curvature singularity.  

Conclusion. This work presents the outcomes of our investigation of 

spacetimes admitting the Canonical forms of Killing tensor. Applying two different 

kinds of null tetrad transformations we were able to derive two algebraically differ-

ent solutions (Types D, I) and propose new directive. This directive suggests that 

there is a preferability in null tetrads transformations based on the (anti-)symmetric 

null tetrads concept correlating the spin coefficients between themselves instead of 

boosts and spatial rotations. By using this directive we were able to extract a new 

Petrov type I solution with Ɋ_0 Ɋ_4Í9₣Ɋ_2₤^2where presenting a curvature 

singularity. 
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ʠ ʤʘʛʥʠʪʥʦʛʦ ʧʦʣʝʡ ʚ ʩʠʩʪʝʤʝ ʦʪʩʯʝʪʘ ZAMO. ʈʘʩʩʤʦʪʨʝʥʳ ʧʨʠʣʦʞʝʥʠʷ ʧʦʣʫʯʝʥʥʳʭ 

ʨʝʟʫʣʴʪʘʪʦʚ ʚ ʟʘʜʘʯʘʭ ʨʝʣʷʪʠʚʠʩʪʩʢʦʡ ʘʩʪʨʦʬʠʟʠʢʠ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʯʝʨʥʘʷ ʜʳʨʘ ʂʝʨʨʘ, ʫʨʘʚʥʝʥʠʝ ʊʴʶʢʦʣʴʩʢʦʛʦ, ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʦʝ 

ʧʦʣʝ ʚʙʣʠʟʠ ʯʝʨʥʦʡ ʜʳʨʳ 

ɺʚʝʜʝʥʠʝ. ʊʝʦʨʝʪʠʯʝʩʢʦʝ ʠʩʩʣʝʜʦʚʘʥʠʝ ʪʘʢʠʭ ʷʚʣʝʥʠʡ ʢʘʢ ʢʚʘʟʘʨʳ, ʛʘʤʤʘ-

ʚʩʧʣʝʩʢʠ ʠ ʤʥʦʛʠʭ ʜʨʫʛʠʭ ʦʩʥʦʚʳʚʘʝʪʩʷ ʥʘ ʤʦʜʝʣʷʭ ʚʨʘʱʘʶʱʠʭʩʷ ʯʝʨʥʳʭ 

ʜʳʨ, ʦʢʨʫʞʝʥʥʳʭ ʧʣʘʟʤʦʡ [1, 2]. ʇʝʨʚʳʝ ʤʦʜʝʣʠ, ʦʧʠʩʳʚʘʶʱʠʝ ʵʣʝʢʪʨʠʯʝ-

ʩʢʦʝ ʠ ʤʘʛʥʠʪʥʦʝ ʧʦʣʷ ʚ ʦʢʨʝʩʪʥʦʩʪʠ ʯʝʨʥʳʭ ʜʳʨ ʙʳʣʠ ʨʘʟʨʘʙʦʪʘʥʳ ʜʣʷ 

ʧʫʣʴʩʘʨʦʚ [3, 4]. ʇʦʟʜʥʝʝ ʙʳʣʦ ʧʦʢʘʟʘʥʦ, ʯʪʦ ʤʦʱʥʳʝ ʵʣʝʢʪʨʦ- ʠ ʤʘʛʥʠʪʦ-

ʩʬʝʨʳ ʜʦʣʞʥʳ ʪʘʢʞʝ ʠʤʝʪʴ ʠ ʘʩʪʨʦʬʠʟʠʯʝʩʢʠʝ ʯʝʨʥʳʝ ʜʳʨʳ [1].  

ɺ ʥʘʩʪʦʷʱʝʡ ʨʘʙʦʪʝ ʧʨʝʜʩʪʘʚʣʝʥʳ ʯʠʩʣʝʥʥʳʝ ʨʝʟʫʣʴʪʘʪʳ ʜʣʷ ʣʠʥʠʡ 

ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ ʢʦʣʴʮʝʚʦʛʦ ʟʘʨʷʜʘ, ʨʘʩʧʦʣʦʞʝʥʥʦʛʦ ʚʙʣʠʟʠ ʤʝʜʣʝʥʥʦ 

ʚʨʘʱʘʶʱʝʡʩʷ ʯʝʨʥʦʡ ʜʳʨʳ. ʃʠʥʠʠ ʧʦʩʪʨʦʝʥʳ ʜʣʷ ʩʣʫʯʘʝʚ ʢʦʣʝʮ ʨʘʟʣʠʯʥʳʭ 

ʨʘʟʤʝʨʦʚ, ʥʘʭʦʜʷʱʠʭʩʷ ʚ ʵʢʚʘʪʦʨʠʘʣʴʥʦʡ ʧʣʦʩʢʦʩʪʠ ʯʝʨʥʦʡ ʜʳʨʳ.  

ɺ ʨʘʙʦʪʝ ʠʩʧʦʣʴʟʫʝʪʩʷ ʩʠʩʪʝʤʘ ʝʜʠʥʠʮ, ʚ ʢʦʪʦʨʦʡ ʢʘʢ ʛʨʘʚʠʪʘʮʠʦʥʥʘʷ 

ʧʦʩʪʦʷʥʥʘʷ G, ʪʘʢ ʠ ʩʢʦʨʦʩʪʴ ʩʚʝʪʘ ʚ ʚʘʢʫʫʤʝ c ʨʘʚʥʳ 1. ʉʠʛʥʘʪʫʨʘ ʤʝʪʨʠʢʠ 

ȟȟȟ . 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ʅʘʰʘ ʮʝʣʴ ʟʘʢʣʶʯʘʝʪʩʷ ʚ ʧʦʩʪʨʦʝ-

ʥʠʠ ʩʠʣʦʚʳʭ ʣʠʥʠʡ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ. ʇʦʣʫʯʠʤ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚ-

ʥʝʥʠʝ: 

 Ѝῳ Ȣ  (1) 
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ɿʜʝʩʴ ὉǶ ʠ Ὁ  ð ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ r ʠ ɗ ʢʦʤʧʦʥʝʥʪʳ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ ʚ ʦʨ-

ʪʦʥʦʨʤʠʨʦʚʘʥʥʦʡ ʩʠʩʪʝʤʝ ʢʦʦʨʜʠʥʘʪ ZAMO [5]. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʚ ʦʙʳʯʥʦʡ 

ʧʦʣʷʨʥʦʡ ʩʠʩʪʝʤʝ ʢʦʦʨʜʠʥʘʪ ʥʘ ʧʣʦʩʢʦʩʪʠ ʩʠʣʦʚʳʝ ʣʠʥʠʠ ʤʦʛʫʪ ʙʳʪʴ ʥʘʡʜʝ-

ʥʳ ʠʟ ʨʝʰʝʥʠʷ ʫʨʘʚʥʝʥʠʷ (1). 

ɿʘʢʣʶʯʝʥʠʝ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʚ ʜʘʥʥʦʡ ʨʘʙʦʪʝ ʚʳʧʦʣʥʝʥʦ ʯʠʩʣʝʥʥʦʝ ʧʦ-

ʩʪʨʦʝʥʠʝ ʩʠʣʦʚʳʭ ʣʠʥʠʡ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ ʢʦʣʴʮʝʚʦʛʦ ʟʘʨʷʜʘ ʚʙʣʠʟʠ ʤʝʜ-

ʣʝʥʥʦ ʚʨʘʱʘʶʱʝʡʩʷ ʯʝʨʥʦʡ ʜʳʨʳ. ʇʨʠ ʵʪʦʤ ʠʩʧʦʣʴʟʦʚʘʥʳ ʧʦʜʭʦʜʳ, ʨʘʟʨʘ-

ʙʦʪʘʥʥʳʝ ʚ ʨʘʙʦʪʘʭ [5, 6]. ɺʠʜʠʤʳʝ ʨʘʟʨʳʚʳ ʣʠʥʠʡ ʚʙʣʠʟʠ ʩʬʝʨʳ ὶ ὶ 

ʷʚʣʷʶʪʩʷ ʯʠʩʣʝʥʥʳʤʠ ʘʨʪʝʬʘʢʪʘʤʠ ʠ ʩʣʝʜʩʪʚʠʝʤ ʪʦʛʦ ʬʘʢʪʘ, ʯʪʦ ʚ ʢʘʯʝʩʪʚʝ 

ʨʝʰʝʥʠʷ ʚʟʷʪʦ ʣʠʰʴ ʢʦʥʝʯʥʦʝ ʯʠʩʣʦ ʯʣʝʥʦʚ ʤʝʜʣʝʥʥʦ ʩʭʦʜʷʱʝʛʦʩʷ ʚʙʣʠʟʠ 

ʜʘʥʥʦʡ ʩʬʝʨʳ ʤʫʣʴʪʠʧʦʣʴʥʦʛʦ ʨʷʜʘ. ɺ ʙʫʜʫʱʠʭ ʨʘʙʦʪʘʭ ʘʚʪʦʨʳ ʧʣʘʥʠʨʫʶʪ 

ʫʚʝʣʠʯʠʪʴ ʯʠʩʣʦ ʨʘʩʩʤʘʪʨʠʚʘʝʤʳʭ ʩʣʘʛʘʝʤʳʭ ʜʣʷ ʧʦʣʫʯʝʥʠʷ ʙʦʣʝʝ ʪʦʯʥʳʭ 

ʨʝʟʫʣʴʪʘʪʦʚ ʚʙʣʠʟʠ ʫʢʘʟʘʥʥʦʡ ʩʬʝʨʳ.  
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Abstract. We study the Dirac equation in the background of axially symmetric generalized 

Newman ð Unti ð Tamburino (NUT) spacetime. For massless particle, the problem is 

reduced to the one differential equation of second order and is solved in terms of Heun-type 

equation at special choice of arbitrary radial function.  

Keywords: Dirac equation, generalized Newman ð Unti ð Tamburino space, spin İ par-

ticle, variable separation, massless case 

Introduction.  The axially symmetric metrics of the Taub-NUT type (so-called 

Euclidean Taub-NUT metric) were actively studied within grand unified theo-

ries as a monopole-like solutions [1]. In recent years, the original NUT metric 

acquires a fresh interest because it has been shown that the black holes with 

NUT charge can be considered as physically meaningful systems. In [2] the 

NUT charge effects has been assessed to be tested in the spectra of quasars, su-

pernovae, or active galactic nuclei. The quantum-mechanical problem of parti-

cle in the background of black hole metrics is one of the interesting problem for 

cosmology and quantum gravity. The Dirac equation has been studied on the 

Kerr and Kerr ð Newman spacetimes [3 4]. In [5] we found the solution of the 

Dirac equation for the massless particle in NUT background. The generalization 

of the Euclidean Taub-NUT metric has been proposed by Iwai and Katayama in 

[6]. They demonstrated that the proposed generalization accomplishes non-trivial 

properties. In this study we generalize the NUT-metric and study the Dirac equa-

tion in such axially symmetric background. 

Methods and materials; results. We generalize Newman ð Unti ð Tam-

burino metric by introducing an arbitrary radial function ɋ(r) in NUT line element: 

( ) ( )
2 2

2
2 2 2 2 2 2
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2 2 2 2 2
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ds dt a d dr d d
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a r r Mr a
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By employing the tetrad formalism, we derive the covariant Dirac equation for 

the massive particle as 
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We separate the variables. The angular differential equations system for gener-

alized metric is the same as for ordinary NUT metric. The four differential equa-

tions for radial functions R1, R2, R3, R4 read  

2 2

3 1 4 4 2 3

2 2

1 3 2 2 4 1

( ) , ( ) ,

,( ) , ( )

i i
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with notation 
( )

22

1a id i
D

dr
°

å +W õ¡WD
= D ° °æ ö

Wrç ÷
. For massless case (ɛ = 0) the 

last system gives two independent systems of two equations.  

Conclusion. The Dirac equation for massive particle is leaded to the differen-

tial equation of fourth order. The problem of massless spin İ particle is reduced to 

the one differential equation of second order, which is the Heun-type equation at 

special choice of radial function ɋ. 
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ɸʥʥʦʪʘʮʠʷ. ɺ ʩʭʝʤʝ ʨʝʛʠʩʪʨʘʮʠʠ ʧʨʝʜʝʣʴʥʦ ʤʘʣʳʭ ʢʦʣʝʙʘʥʠʡ ʧʨʦʙʥʦʛʦ ʪʝʣʘ ʦʧʪʦʘʢʫ-

ʩʪʠʯʝʩʢʦʡ ʘʥʪʝʥʥʳ ʆɻʈɸʅ ʚʚʝʜʝʥʘ ʚ ʨʘʩʩʤʦʪʨʝʥʠʝ ʜʦʧʦʣʥʠʪʝʣʴʥʘʷ ʢʦʤʧʦʥʝʥʪʘ ʰʫʤʘ, 

ʚʥʦʩʠʤʳʡ ʩʧʝʮʠʘʣʠʟʠʨʦʚʘʥʥʳʤ ʦʧʪʦʵʣʝʢʪʨʦʥʥʳʤ ʫʟʣʦʤ, ʚʳʧʦʣʥʷʶʱʠʤ ʬʫʥʢʮʠʶ ʜʝʢʦ-

ʜʠʨʦʚʘʥʠʷ ʩʠʛʥʘʣʘ, ʩʦʜʝʨʞʘʱʝʛʦʩʷ ʚ ʯʘʩʪʦʪʥʦ-ʤʘʥʠʧʫʣʠʨʦʚʘʥʥʦʤ ʠʟʣʫʯʝʥʠʠ ʣʘʟʝʨʘ. 

ɺʳʷʚʣʝʥ ʠ ʧʨʝʜʩʪʘʚʣʝʥ ʘʥʘʣʠʪʠʯʝʩʢʠ ʵʬʬʝʢʪ ʜʦʙʘʚʣʝʥʠʷ ʢ ʩʠʛʥʘʣʫ ʩʪʦʭʘʩʪʠʯʝʩʢʦʛʦ 

ʧʨʦʮʝʩʩʘ, ʚʳʟʚʘʥʥʦʛʦ ʬʝʥʦʤʝʥʦʣʦʛʠʯʝʩʢʠʤʠ ʬʣʫʢʪʫʘʮʠʷʤʠ ʤʦʱʥʦʩʪʠ ʠʟʣʫʯʝʥʠʷ ʣʘʟʝʨʘ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʘʢʫʩʪʠʯʝʩʢʠʡ ʨʝʟʦʥʘʪʦʨ, ʨʝʛʠʩʪʨʘʮʠʠ ʧʨʝʜʝʣʴʥʦ ʤʘʣʳʭ ʢʦʣʝʙʘ-

ʥʠʡ, ʧʦʨʦʛʦʚʳʡ ʩʠʛʥʘʣ, ʯʘʩʪʦʪʥʘʷ ʤʦʜʫʣʷʮʠʷ, ʩʪʦʭʘʩʪʠʯʝʩʢʠʡ ʧʨʦʮʝʩʩ, ʬʣʫʢʪʫʘʮʠʠ 

ʤʦʱʥʦʩʪʠ ʠʟʣʫʯʝʥʠʷ ʣʘʟʝʨʘ 

ɺʚʝʜʝʥʠʝ. ʇʨʦʙʥʳʤ ʪʝʣʦʤ ʷʚʣʷʝʪʩʷ ʮʠʣʠʥʜʨ ʠʟ ʘʣʶʤʠʥʠʷ ʜʣʠʥʦʡ ὒ ς ʤ  
ʚ ʢʘʯʝʩʪʚʝ ʘʢʫʩʪʠʯʝʩʢʦʛʦ ʨʝʟʦʥʘʪʦʨʘ. ɺʘʨʠʘʮʠʠ ʤʝʪʨʠʢʠ ʧʦʣʷ ʚ ʚʦʣʥʝ ʩ ʘʤ-

ʧʣʠʪʫʜʦʡ hm ʠ ʯʘʩʪʦʪʦʡ, ʙʣʠʟʢʦʡ ʢ ʨʝʟʦʥʘʥʩʥʦʡ ɤɛ, ʩʦʟʜʘʶʪ ʵʢʚʠʚʘʣʝʥʪʥʫʶ 

ʩʠʣʫ [1]: Ὂ Ὤὒὓ‫Ⱦς, ʛʜʝ M ð ʤʘʩʩʘ ʨʝʟʦʥʘʪʦʨʘ. ʉʠʣʘ ʚʦʟʙʫʞʜʘʝʪ 

ʢʦʣʝʙʘʪʝʣʴʥʳʝ ʚʘʨʠʘʮʠʠ ʜʣʠʥʳ (ʙʘʟʳ) ʮʠʣʠʥʜʨʘ; ʜʣʷ ʠʭ ʨʝʛʠʩʪʨʘʮʠʠ ʚ ʧʨʦ-

ʝʢʪʝ ʆɻʈɸʅ ʧʨʠʤʝʥʝʥ ʦʧʪʠʯʝʩʢʠʡ ʨʝʟʦʥʘʪʦʨ (ʠʥʪʝʨʬʝʨʦʤʝʪʨ) ʌʘʙʨʠ-ʇʝʨʦ, 

ʟʝʨʢʘʣʘ ʢʦʪʦʨʦʛʦ ʟʘʢʨʝʧʣʝʥʳ ʥʘ ʪʦʨʮʘʭ [2]. ɺʘʨʠʘʮʠʠ ʙʘʟʳ ŭL(t) ʚʳʟʳʚʘʶʪ 

ʚʘʨʠʘʮʠʠ ŭɜR(t) ʩʦʙʩʪʚʝʥʥʦʡ ʯʘʩʪʦʪʳ ʨʝʟʦʥʘʪʦʨʘ ɜRS: dnRS/nRS = ŭL/L0. ʅʘ ʠʥ-

ʪʝʨʬʝʨʦʤʝʪʨ ʧʦʜʘʝʪʩʷ ʠʟʣʫʯʝʥʠʝ ʣʘʟʝʨʘ. ʇʝʨʚʘʷ, ʩʝʥʩʦʨʥʘʷ ʯʘʩʪʴ ʦʧʪʦʵʣʝʢ-

ʪʨʦʥʥʦʡ ʩʠʩʪʝʤʳ ʨʝʛʠʩʪʨʘʮʠʠ ʘʥʪʝʥʥʳ ʦʙʝʩʧʝʯʠʚʘʝʪ ʪʦʯʥʦʝ ʩʣʝʜʦʚʘʥʠʝ ʯʘ-

ʩʪʦʪʳ ʣʘʟʝʨʘ nL ʟʘ ʯʘʩʪʦʪʦʡ ʦʧʪʠʯʝʩʢʦʛʦ ʨʝʟʦʥʘʥʩʘ. ɼʣʷ ʵʪʦʛʦ ʧʨʠʤʝʥʝʥʘ 

ʪʝʭʥʠʢʘ ʇʘʫʥʜʘ ð ɼʨʠʚʝʨʘ ð ʍʦʣʣʘ (ʇɼʍ) [3, 4], ʠʩʧʦʣʴʟʫʶʱʝʡ ʬʘʟʦʚʫʶ 

ʤʦʜʫʣʷʮʠʶ ʠʟʣʫʯʝʥʠʷ ʚʳʩʦʢʦʡ ʯʘʩʪʦʪʦʡ ɋ (10 ʄɻʮ), ʩʦʟʜʘʶʱʫʶ ʜʚʝ ʙʦʢʦ-

ʚʳʝ ʢʦʤʧʦʥʝʥʪʳ ʩ ʤʦʱʥʦʩʪʷʤʠ PS. ʌʦʪʦʜʠʦʜ ʨʝʛʠʩʪʨʠʨʫʝʪ ʣʫʯ, ʦʪʨʘʞʝʥʥʳʡ 

ʦʪ ʨʝʟʦʥʘʪʦʨʘ. ʆʪʨʘʞʝʥʠʝ ʧʘʜʘʶʱʝʡ ʥʝʩʫʱʝʡ PC ʩʫʱʝʩʪʚʝʥʥʦ ʦʧʨʝʜʝʣʷʝʪʩʷ 

ʨʘʩʩʦʛʣʘʩʦʚʘʥʠʝʤ ȹɜRSL ſ ɜRS ï ɜL. ʊʘʢ, ʚ ʨʝʟʫʣʴʪʘʪʝ ʙʠʝʥʠʡ ʥʘ ʬʦʪʦʜʠʦʜʝ 

ʬʦʨʤʠʨʫʝʪʩʷ ʧʝʨʝʤʝʥʥʘʷ ʩʦʩʪʘʚʣʷʶʱʘʷ ʪʦʢʘ ʚ ʥʝʤ:  

Ὅ
Ὤ

–Ὡ

ὖὖ

ɝ’
ɝ’ ÓÉÎɱὸ ὍÓÉÎɱὸ ὍÃÏÓɱὸȟ 

ʛʜʝ ȹɜRS0 ð ʩʪʘʥʜʘʨʪʥʘʷ ʰʠʨʠʥʘ ʧʨʦʧʫʩʢʘʥʠʷ ʠʥʪʝʨʬʝʨʦʤʝʪʨʘ-ʩʝʥʩʦʨʘ (ʧʦ 

ʫʨʦʚʥʶ ï3 ʜɹ), Ὅ ʠ Ὅ ʢʚʘʜʨʘʪʫʨʥʳʝ ʢʦʤʧʦʥʝʥʪʳ ʜʨʦʙʦʚʦʛʦ ʪʦʢʘ ʢʘʢ ʫʟʢʦʧʦ-

ʣʦʩʥʦʛʦ ʧʨʦʮʝʩʩʘ.  



  XXIV ˸ ͔͗͒ͯͤ͊ͪͦ͒ͤ͊Ύ ͤ͊ͯ;ͤ͊Ύ ͦͤ͟ͺ͔͔ͪͤͼ͙Ύ ζ͙͙̅͘;͔͙͔ͫ͟ ͙͔͔ͤͭͪͨͪͭ͊ͼ͙͙ ͔͙͙ͭͦͪ ͙͔ͦͭͤͦͫͭ͡Έ͙ͤͦͫͭη 209 

ʉʠʥʭʨʦʥʥʦʝ ʜʝʪʝʢʪʠʨʦʚʘʥʠʝ (ʘʥʘʣʦʛʦʚʦʝ ʫʤʥʦʞʝʥʠʝ ʥʘ ÓÉÎɱὸ) ʬʦʨʤʠʨʫ-
ʝʪ ʜʠʩʢʨʠʤʠʥʘʪʦʨʥʫʶ ʭʘʨʘʢʪʝʨʠʩʪʠʢʫ (ɼʍ) ʩʠʩʪʝʤʳ ɸʇʏ ʣʘʟʝʨʘ: USD = 

= DȹɜRSL. ʇʨʠ ʧʦʜʘʯʝ ʥʘʧʨʷʞʝʥʠʷ USD ʯʝʨʝʟ ʩʝʨʚʦʫʩʠʣʠʪʝʣʴ ʥʘ ʩʦʩʪʘʚʥʦʡ ʘʢ-

ʪʶʘʪʦʨ ʧʝʨʝʩʪʨʦʡʢʠ ʯʘʩʪʦʪʳ ʟʘʤʳʢʘʝʪʩʷ ʦʙʨʘʪʥʘʷ ʩʚʷʟʴ, ʠ ʯʘʩʪʦʪʘ ʠʟʣʫʯʝʥʠʷ 

ʪʦʯʥʦ ʩʣʝʜʫʝʪ ʟʘ ʯʘʩʪʦʪʦʡ ʨʝʟʦʥʘʪʦʨʘ; ʬʦʨʤʠʨʫʝʪʩʷ ʯʘʩʪʦʪʥʘʷ ʤʦʜʫʣʷʮʠʷ. 

ʆʩʦʙʝʥʥʦʩʪʴʶ ʧʨʦʝʢʪʘ ʷʚʣʷʶʪʩʷ ʟʥʘʯʠʪʝʣʴʥʳʝ ʢʚʘʟʠʩʪʘʪʠʯʝʩʢʠʝ ʜʨʝʡʬʳ 

ʦʙʝʠʭ ʯʘʩʪʦʪ, ʚʳʟʚʘʥʥʳʝ ʪʝʧʣʦʚʳʤ ʨʘʩʰʠʨʝʥʠʝʤ ʘʣʶʤʠʥʠʷ.  

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ʂʘʢ ʠ ʚ ʧʨʦʝʢʪʝ AURIGA [3], ʜʣʷ 

ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʚ ʚʘʨʠʘʮʠʠ ʚʳʭʦʜʥʦʛʦ ʥʘʧʨʷʞʝʥʠʷ ʜʝʚʠʘʮʠʡ ʯʘʩʪʦʪʳ ʠʟʣʫʯʝ-

ʥʠʷ dnL, ʩʦʜʝʨʞʘʱʠʭ ʢʦʜʠʨʦʚʘʥʥʳʝ ʩʠʛʥʘʣ ʠ ʰʫʤ [5], ʠʩʧʦʣʴʟʫʝʪʩʷ ʜʦʧʦʣʥʠ-

ʪʝʣʴʥʳʡ ʫʟʝʣ, ʚʳʧʦʣʥʷʶʱʠʡ ʬʫʥʢʮʠʶ ʯʘʩʪʦʪʥʦʛʦ ʜʝʤʦʜʫʣʷʪʦʨʘ (ʜʠʩʢʨʠʤʠʥʘ-

ʪʦʨʘ). ʋʟʝʣ ʪʘʢʞʝ ʚʳʧʦʣʥʝʥ ʚ ʪʝʭʥʠʢʝ ʇɼʍ; ʠʩʧʦʣʴʟʫʝʪʩʷ ʚʩʧʦʤʦʛʘʪʝʣʴʥʳʡ 

ʠʥʪʝʨʬʝʨʦʤʝʪʨ ʩ ʙʘʟʦʡ 0,45 ʤ, ʯʘʩʪʦʪʘ ʢʦʪʦʨʦʛʦ ʧʝʨʝʩʪʨʘʠʚʘʝʪʩʷ ʧʨʦʩʪʳʤ ʧʴʝ-

ʟʦʢʝʨʘʤʠʯʝʩʢʠʤ ʘʢʪʶʘʪʦʨʦʤ [2]. ʅʘ ʠʥʪʝʨʬʝʨʦʤʝʪʨ ʯʝʨʝʟ ʜʝʣʠʪʝʣʴ ʠʟʣʫʯʝʥʠʷ 

ʧʦʜʘʝʪʩʷ ʣʫʯ ʣʘʟʝʨʘ ʩ ʜʝʚʠʘʮʠʷʤʠ. ɺʦ ʚʪʦʨʦʤ ʢʦʥʪʫʨʝ ʦʙʨʘʪʥʦʡ ʩʚʷʟʠ ʨʝʟʦ-

ʥʘʥʩʥʘʷ ʯʘʩʪʦʪʘ ʠʥʪʝʨʬʝʨʦʤʝʪʨʘ (ʠ ʪʘʢʞʝ ʥʫʣʝʚʦʝ ʟʥʘʯʝʥʠʝ ʜʠʩʢʨʠʤʠʥʘʪʦʨʥʦʡ 

ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ) ʩʣʝʜʫʶʪ ʟʘ ʢʚʘʟʠʩʪʘʪʠʯʝʩʢʠʤʠ ʠʟʤʝʥʝʥʠʷʤʠ ʯʘʩʪʦʪʳ ʣʘʟʝʨʘ 

ȹɜLT. ʂʦʥʮʝʧʪʫʘʣʴʥʦʝ ʦʪʣʠʯʠʝ ʢʦʥʪʫʨʘ ʩʦʩʪʦʠʪ ʚ ʦʪʩʫʪʩʪʚʠʠ ʦʪʩʣʝʞʠʚʘʥʠʷ 

ʩʠʛʥʘʣʴʥʳʭ ʜʝʚʠʘʮʠʡ dnL; ʵʪʦ ʜʦʩʪʠʛʘʝʪʩʷ ʟʥʘʯʠʪʝʣʴʥʳʤ ʩʧʘʜʦʤ ʫʩʠʣʝʥʠʷ ʩʝʨ-

ʚʦʫʩʠʣʠʪʝʣʷ ʥʘ ʯʘʩʪʦʪʝ ʩʠʛʥʘʣʘ 1.3 ʢɻʮ. ʊʦʛʜʘ ʥʘ ʢʨʫʪʦʤ ʩʢʣʦʥʝ ʯʘʩʪʦʪʥʦʡ ʭʘ-

ʨʘʢʪʝʨʠʩʪʠʢʠ ʧʨʦʠʩʭʦʜʠʪ ʩʪʘʥʜʘʨʪʥʦʝ ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ ʜʝʚʠʘʮʠʡ ʯʘʩʪʦʪʳ dnL  

ʚ ʚʘʨʠʘʮʠʠ ʚʳʭʦʜʥʦʛʦ ʥʘʧʨʷʞʝʥʠʝ ʚʪʦʨʦʛʦ ʩʠʥʭʨʦʥʥʦʛʦ ʜʝʪʝʢʪʦʨʘ.  

ʀʟʚʝʩʪʥʦ, ʯʪʦ ʤʦʱʥʦʩʪʴ ʠʟʣʫʯʝʥʠʠ ʣʘʟʝʨʘ ʟʥʘʯʠʪʝʣʴʥʦ ʧʦʜʚʝʨʞʝʥʘ ʪʝʭ-

ʥʠʯʝʩʢʠʤ ʬʝʥʦʤʝʥʦʣʦʛʠʯʝʩʢʠʤ ʬʣʫʢʪʫʘʮʠʷʤ. ʀʤʝʝʪʩʷ ʘʥʘʣʠʪʠʯʝʩʢʦʝ ʧʨʝʜ-

ʩʪʘʚʣʝʥʠʝ ʵʪʦʛʦ ʵʬʬʝʢʪʘ [6]: P(t) = P0(1 + ɝ), ʛʜʝ ɝ(t) ð ʩʪʦʭʘʩʪʠʯʝʩʢʠʡ ʤʦʜʫ-

ʣʠʨʫʶʱʠʡ ʧʨʦʮʝʩʩ. ʉ ʫʯʝʪʦʤ ʵʪʦʛʦ ʧʨʝʜʩʪʘʚʣʝʥʠʷ ʥʘ ʚʳʭʦʜʝ ʚʪʦʨʦʛʦ 

ʩʠʥʭʨʦʥʥʦʛʦ ʜʝʪʝʢʪʦʨʘ ʠʤʝʝʤ  

 Ὗ  ὑ ρ ‚  ɝʉ ’‏ .  

ʛʜʝ ȹɜRDLT = ȹɜRDT ï ȹɜLT ð ʨʘʟʥʦʩʪʴ ʜʚʫʭ ʜʨʝʡʬʫʶʱʠʭ ʯʘʩʪʦʪ; ʜʨʦʙʦʚʳʡ 

ʰʫʤ ʦʧʫʱʝʥ. 

ɺʳʜʝʣʷʶʪʩʷ ʜʚʘ ʨʝʣʝʚʘʥʪʥʳʭ ʯʣʝʥʘ: dnL + ɝȹɜRDLT. ʇʝʨʚʳʡ ʯʣʝʥ ʧʨʝʜ-

ʩʪʘʚʣʷʝʪ ʩʠʛʥʘʣ, ʚʪʦʨʦʡ ʯʣʝʥ ʦʧʨʝʜʝʣʷʝʪ ʜʦʧʦʣʥʠʪʝʣʴʥʳʡ ʩʪʦʭʘʩʪʠʯʝʩʢʠʡ 

ʧʨʦʮʝʩʩ, ʪ. ʝ. ʬʝʥʦʤʝʥʦʣʦʛʠʯʝʩʢʠʡ ʰʫʤ. ʉʦʧʦʩʪʘʚʣʝʥʠʝ ʵʪʦʛʦ ʰʫʤʘ ʩ ʩʠʛʥʘ-

ʣʦʤ ʦʧʨʝʜʝʣʷʝʪ ʜʦʙʘʚʢʫ ʜʝʤʦʜʫʣʷʪʦʨʘ ʢ ʧʦʨʦʛʦʚʦʤʫ ʩʠʛʥʘʣʫ ʩʠʩʪʝʤʳ ʨʝʛʠ-

ʩʪʨʘʮʠʠ; ʪʘʢ, ʩʦʦʪʥʦʰʝʥʠʝ ʩʧʝʢʪʨʘʣʴʥʳʭ ʧʣʦʪʥʦʩʪʝʡ ʧʨʠʚʝʜʝʥʥʳʭ ʚʝʣʠʯʠʥ 

ʠʤʝʝʪ ʚʠʜ: Gɜ(f) = Gx(f)Ў .  

ɼʣʷ ʦʧʨʝʜʝʣʝʥʠʷ ʜʝʡʩʪʚʫʶʱʝʡ ʨʘʟʥʦʩʪʠ ʯʘʩʪʦʪ ȹɜRDLT ʚʳʧʠʩʳʚʘʝʤ ʩʦʦʪ-

ʥʦʰʝʥʠʷ ʦʙʨʘʪʥʦʡ ʩʚʷʟʠ: ȹUSDT = DUD (ȹɜRDT ï ȹɜLT), dnRDT = bKD ȹUSDT, ʛʜʝ 

DD ð ʜʝʢʨʝʤʝʥʪ ʜʠʩʢʨʠʤʠʥʘʪʦʨʥʦʡ ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ ʫʟʣʘ, b ð ʧʘʨʘʤʝʪʨ ʧʝ-

ʨʝʜʘʯʠ ʘʢʪʶʘʪʦʨʘ ʧʦʜʩʪʨʦʡʢʠ ʯʘʩʪʦʪʳ, KD ð ʢʦʵʬʬʠʮʠʝʥʪ ʫʩʠʣʝʥʠʷ ʩʝʨʚʦ-

ʫʩʠʣʠʪʝʣʷ ʚ ʢʚʘʟʠʩʪʘʪʠʢʝ.  
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ʈʝʰʝʥʠʝ ʠʤʝʝʪ ʚʠʜ: ȹɜRDLT = ȹɜRDT ï ȹɜLT @ ȹɜLT/K0D, ʛʜʝ K0D = DDbK2. 

ɿʘʢʣʶʯʝʥʠʝ. ʇʦʣʫʯʝʥʥʳʝ ʩʦʦʪʥʦʰʝʥʠʷ ʧʦʟʚʦʣʷʶʪ ʧʦʣʫʯʠʪʴ ʯʝʪʢʠʝ ʯʠʩ-

ʣʝʥʥʳʝ ʦʮʝʥʢʠ ʚʢʣʘʜʘ ʥʦʚʦʛʦ ʰʫʤʘ ʚ ʧʦʨʦʛʦʚʳʡ ʩʠʛʥʘʣ ʠ ʦʧʨʝʜʝʣʠʪʴ ʤʝʨʳ 

ʧʦ ʝʛʦ ʫʤʝʥʴʰʝʥʠʶ. ɼʣʷ ʩʧʝʢʪʨʘʣʴʥʦʡ ʧʣʦʪʥʦʩʪʠ ʤʦʜʫʣʠʨʫʶʱʝʛʦ ʧʨʦʮʝʩʩʘ x 

ʠʤʝʝʪʩʷ ʨʘʥʝʝ ʧʦʣʫʯʝʥʥʘʷ ʦʮʝʥʢʘ ʢʘʢ ʧʘʨʘʤʝʪʨʘ ʣʘʟʝʨʘ: Gx(f) = 10ï12 ɻʮ-1 [6]. 

ɽʩʣʠ ʧʦʣʦʞʠʪʴ ȹɜRDLT = 3 ʢɻʮ, ʯʘʩʪʦʪʥʳʡ ʰʫʤ ʦʙʨʝʪʘʝʪ ʟʥʘʯʝʥʠʝ Ὃ
Ⱦ

= 

= 3Ŀ10ï3 ɻʮ/ɻʮ1/2, ʢʦʪʦʨʦʝ ʷʚʣʷʝʪʩʷ ʜʦʩʪʠʞʝʥʠʝʤ ʨʘʙʦʪʳ [2] ʠ ʩʦʦʪʚʝʪʩʪʚʫʝʪ 

ʧʨʠʚʝʜʝʥʥʦʤʫ ʰʫʤʫ ʚ ʩʤʝʱʝʥʠʷʭ 2Ŀ10ï15 ʩʤ/ɻʮ1/2 [7].  

ʀʟʤʝʥʝʥʠʝ ʪʝʤʧʝʨʘʪʫʨʳ ʥʘ 0,01 K ʦʧʨʝʜʝʣʷʝʪ ʟʥʘʯʝʥʠʝ ȹɜRST = ȹɜLT º 

º 80 ʄɻʮ. ɼʣʷ ʧʦʣʫʯʝʥʠʷ ʧʨʝʜʩʪʘʚʣʝʥʥʦʛʦ ʨʘʩʩʦʛʣʘʩʦʚʘʥʠʷ ʚ 3 ʢɻʮ ʨʘʩʯʝʪ 

ʦʧʨʝʜʝʣʷʝʪ ʪʨʝʙʫʝʤʫʶ ʛʣʫʙʠʥʫ ʦʙʨʘʪʥʦʡ ʩʚʷʟʠ ʥʘ ʥʫʣʝʚʦʡ ʯʘʩʪʦʪʝ K0D º 

2,5Ŀ105. ʆʧʨʝʜʝʣʝʥʥʘʷ ʢʦʨʨʝʢʮʠʷ ʚ ʨʘʩʯʝʪʘʭ ʧʨʝʜʧʦʣʘʛʘʝʪʩʷ ʧʨʠ ʨʝʘʣʠʟʘʮʠʠ 

ʧʨʦʝʢʪʥʦʛʦ ʟʥʘʯʝʥʠʷ ʧʦʨʦʛʦʚʦʛʦ ʩʠʛʥʘʣʘ ʩʭʝʤʳ ʨʝʛʠʩʪʨʘʮʠʠ ʘʥʪʝʥʥʳ 

ʆɻʈɸʅ, ʩʦʩʪʘʚʣʷʶʱʝʛʦ 10-16 ʩʤ/ɻʮ1/2 [8]. 
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Abstract. In the registration scheme of extremely small test bodyôs oscillations of an opto-

acoustic antenna OGRAN, an additional noise component has entered introduced into con-

sideration, contributed by specialized optoelectronic unit, performing function of decoding 

signal contained in frequency-manipulated laser radiation. Effect of adding to signal sto-

chastic process caused by phenomenological fluctuations in laser radiation power has re-

vealed and presented analytically. 

Keywords: acoustic resonator, extremely small oscillations registration, threshold signal, 

frequency modulation, stochastic process, laser radiation power fluctuations 

Introduction.  Test body is an aluminum cylinder with length of L0 = 2 meters as 

an acoustic resonator. Variations in GW field metric with amplitude hm and fre-

quency close to resonant ɤɛ create an equivalent force [1]: Ὂ Ὤὒὓ,‫Ⱦς 

where M is a mass of the resonator. The force excites oscillatory variations in 

length (base) of the cylinder. To register them, in OGRAN project optical resonator 

(interferometer) Fabry-Perot has used; its mirrors have fixed at body ends [2]. Base 

variations ŭL(t) cause variations ŭɜR(t) of resonatorôs eigenfrequency ɜRS: 

dnRS/nRS = ŭL/L0. Laser radiation affects this interferometer. The first, sensor part of 

the optoelectronic registration system keeps tracking of laser frequency nL to reso-

nance frequency ɜRS. For this purpose, the Pound-Driver-Hall (PDH) technique [3, 

4] has applies; it use phase modulation of radiation with high frequency ɋ (10 

MHz), which creates two side components with power PS each. Photodiode regis-

ters beam reflected from the interferometer. Mismatch ȹɜRSL ſ ɜRS ï ɜL significantly 

determines reflection of incident carrier power PC. Thus, because of beating on a 

photodiode, an alternating current component Iph is: 

Ὅ
Ὤ

–Ὡ

ὖὖ

ɝ’
ɝ’ ÓÉÎɱὸ ὍÓÉÎɱὸ ὍÃÏÓɱὸȟ 

where ȹɜRS0 is standard bandwidth of the interferometer-sensor (at the level of  

ï3 dB), IS and IC are quadrature components of shot current as a narrow-band sto-

chastic process. 

Synchronous detection (using analog multiplication by sinɋt) forms discrimi-

nator characteristic of a laser AFC system USD = DȹɜRSL, where D is a decrement. 

When voltage USD applies through servo amplifier to the composite frequency re-

tune actuator, feedback locks, and radiation frequency follows resonator eigenfre-

quency; frequency modulation of radiation forms. The special feature of the 

OGRAN project is significant quasi-static drift of both frequencies caused by 

thermal expansion of aluminum. 
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Methods and materials; results. As in the AURIGA project [3], an additional 

unit performing function of a frequency demodulator (discriminator) has used to 

convert radiation frequency deviations dnL, containing coded signal and noise [5], 

into variations of output voltage. The unit also implemented in PDH technique; an 

auxiliary interferometer with a 0.45 m base is used, a simple piezoceramic actuator 

[2] re-tunes eigenfrequency of it. Laser beam with deviations dnL affects the dis-

criminator interferometer through a radiation divider. In the second feedback loop, 

the resonant frequency of the interferometer (and zero value of its discriminator 

characteristic) follows quasi-static changes in laser frequency ȹɜLT. The conceptual 

difference of the loop is absence of signalôs deviations tracking. This distinction 

has achieved by significant decrease in gain of the servo amplifier at signal fre-

quency of 1.3 kHz. Thus, on a steep slope of discrimination frequency dependence, 

there realizes standard transformation of frequency deviations dnL into variations of 

output voltage of the second synchronous detector. 

Laser radiation power has known to possess technical phenomenological fluc-

tuations. There is an analytical representation [6]: P(t) = P0(1 + ɝ), where ɝ(t) is a 

stochastic modulating process. Taking this conception into account, at output of the 

second synchronous detector we get 

 Ὗ  ὑ ρ ‚  ɝʉ ’‏ ,  

where ȹɜRDLT = ȹɜRDT ï ȹɜLT is difference between two drifting frequencies; shot 

noise is omitted.  

Two relevant terms are present: dnL + ɝȹɜRDLT. The first term represents signal, 

the second one defines an additional stochastic process, i.e., phenomenological 

noise. Comparison of noise with signal determines demodulator's addition to 

threshold signal of whole registration system. Relation in spectral densities of sto-

chastic processes is: Gɜ(f) = Gx(f)Ў . 

To determine the defining frequency difference ȹɜRDLT = ȹɜRDT ï ȹɜLT, we write 

out feedback relationships: ȹUSDT = DUD(ȹɜRDT ï ȹɜLT) and dnRDT = bDKDÃUSDT, 

where DD is a decrement of the unitôs discriminator characteristic, bD is a transmis-

sion parameter of the frequency re-tune actuator, KD is gain of the servo amplifier in 

quasi-statics. The solution is: ȹɜRDLT = ȹɜLT/K0D, where K0D = bDDDKD. 

Conclusion. The obtained relationships allow us to obtain clear numerical esti-

mates of new noise contribution in threshold signal and to determine measures to 

reduce it. For spectral density of modulating process x, there is the previously ob-

tained estimate as parameter of the laser: Gx(f) = 10-12 Hzï1 [6]. If we presuppose 

ȹɜRDLT = 3 kHz, frequency noise obtains the value Ὃ
Ⱦ

= 3Ŀ10ï3 Hz/Hz1/2, which is 

achievement of the article [2] and corresponds to reduced displacement noise of 

2Ŀ10ï15 cm/Hz1/2 [7]. 

Temperature change of 0.01 K determines the value ȹɜRST = ȹɜLT @ 70 MHz. 

To obtain the presented mismatch of 3 kHz, calculation determines required feed-
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back depth at zero frequency of K0D @ 2Ŀ105. Certain correction in calculations as-

sumes when implementing the design value of threshold signal of the OGRAN an-

tenna registration circuit, which is Ḑ10ï16 cm/Hz1/2 [8]. 
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3 s ˴̇ ̅ˮˢ˹Σ ˸͍ͦͫ͊͟Σ ˾͙ͦͫͫΎ 

ɸʥʥʦʪʘʮʠʷ. ʈʘʩʩʤʦʪʨʝʥʘ ʤʦʜʝʣʴ ʬʦʨʤʠʨʦʚʘʥʠʷ ʛʘʤʤʘ-ʠʟʣʫʯʝʥʠʷ ʚ ʭʦʜʝ ʨʝʣʷʪʠʚʠʩʪ-

ʩʢʦʛʦ ʚʳʙʨʦʩʘ ʠʟ ʢʦʤʧʪʦʥʦʚʩʢʦʛʦ ʦʙʣʘʢʘ ʧʣʘʟʤʳ ʚʦʢʨʫʛ ʤʘʛʥʠʪʦʨʦʪʘʮʠʦʥʥʦʡ ʩʚʝʨʭ-

ʥʦʚʦʡ. ʉʤʝʱʝʥʠʝ ʵʥʝʨʛʠʠ ʬʦʪʦʥʦʚ ʚ ʟʦʥʫ ʚʳʩʦʢʠʭ ʵʥʝʨʛʠʡ ʧʨʝʜʧʦʣʘʛʘʝʪʩʷ ʢʘʢ ʨʝ-

ʟʫʣʴʪʘʪ ʨʘʩʩʝʷʥʠʷ ʬʦʪʦʥʦʚ, ʠʩʧʫʱʝʥʥʳʭ ʬʦʪʦʩʬʝʨʦʡ ʟʚʝʟʜʳ, ʥʘ ʨʝʣʷʪʠʚʠʩʪʩʢʦʤ 

ʧʦʪʦʢʝ ʚʦʜʦʨʦʜʥʦʡ ʠʦʥʠʟʠʨʦʚʘʥʥʦʡ ʧʣʘʟʤʳ. ɼʣʷ ʦʧʠʩʘʥʠʷ ʧʨʦʮʝʩʩʘ ʛʘʤʤʘ-ʚʳʙʨʦʩʘ 

ʠʩʧʦʣʴʟʫʝʪʩʷ ʪʨʝʭʤʝʨʥʘʷ ʤʦʜʝʣʴ ʨʝʣʷʪʠʚʠʩʪʩʢʦʡ ʨʘʜʠʘʮʠʦʥʥʦʡ ʛʘʟʦʚʦʡ ʜʠʥʘʤʠʢʠ 

(ʈʈɻɼ), ʚʢʣʶʯʘʶʱʘʷ ʧʦʣʥʦʝ ʫʨʘʚʥʝʥʠʝ ʧʝʨʝʥʦʩʘ ʠʟʣʫʯʝʥʠʷ (ʋʇʀ) ʩ ʠʥʪʝʛʨʘʣʦʤ ʨʘʩ-

ʩʝʷʥʠʷ. ɼʣʷ ʤʦʜʝʣʠʨʦʚʘʥʠʷ ʧʝʨʝʨʘʩʧʨʝʜʝʣʝʥʠʷ ʵʥʝʨʛʠʡ ʬʦʪʦʥʦʚ ʧʦ ʩʧʝʢʪʨʫ ʠʩʧʦʣʴ-

ʟʫʝʪʩʷ ʢʦʤʧʪʦʥʦʚʩʢʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʩʝʯʝʥʠʝ ʨʘʩʩʝʷʥʠʷ. ɼʣʷ ʯʠʩʣʝʥʥʦʛʦ ʨʝʰʝ-

ʥʠʷ ʩʠʩʪʝʤʳ ʈʈɻɼ ʠʩʧʦʣʴʟʫʝʪʩʷ ʷʚʥʘʷ ʩʭʝʤʘ ʨʘʩʱʝʧʣʝʥʠʷ. ʋʇʀ ʨʝʰʘʝʪʩʷ ʤʝʪʦʜʦʤ 

ʢʦʨʦʪʢʠʭ ʭʘʨʘʢʪʝʨʠʩʪʠʢ, ʛʘʟʦʚʘʷ ʜʠʥʘʤʠʢʘ ʤʝʪʦʜʦʤ ɻʦʜʫʥʦʚʘ. ʇʨʦʚʝʜʝʥʦ ʤʦʜʝʣʠʨʦ-

ʚʘʥʠʝ ʵʚʦʣʶʮʠʠ ʨʝʣʷʪʠʚʠʩʪʩʢʦʛʦ ʜʞʝʪʘ ʚ ʤʝʞʟʚʝʟʜʥʦʡ ʩʨʝʜʝ ʠ ʩʧʝʢʪʨʘʣʴʥʦʛʦ ʧʝʨʝ-

ʨʘʩʧʨʝʜʝʣʝʥʠʷ ʵʥʝʨʛʠʠ ʬʦʪʦʥʦʚ ʚ ʨʝʟʫʣʴʪʘʪʝ ʢʦʤʧʪʦʥʦʚʩʢʦʛʦ ʨʘʩʩʝʷʥʠʷ ʥʘ ʨʝʣʷʪʠ-

ʚʠʩʪʩʢʦʤ ʫʩʪʘʥʦʚʠʚʰʝʤʩʷ ʧʦʪʦʢʝ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʛʘʤʤʘ-ʚʩʧʣʝʩʢʠ, ʨʘʜʠʘʮʠʦʥʥʘʷ ʨʝʣʷʪʠʚʠʩʪʩʢʘʷ ʛʘʟʦʚʘʷ ʜʠʥʘʤʠʢʘ, 

ʧʝʨʝʥʦʩ ʠʟʣʫʯʝʥʠʷ, ʢʦʤʧʪʦʥʦʚʩʢʦʝ ʨʘʩʩʝʷʥʠʝ. 

ɺʚʝʜʝʥʠʝ. ʌʦʨʤʠʨʦʚʘʥʠʝ ʛʘʤʤʘ-ʚʳʙʨʦʩʘ ʷʚʣʷʝʪʩʷ ʜʦ ʢʦʥʮʘ ʥʝ ʠʟʫʯʝʥʥʳʤ 

ʧʨʦʮʝʩʩʦʤ, ʦʙʲʝʜʠʥʷʶʱʠʤ ʚ ʩʝʙʝ ʤʥʦʞʝʩʪʚʦ ʬʠʟʠʯʝʩʢʠʭ ʟʘʢʦʥʦʚ. ɼʣʠʥʥʳʝ 

ʛʘʤʤʘ-ʚʩʧʣʝʩʢʠ ʩʚʷʟʳʚʘʶʪ ʩʦ ʚʟʨʳʚʘʤʠ ʩʚʝʨʭʥʦʚʳʭ ʢʣʘʩʩʘ Ic [1, 2], ʢʦʪʦʨʳʝ 

ʚ ʨʝʟʫʣʴʪʘʪʝ ʢʦʣʣʘʧʩʘ ʦʩʪʘʚʣʷʶʪ ʢʦʤʧʘʢʪʥʦʝ ʷʜʨʦ, ʦʢʨʫʞʝʥʥʦʝ ʦʙʣʘʢʦʤ 

ʥʘʛʨʝʪʦʛʦ ʚʝʱʝʩʪʚʘ, ʚ ʢʦʪʦʨʦʤ ʚ ʭʦʜʝ ʘʢʢʨʝʮʠʠ ʬʦʨʤʠʨʫʝʪʩʷ ʢʦʣʣʠʤʠʨʦʚʘʥ-

ʥʳʡ ʢʘʥʘʣ, ʛʜʝ ʨʘʟʚʠʚʘʝʪʩʷ ʩʪʨʫʡʥʳʡ ʚʳʙʨʦʩ ʧʣʘʟʤʳ [3]. ʇʨʝʜʧʦʣʘʛʘʝʪʩʷ, ʯʪʦ 

ʧʦʷʚʣʝʥʠʝ ʞʝʩʪʢʦʛʦ ʩʧʝʢʪʨʘ ʚ ʥʘʙʣʶʜʝʥʠʷʭ ʩʚʷʟʘʥʦ ʩ cʦʙʩʪʚʝʥʥʳʤ ʠʟʣʫʯʝ-

ʥʠʝʤ ʢʦʤʧʪʦʥʦʚʩʢʦʛʦ ʦʙʣʘʢʘ ʠ ʨʘʩʩʝʷʥʠʷ ʠʩʧʫʱʝʥʥʳʭ ʷʜʨʦʤ ʬʦʪʦʥʦʚ ʥʘ ʨʝ-

ʣʷʪʠʚʠʩʪʩʢʦʤ ʧʦʪʦʢʝ [1]. 
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ʎʝʣʴʶ ʨʘʙʦʪʳ ʷʚʣʷʝʪʩʷ ʧʦʣʫʯʝʥʠʝ ʩʧʝʢʪʨʘ ʛʘʤʤʘ-ʚʩʧʣʝʩʢʘ ʜʣʷ ʯʝʛʦ 

ʥʝʦʙʭʦʜʠʤʦ ʤʦʜʝʣʠʨʦʚʘʪʴ ʧʨʦʮʝʩʩ ʧʝʨʝʥʦʩʘ ʠʟʣʫʯʝʥʠʷ ʚ ʨʝʣʷʪʠʚʠʩʪʩʢʦʤ ʧʦ-

ʪʦʢʝ [4] ʠ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʤʦʜʝʣʠ ʨʘʩʩʝʷʥʠʷ ʬʦʪʦʥʦʚ ʥʘ ʫʣʴʪʨʘʨʝʣʷʪʠʚʠʩʪʩʢʠʭ 

ʵʣʝʢʪʨʦʥʘʭ [5]. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ʄʘʪʝʤʘʪʠʯʝʩʢʘʷ ʤʦʜʝʣʴ ʚʢʣʶʯʘʝʪ 

ʥʘʙʦʨ ʫʨʘʚʥʝʥʠʡ ʈʈɻɼ ʠ ʢʚʘʟʠʩʪʘʮʠʦʥʘʨʥʦʝ ʋʇʀ. ɼʣʷ ʟʘʜʘʯʠ ʫʩʢʦʨʝʥʠʷ ʚʝ-

ʱʝʩʪʚʘ ʋʇʀ ʨʝʰʘʝʪʩʷ ʚ ʧʨʠʙʣʠʞʝʥʠʠ ʩʝʨʦʡ ʤʘʪʝʨʠʠ ʩ ʪʦʤʩʦʥʦʚʩʢʦʡ ʠʥʜʠ-

ʢʘʪʨʠʩʦʡ ʨʘʩʩʝʷʥʠʷ [5].  

ʇʨʠ ʚʳʯʠʩʣʝʥʠʠ ʩʧʝʢʪʨʦʚ ʠʩʧʦʣʴʟʫʝʪʩʷ ʤʥʦʛʦʛʨʫʧʧʦʚʦʝ ʧʨʠʙʣʠʞʝʥʠʝ  

ʩ ʢʦʤʧʪʦʥʦʚʩʢʠʤ ʩʝʯʝʥʠʝʤ ʨʘʩʩʝʷʥʠʷ [5], ʧʦʟʚʦʣʷʶʱʝʝ ʫʯʠʪʳʚʘʪʴ ʵʬʬʝʢʪ 

ʧʦʥʠʞʝʥʠʷ/ʧʦʚʳʰʝʥʠʷ ʯʘʩʪʦʪʳ ʧʨʠ ʚʟʘʠʤʦʜʝʡʩʪʚʠʠ ʩ ʵʣʝʢʪʨʦʥʘʤʠ.  

ɼʣʷ ʧʦʣʫʯʝʥʠʷ ʩʧʝʢʪʨʦʚ ʩʥʘʯʘʣʘ ʤʦʜʝʣʠʨʫʝʪʩʷ ʨʘʜʠʘʮʠʦʥʥʳʡ ʨʘʟʛʦʥ ʚ 

ʨʘʩʯʝʪʥʦʡ ʦʙʣʘʩʪʠ, ʠʤʝʶʱʝʡ ʬʦʨʤʫ ʫʩʝʯʝʥʥʦʛʦ ʢʦʥʫʩʘ, ʟʘʪʝʤ ʨʝʰʘʝʪʩʷ ʋʇʀ 

ʚ ʤʥʦʛʦʛʨʫʧʧʦʚʦʤ ʧʨʠʙʣʠʞʝʥʠʠ. ʈʘʩʯʝʪʳ ʧʦʢʘʟʘʣʠ, ʯʪʦ ʜʘʚʣʝʥʠʝ ʠʟʣʫʯʝʥʠʷ 

ʩʧʦʩʦʙʥʦ ʧʝʨʝʚʦʜʠʪʴ ʥʘʯʘʣʴʥʳʡ ʩʫʙʨʝʣʷʪʠʚʠʩʪʢʠʡ ʧʦʪʦʢ ʚ ʨʝʣʷʪʠʚʠʩʪʩʢʠʡ 

ʨʝʞʠʤ. ɺ ʢʘʥʘʣʝ ʦʙʨʘʟʫʶʪʩʷ ʜʚʝ ʫʜʘʨʥʳʝ ʚʦʣʥʳ. ɺ ʩʚʷʟʠ ʩ ʥʘʧʨʘʚʣʝʥʥʦʩʪʴʶ 

ʢʦʤʧʪʦʥʦʚʩʢʦʡ ʠʥʜʠʢʘʪʨʠʩʳ ʨʘʩʩʝʷʥʠʷ, ʛʘʤʤʘ-ʚʩʧʣʝʩʢ ʥʘʙʣʶʜʘʝʪʩʷ ʧʨʠ ʤʘ-

ʣʦʤ ʦʪʢʣʦʥʝʥʠʠ ʧʦʣʦʞʝʥʠʷ ʥʘʙʣʶʜʘʪʝʣʷ ʦʪ ʥʘʧʨʘʚʣʝʥʠʷ ʚʳʙʨʦʩʘ. 

ɿʘʢʣʶʯʝʥʠʝ. ʇʨʝʜʩʪʘʚʣʝʥʘ ʦʨʠʛʠʥʘʣʴʥʘʷ ʪʨʝʭʤʝʨʥʘʷ ʨʝʣʷʪʠʚʠʩʪʩʢʘʷ 

ʨʘʜʠʘʮʠʦʥʥʘʷ ʛʘʟʦʜʠʥʘʤʠʯʝʩʢʘʷ ʤʦʜʝʣʴ ʫʩʢʦʨʝʥʠʷ ʩʪʨʫʠ ʚ ʩʪʘʮʠʦʥʘʨʥʦʤ ʢʘ-

ʥʘʣʝ ʚʥʫʪʨʠ ʦʙʣʘʢʘ ʢʦʤʧʪʦʥʠʟʠʨʦʚʘʥʥʦʡ ʧʣʘʟʤʳ ʚʦʢʨʫʛ ʩʚʝʨʭʥʦʚʦʡ. ʈʘʩ-

ʩʤʦʪʨʝʥʦ ʫʩʢʦʨʝʥʠʝ ʧʣʘʟʤʳ ʚ ʩʪʘʮʠʦʥʘʨʥʦʤ ʢʦʥʠʯʝʩʢʦʤ ʢʘʥʘʣʝ ʧʦʜ ʚʦʟʜʝʡ-

ʩʪʚʠʝʤ ʠʟʣʫʯʝʥʠʷ ʚ ʭʦʜʝ ʛʘʤʤʘ-ʚʳʙʨʦʩʘ. ʈʘʩʩʯʠʪʘʥʳ ʩʧʝʢʪʨʳ ʜʣʷ ʨʘʟʣʠʯʥʳʭ 

ʪʦʯʝʢ ʥʘʙʣʶʜʘʪʝʣʷ, ʧʦʢʘʟʘʥʘ ʟʘʚʠʩʠʤʦʩʪʴ ʵʥʝʨʛʠʠ ʬʦʪʦʥʦʚ ʦʪ ʥʘʧʨʘʚʣʝʥʠʷ 

ʨʘʩʧʨʦʩʪʨʘʥʝʥʠʷ ʠʟʣʫʯʝʥʠʷ. 
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Abstract. The model of gamma-ray burst (GRB) formation during a relativistic outflow 

from a Compton plasma cloud surrounding a magnetorotational supernova. The shift of 

photon energies into the high-energy range is interpret to the scattering of photons emitted 

by the stellar photosphere on a relativistic flow of hydrogen-ionized plasma. A three-

dimensional model of radiative relativistic hydrodynamics (RadRHD) is used to describe 

the GRB process, which includes a complete radiative transfer equation (RTE) with a scat-

tering integral. To modeling the redistribution of photon energies across the spectrum the 

Compton differential scattering cross-section is used. To obtain numerical solution of Ra-

dRHD equations the explicit splitting method is used. For the radiative transfer equation 

with scattering the short characteristics method is used, and for the relativistic hydrodynam-

ics the Godunov-type one. The evolution of a relativistic jet in the interstellar space and the 

spectral redistribution of photon energy as a result of Compton scattering on a relativistic 

flow are obtained. 

Keywords: gamma-ray bursts, radiative relativistic hydrodynamics, radiative transfer, 

Compton scattering 

Introduction.  The formation of a gamma-ray emission is an unexplored process 

that combines many physical laws. The long GRBs is proposed to be associated 

with supernovae of Ic type (collapsar model) [1, 2], where the progenitor star is 

assumed to leave a central remnant surrounded by a cloud of heated matter. Accret-

ing process leads to formation of collimated channel is assumed where astrophysi-

cal jet evolves [3]. 

The appearance of a hard emission in the spectra observations is assumed con-

nect with the radiation of the Compton cloud and the scattering of photons emitted 

by the photosphere by a relativistic stream [1].  

This paper aim is to obtain spectra of a gamma-ray burst. This requires model-

ing the process of radiation transfer in a relativistic flow [4] and consider photon 

scattering on ultra-relativistic electrons [5]. 

Methods and materials; results. The mathematical model includes the set of 

radiation relativistic hydrodynamics equations (RadRHD) for ideal (inviscid) hy-
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drogen gas including the quasi-stationary radiation transfer equation. The problem 

of matter acceleration is solved by the grey matter approximation with a Thomson 

indicatrix scattering [5]. 

To compute spectra, a multi-group approximation with the Compton scattering 

cross-section is used. This approach allows take into account the effect of lower-

ing/increasing the frequency when colliding with electrons.  

To obtain the spectra, firstly, acceleration by radiation is modeled in the com-

putational domain which has form of a truncated cone, then the RTE with a mul-

tigroup approximation is solved. 

The results of the gas-dynamic simulation showed that the radiation pressure 

transforms the initial subrelativistic flow into a relativistic mode. Two shock waves 

form in the channel. Due to the directionality of the Compton scattering indicatrix, 

a gamma-ray burst is observed with a small deviation of the observer's position 

from the flow direction. 

Conclusion. The original three-dimensional radiative relativistic hydrodynam-

ic model of jet acceleration in a stationary channel inside the Compton cloud sur-

rounding a supernova is presented. 

Plasma acceleration in a stationary conical channel, taking into account the ef-

fect of radiation during the gamma-ray burst is considered. The spectra for obser-

vator different points of view are calculated. The dependence of the photon energy 

on the direction of radiation propagation is shown. 
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1 ̂ ˶˥˽̂ ͙ͣΦ ˮΦ˹Φ ̂͡ΈΎ͍ͤͦ͊Σ ̂͡ΈΎ͍ͤͦͫ͟Σ ˾͙ͦͫͫΎ 

2 ˸ ˥́̂ ͙ͣΦ ˹Φ̏Φ ˣ͊ͯͣ͊ͤ͊Σ ˸͍ͦͫ͊͟Σ ˾͙ͦͫͫΎ 

3 ˴ ̅̂Σ ˴͊͊ͤ͘ΈΣ ˾͙ͦͫͫΎ 

ɸʥʥʦʪʘʮʠʷ. ʇʨʦʘʥʘʣʠʟʠʨʦʚʘʥʘ ʢʠʨʘʣʴʥʘʷ ʩʘʤʦʛʨʘʚʠʪʠʨʫʶʱʘʷ ʤʦʜʝʣʴ (ʂʉɻʄ) ʩʧʝ-

ʮʠʘʣʴʥʦʛʦ ʚʠʜʘ ʚ ʩʬʝʨʠʯʝʩʢʠ-ʩʠʤʤʝʪʨʠʯʥʦʤ ʩʪʘʪʠʯʝʩʢʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ-ʚʨʝʤʝʥʠ ʚ 

ʢʦʥʪʝʢʩʪʝ ʵʡʥʰʪʝʡʥʦʚʩʢʦʡ ʢʘʨʪʠʥʳ. ʀʩʩʣʝʜʫʝʤʘʷ ʂʉɻʄ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʤʦʜʠʬʠʮʠ-

ʨʦʚʘʥʥʦʡ ʛʨʘʚʠʪʘʮʠʠ ὪὙȟɳ Ὑ ȟὙ  ʩʧʝʮʠʘʣʴʥʦʛʦ ʚʠʜʘ. ʈʘʩʩʤʘʪʨʠʚʘʷ ʩʬʝʨʠʯʝʩʢʠ-

ʩʠʤʤʝʪʨʠʯʥʫʶ ʤʝʪʨʠʢʫ ʚ ʛʘʨʤʦʥʠʯʝʩʢʠʭ ʢʦʦʨʜʠʥʘʪʘʭ, ʧʦʣʫʯʝʥʳ ʧʨʠʤʝʨʳ ʨʝʰʝʥʠʡ, 

ʩʚʷʟʘʥʥʳʭ ʩ ʥʫʣʝʚʳʤ ʧʦʪʝʥʮʠʘʣʦʤ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʤʦʜʠʬʠʮʠʨʦʚʘʥʥʘʷ ʛʨʘʚʠʪʘʮʠʷ ʩ ʚʳʩʰʠʤʠ ʧʨʦʠʟʚʦʜʥʳʤʠ, ʩʬʝʨʠ-

ʯʝʩʢʠ-ʩʠʤʤʝʪʨʠʯʥʳʝ ʨʝʰʝʥʠʷ, ʢʠʨʘʣʴʥʳʝ ʩʘʤʦʛʨʘʚʠʪʠʨʫʶʱʠʝ ʤʦʜʝʣʠ 

ɺʚʝʜʝʥʠʝ. ɺ ʨʘʙʦʪʘʭ [1, 2] ʨʘʩʩʤʘʪʨʠʚʘʶʪʩʷ ʩʬʝʨʠʯʝʩʢʠ-ʩʠʤʤʝʪʨʠʯʥʳʝ ʨʝ-

ʰʝʥʠʷ ʚ ʪʝʦʨʠʠ ʛʨʘʚʠʪʘʮʠʠ ʩ ʚʳʩʰʠʤʠ ʧʨʦʠʟʚʦʜʥʳʤʠ ʚʠʜʘ ὪὙȟɳ Ὑ ȟὙ. 

ɺ ʫʢʘʟʘʥʥʳʭ ʨʘʙʦʪʘʭ Ὢ , ʛʜʝ ὄ Ὑ, ʦʪʣʠʯʥʘ ʦʪ ʥʫʣʷ. ɺ ʥʘʰʝʡ ʨʘʙʦʪʝ 

ʨʘʩʩʤʦʪʨʝʥ ʩʣʫʯʘʡ, ʢʦʛʜʘ Ὢ  ʨʘʚʥʦ ʥʫʣʶ, ʯʪʦ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʤʦʜʝʣʠ 

ὪὙȟɳ Ὑ ȟὙ ὪὙȟɳ Ὑ ὪὙȟɳ Ὑ Ὑ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ʀʩʧʦʣʴʟʫʝʪʩʷ ʤʝʪʦʜ ʩʚʝʜʝʥʠʷ 

ὪὙȟɳ Ὑ ȟὙ ð ʛʨʘʚʠʪʘʮʠʠ ʢ ʢʠʨʘʣʴʥʦʡ ʩʘʤʦ-ʛʨʘʚʠʪʠʨʫʶʱʝʡ ʤʦʜʝʣʠ [2]. 

ɺ ʢʘʯʝʩʪʚʝ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʡ ʤʦʜʝʣʠ ʧʦʩʪʨʦʝʥʘ ʂʉɻʄ, ʢʠʨʘʣʴʥʘʷ ʤʝʪʨʠʢʘ 

ʢʦʪʦʨʦʡ ʠʤʝʝʪ ʚʠʜ: 

 Ὠί Ὠ… ὣ…ȟ‰Ὠ‰ȟ (1) 

ʠ ʧʦʪʝʥʮʠʘʣ: 

 ὡ …ȟ‰ Ὡ ὑ …ȟ‰ Ὡ ‰. (2) 

ʈʘʩʩʤʘʪʨʠʚʘʷ ʩʬʝʨʠʯʝʩʢʠ-ʩʠʤʤʝʪʨʠʯʥʫʶ ʤʝʪʨʠʢʫ ʚ ʛʘʨʤʦʥʠʯʝʩʢʠʭ ʢʦ-

ʦʨʜʠʥʘʪʘʭ, ʤʳ ʧʦʣʫʯʘʝʤ ʫʨʘʚʥʝʥʠʷ ʛʨʘʚʠʪʘʮʠʦʥʥʦʛʦ ʧʦʣʷ ʩ ʠʟʤʝʥʝʥʥʳʤʠ, ʧʦ 

ʩʨʘʚʥʝʥʠʶ ʩ [1,2], ʢʦʤʧʦʥʝʥʪʘʤʠ ʪʝʥʟʦʨʘ ʵʥʝʨʛʠʠ ʠʤʧʫʣʴʩʘ: 

 Ὡ ʉͼὩ 7,  (3) 
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 ʔ ʔה הה9 Å 7 ςɼ" ʉͼςɼᴂ τɼᴂʉ,  (4) 

 ρ Ὡ ‍ͼ Å 7.  (5) 

ʠ ʫʨʘʚʥʝʥʠʷ ʢʠʨʘʣʴʥʳʭ ʧʦʣʝʡ: 

 ʔͼÅ  ȟ (6) 

הה9  Å . (7) 

ʉʣʫʯʘʡ ʨʘʚʝʥʩʪʚʘ ʧʦʪʝʥʮʠʘʣʘ (2) ʥʫʣʶ ʧʦʟʚʦʣʷʝʪ ʦʧʨʝʜʝʣʠʪʴ ʬʫʥʢʮʠʶ 

ὑ ʪʘʢʠʤ ʦʙʨʘʟʦʤ: 

 ὑ  Ὡ ‰. (8) 

ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʧʦʣʫʯʝʥʳ ʧʨʠʤʝʨʳ ʨʝʰʝʥʠʡ: 

 ʉ ὃό ὃȟὃȟὃ ÃÏÎÓÔȠ  (9) 

 ‍ ÌÎό ὃό ὃȠ  (10)  

 ʔ ὄό ὄȟὄȟὄ ÃÏÎÓÔȠ  (11)  

ה  ό ɻzό zהȠ  (12) 

ה  ό ɼzÔÈʇzόȠ  (13) 

 ὣהɻz ὣz; 9ה ÃÏÎÓÔȠ  (14) 

 ὣה ᶻᶻ

ᶻ
ὣz; ὣה ᶿ

ᶻ
Ȣ  (15) 

ɿʘʢʣʶʯʝʥʠʝ. ɺ ʜʘʥʥʦʡ ʨʘʙʦʪʝ ʧʦʣʫʯʝʥʳ ʫʨʘʚʥʝʥʠʷ ʂɻʉʄ ʚ ʩʬʝʨʠʯʝʩʢʠ-

ʩʠʤʤʝʪʨʠʯʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ-ʚʨʝʤʝʥʠ ʠ ʧʨʝʜʩʪʘʚʣʝʥʳ ʧʨʠʤʝʨʳ ʨʝʰʝʥʠʡ, ʩʦ-

ʦʪʚʝʪʩʪʚʫʶʱʠʝ ʥʫʣʝʚʦʤʫ ʧʦʪʝʥʮʠʘʣʫ. 

˿͙ͨͫͦ͟ ͙ ͫͭͦ;͙͍ͤͦ͟ 
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Abstract. We are analyzing a chiral self-gravitating model (CSGM) of a specific type in 

spherically symmetric static spacetime in the context of the Einsteinian framework. The 

CSGM under investigation corresponds to modified gravity ὪὙȟɳ Ὑ ȟὙ  of a specific 

type. By considering spherically symmetric solutions in harmonic coordinates, we obtain 

examples of solutions related to a zero potential. 

Keywords: modified gravity with higher derivatives, spherically symmetric solutions, chi-

ral self-gravitating models 

Introduction.  In works [1, 2], spherically symmetric solutions are considered in 

the theory of gravity with higher derivatives of the form ὪὙȟɳ Ὑ ȟὙ. In the 

mentioned works Ὢ , where ὄ Ὑ, does not equal to zero. In our work, 

we consider the case when Ὢ  equal to zero, corresponding to the model 

ὪὙȟɳ Ὑ ȟὙ ὪὙȟɳ Ὑ ὪὙȟɳ Ὑ Ὑ. 

Methods and materials; results. The method of reducing ὪὙȟɳ Ὑ ȟὙ  

gravity to a chiral self-gravitating model [2] is employed. As the corresponding 

model, a CSGM is constructed, with the chiral metric: 

 Ὠί Ὠ… ὣ…ȟ‰Ὠ‰ȟ (1) 

and potential: 

 ὡ …ȟ‰ Ὡ ὑ …ȟ‰ Ὡ ‰. (2) 

By considering a spherically symmetric metric in harmonic coordinates, we 

obtain the gravitational field equations with modified components of the energy-

momentum tensor compared to those in [1, 2]: 

 Ὡ ʉͼὩ 7,  (3) 

 ʔ ʔה הה9 Å 7 ςɼ" ʉͼςɼᴂ τɼᴂʉ,  (4) 

 ρ Ὡ ‍ͼ Å 7.  (5) 
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and the equations of chiral fields: 

 ʔͼÅ  ȟ (6) 

הה9  Å . (7) 

The case where the potential (2) is equal to zero allows us to define the func-

tion ὑ in the following way: 

 ὑ  Ὡ ‰. (8) 

In this case, examples of solutions have been obtained: 

 ʉ ὃό ὃȟὃȟὃ ÃÏÎÓÔȠ  (9) 

 ‍ ÌÎό ὃό ὃȠ  (10)  

 ʔ ὄό ὄȟὄȟὄ ÃÏÎÓÔȠ  (11)  

ה  ό ɻzό zהȠ  (12) 

ה  ό ɼzÔÈʇzόȠ  (13) 

 ὣהɻz ὣz; ὣה ÃÏÎÓÔȠ  (14) 

 ὣה ᶻᶻ

ᶻ
ὣz; ὣה ᶿ

ᶻ
Ȣ  (15) 

Conclusion. In this work, the equations of the CSGM for a spherically sym-

metric spacetime have been obtained, and examples of solutions corresponding to 

zero potential are presented. 
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ɸʥʥʦʪʘʮʠʷ. ʈʘʩʩʤʦʪʨʝʥʘ ʟʘʜʘʯʘ ʩʪʨʫʢʪʫʨʥʦ-ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʡ ʠʜʝʥʪʠʬʠʢʘʮʠʠ ʤʦʜʝ-

ʣʠ ʰʢʘʣʳ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʨʘʩʩʪʦʷʥʠʡ ʥʘ ʦʩʥʦʚʝ ʢʨʘʩʥʦʛʦ ʩʤʝʱʝʥʠʷ ʚ ʩʧʝʢʪʨʘʭ ʠʟ-

ʣʫʯʝʥʠʷ ʩʚʝʨʭʥʦʚʳʭ ʟʚʝʟʜ ʪʠʧʘ SN Ia ʧʦ ʜʘʥʥʳʤ, ʥʘ ʦʩʥʦʚʘʥʠʠ ʢʦʪʦʨʳʭ ʙʳʣ ʩʜʝʣʘʥ 

ʚʳʚʦʜ ʦ ʩʫʱʝʩʪʚʦʚʘʥʠʠ ʫʩʢʦʨʝʥʠʷ ʨʘʩʰʠʨʝʥʠʷ ɺʩʝʣʝʥʥʦʡ. ʇʦʢʘʟʘʥʦ, ʯʪʦ ʚʦʟʤʦʞʥʦʡ 

ʧʨʠʯʠʥʦʡ ʪʘʢʦʛʦ ʚʳʚʦʜʘ ʙʳʣʦ ʦʰʠʙʦʯʥʦʝ ʚʦʩʧʨʠʷʪʠʝ ʨʘʟʣʘʜʦʢ ʠ ʨʘʥʛʦʚʳʭ ʠʥʚʝʨʩʠʡ 

ʵʪʠʭ ʜʘʥʥʳʭ ʢʘʢ ʧʨʦʷʚʣʝʥʠʡ ʥʝʢʦʪʦʨʦʛʦ çʢʦʩʤʠʯʝʩʢʦʛʦ ʪʦʣʯʢʘè. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʢʨʘʩʥʦʝ ʩʤʝʱʝʥʠʝ, ʰʢʘʣʘ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʨʘʩʩʪʦʷʥʠʡ, ʛʨʘʚʠʪʘ-

ʮʠʦʥʥʳʝ ʜʠʧʦʣʠ ʢʨʫʧʥʦʤʘʩʰʪʘʙʥʦʡ ʥʝʦʜʥʦʨʦʜʥʦʩʪʠ, ʨʘʟʣʘʜʢʠ, ʨʘʥʛʦʚʘʷ ʠʥʚʝʨʩʠʷ 

ɺʚʝʜʝʥʠʝ. ɺ 1998 ʛʦʜʫ ʙʳʣʘ ʦʙʥʘʨʫʞʝʥʘ ʨʘʟʥʦʥʘʧʨʘʚʣʝʥʥʘʷ ʜʠʧʦʣʴʥʘʷ ʘʥʠʟʦ-

ʪʨʦʧʠʷ ʢʨʘʩʥʦʛʦ ʩʤʝʱʝʥʠʷ ʚ ʩʧʝʢʪʨʘʭ ʠʟʣʫʯʝʥʠʷ ʨʘʜʠʦʛʘʣʘʢʪʠʢ ʠ ʢʚʘʟʘʨʦʚ [1], 

ʘ ʜʣʷ ʛʠʧʦʪʝʟʳ ʦʙ çʫʩʢʦʨʝʥʠʠ ʨʘʩʰʠʨʝʥʠʷ ɺʩʝʣʝʥʥʦʡè ʚʣʠʷʥʠʝ ʄʝʩʪʥʦʡ ʧʫ-

ʩʪʦʪʳ (Local void) ʙʳʣʦ ʦʮʝʥʝʥʦ ʢʘʢ ʦʪʥʦʩʠʪʝʣʴʥʦ ʥʝʚʝʣʠʢʦʝ [2]. ɺ 2005 ʛʦʜʫ 

ʛʨʫʧʧʘ ʀ. ɼ. ʂʘʨʘʯʝʥʮʝʚʘ (ʉʧʝʮʠʘʣʴʥʘʷ ɸʩʪʨʦʬʠʟʠʯʝʩʢʘʷ ʆʙʩʝʨʚʘʪʦʨʠʷ 

ʈɸʅ) ʠʜʝʥʪʠʬʠʮʠʨʦʚʘʣʘ ʧʦʣʝ ʧʝʢʫʣʷʨʥʳʭ ʩʢʦʨʦʩʪʝʡ 2724 ʛʘʣʘʢʪʠʢ ʚ ʦʙʲʝʤʝ 

100 ʄʧʢ ʩ ʤʠʥʠʤʫʤʦʤ ʚ ʟʦʥʘʭ ʛʠʛʘʥʪʩʢʠʭ ʧʫʩʪʦʪ Bootes void ʠ Local void  

ʠ ʤʘʢʩʠʤʫʤʦʤ ð ʚ ʩʦʟʚʝʟʜʠʷʭ ɻʠʜʨʳ ʠ ʎʝʥʪʘʚʨʘ. ʕʪʠ ʦʙʩʪʦʷʪʝʣʴʩʪʚʘ ʦʢʘʟʘʣʠʩʴ 

ʩʚʷʟʘʥʥʳʤʠ ʩ ʵʬʬʝʢʪʦʤ ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʜʠʧʦʣʝʡ ʢʨʫʧʥʦʤʘʩʰʪʘʙʥʦʡ ʥʝʦʜʥʦ-

ʨʦʜʥʦʩʪʠ ɺʩʝʣʝʥʥʦʡ, ʢʦʛʜʘ ʚ ʧʘʨʘʭ çʛʠʛʘʥʪʩʢʘʷ ʧʫʩʪʦʪʘ Ÿ ʩʚʝʨʭʩʢʦʧʣʝʥʠʝ ʛʘ-

ʣʘʢʪʠʢè (supervoid Ÿ supercluster) ʥʘ ʧʨʦʪʠʚʦʧʦʣʦʞʥʳʭ ʦʙʣʘʩʪʷʭ ʥʝʙʝʩʥʦʡ ʩʬʝ-

ʨʳ ʥʝ ʫʨʘʚʥʦʚʝʰʝʥʥʦʝ ʛʨʘʚʠʪʘʮʠʦʥʥʦʝ ʚʦʟʜʝʡʩʪʚʠʝ ʧʨʦʷʚʣʷʝʪʩʷ ʢʘʢ 

ʜʦʧʦʣʥʠʪʝʣʴʥʦʝ ʦʪʪʘʣʢʠʚʘʥʠʝ ʩʦ ʩʪʦʨʦʥʳ supervoid. ʂ 2016 ʛʦʜʫ ʩʧʠʩʦʢ ʜʠʧʦʣʝʡ 

ʧʦʜʦʙʥʦʛʦ ʨʦʜʘ ʫʚʝʣʠʯʠʣʩʷ ʜʦ ʯʝʪʳʨʝʭ [3]. ɸ ʚ 2017 ʛʦʜʫ, ʤʦʜʝʣʠʨʫʷ ʧʦʣʝ ʛʨʘ-

ʚʠʪʘʮʠʦʥʥʳʭ ʩʢʦʨʦʩʪʝʡ ʧʦ ʙʘʟʝ ʜʘʥʥʳʭ çCosmicflows-3è ʦ 17966 ʛʘʣʘʢʪʠʢʘʭ, 

ʛʨʫʧʧʘ B. Tully ʧʦʢʘʟʘʣʘ [4], ʯʪʦ ʚ ʣʦʢʘʣʴʥʦʤ ʧʦʪʦʢʝ ʜʦʤʠʥʠʨʫʝʪ ʘʪʪʨʘʢʪʦʨ 

Shaply supercluster ʠ çʦʪʪʘʣʢʠʚʘʪʝʣʴè (Dipole Repeller) Aquarius supervoid. ʊʘʢ 

ʜʘʥʥʳʝ [1, 3] ʧʦʣʫʯʠʣʠ ʥʝʟʘʚʠʩʠʤʦʝ ʧʦʜʪʚʝʨʞʜʝʥʠʝ. ɺ 2022 ʛʦʜʫ ʩʧʠʩʦʢ ʢʨʫʧ-

ʥʦʤʘʩʰʪʘʙʥʳʭ ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʜʠʧʦʣʝʡ ʜʦʧʦʣʥʠʣ ʜʠʧʦʣʴ ʍʘʙʙʣʘ [5].  

ʕʬʬʝʢʪʠʚʥʳʡ ʘʥʘʣʠʟ ʛʠʧʦʪʝʟʳ ʦ ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʜʠʧʦʣʷʭ ʢʨʫʧʥʦʤʘʩ-

ʰʪʘʙʥʦʡ ʥʝʦʜʥʦʨʦʜʥʦʩʪʠ ʢʘʢ ʘʣʴʪʝʨʥʘʪʠʚʳ ʛʠʧʦʪʝʟʝ ʦʙ çʫʩʢʦʨʝʥʠʠ ʨʘʩʰʠ-

ʨʝʥʠʷ ɺʩʝʣʝʥʥʦʡè ʦʢʘʟʘʣʩʷ ʚʦʟʤʦʞʥʳʤ ʙʣʘʛʦʜʘʨʷ ʥʦʚʦʤʫ ʤʝʪʦʜʫ ʩʪʨʫʢʪʫʨ-

ʥʦ-ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʡ ʠʜʝʥʪʠʬʠʢʘʮʠʠ ʤʘʪʝʤʘʪʠʯʝʩʢʠʭ ʤʦʜʝʣʝʡ ʦʙʲʝʢʪʦʚ 

ʠʟʤʝʨʝʥʠʡ ð ʤʝʪʦʜʫ ʤʘʢʩʠʤʫʤʘ ʢʦʤʧʘʢʪʥʦʩʪʠ (ʄʄʂ) [6ï8]. 
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ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɸʥʘʣʠʟʫ ʧʦʜʚʝʨʛʘʣʠʩʴ ʜʘʥʥʳʝ,  

ʥʘ ʦʩʥʦʚʘʥʠʠ ʢʦʪʦʨʳʭ ʚ ʪʨʝʭ ʚʳʙʦʨʢʘʭ ʠʟ ʨʘʙʦʪ [9, 10] ʙʳʣ ʩʜʝʣʘʥ ʚʳʚʦʜ ʦ 

ʥʘʣʠʯʠʠ çʫʩʢʦʨʝʥʠʷ ʨʘʩʰʠʨʝʥʠʷ ɺʩʝʣʝʥʥʦʡè, ʘ ʪʘʢʞʝ ʨʘʙʦʪʘ [11]. ʇʨʠ ʵʪʦʤ 

ʜʣʷ ʢʘʞʜʦʡ ʚʳʙʦʨʢʠ ʜʘʥʥʳʭ ʠ ʠʭ ʩʦʯʝʪʘʥʠʡ ʙʳʣʠ ʧʦʩʪʨʦʝʥʳ ʤʦʜʝʣʠ ʠʟʦ-

ʪʨʦʧ-ʥʦʡ ʠ ʘʥʠʟʦʪʨʦʧʥʦʡ ʰʢʘʣ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʨʘʩʩʪʦʷʥʠʡ ʥʘ ʦʩʥʦʚʝ ʢʨʘʩ-

ʥʦʛʦ ʩʤʝʱʝʥʠʷ ʚ ʩʧʝʢʪʨʘʭ ʠʟʣʫʯʝʥʠʷ ʩʚʝʨʭʥʦʚʳʭ ʪʠʧʘ SN Ia ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ 

ʧʦ ʧʨʦʛʨʘʤʤʘʤ çʄʄʂïʩʪʘʪè ʠ çʄʄʂïʩʪʘʪ ʄè [6]. ʉʪʘʪʠʩʪʠʯʝʩʢʦʡ ʧʨʦʚʝʨʢʝ 

ʚ ʢʣʘʩʩʝ ʤʥʦʛʦʤʝʨʥʳʭ ʩʪʝʧʝʥʥʳʭ ʨʷʜʦʚ ʧʦʜʚʝʨʛʘʣʠʩʴ ʛʠʧʦʪʝʟʳ ʚʳʨʦʞʜʝʥʥʦ-

ʩʪʠ, ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʠ ʢʦʤʧʦʟʠʮʠʦʥʥʦʡ ʦʜʥʦʨʦʜʥʦʩʪʠ ʤʦʜʝʣʝʡ, ʘ ʪʘʢʞʝ ð 

ʘʣʴʪʝʨʥʘʪʠʚʥʳʝ ʛʠʧʦʪʝʟʳ. ɺʩʝ ʚʳʙʦʨʢʠ ʢʦʤʧʦʟʠʮʠʦʥʥʦ ʦʜʥʦʨʦʜʥʫʶ ʩʦʚʦ-

ʢʫʧʥʦʩʪʴ ʥʝ ʦʙʨʘʟʦʚʳʚʘʣʠ. ʃʫʯʰʝʡ ʧʦ ʢʨʠʪʝʨʠʶ ʤʠʥʠʤʫʤʘ ʩʨʝʜʥʝʛʦ ʤʦʜʫʣʷ 

ʧʦʛʨʝʰʥʦʩʪʠ ʥʝʘʜʝʢʚʘʪʥʦʩʪʠ ʠ ʧʨʠ ʦʪʩʫʪʩʪʚʠʠ çʥʫʣʴè-ʧʫʥʢʪʘ ʦʢʘʟʘʣʘʩʴ ʘʥʠ-

ʟʦʪʨʦʧʥʘʷ ʤʦʜʝʣʴ ʰʢʘʣʳ ʨʘʩʩʪʦʷʥʠʡ 2-ʛʦ ʧʦʨʷʜʢʘ ʜʣʷ ʚʳʙʦʨʢʠ ʦʙʲʝʤʦʤ N = 

= 79 SN Ia [9, 10]. ʅʘʠʙʦʣʴʰʠʡ ʠʥʪʝʨʝʩ ʚʳʟʚʘʣʠ ʨʘʟʣʘʜʢʠ ʠ ʨʘʥʛʦʚʳʝ ʠʥʚʝʨ-

ʩʠʠ ʵʪʦʡ ʤʦʜʝʣʠ, ʢʦʪʦʨʳʝ ʩʦʚʧʘʣʠ ʥʝ ʪʦʣʴʢʦ ʩ ʢʦʦʨʜʠʥʘʪʘʤʠ ʚʩʝʭ ʧʷʪʠ ʛʨʘʚʠ-

ʪʘʮʠʦʥʥʳʭ ʜʠʧʦʣʝʡ ʢʨʫʧʥʦʤʘʩʰʪʘʙʥʦʡ ʥʝʦʜʥʦʨʦʜʥʦʩʪʠ, ʥʦ ʠ ʩ ʧʨʝʜʩʢʘʟʘʥ-

ʥʳʤʠ [9, 10] ʭʘʨʘʢʪʝʨʠʩʪʠʢʘʤʠ ʪ. ʥ. çʢʦʩʤʠʯʝʩʢʦʛʦ ʪʦʣʯʢʘè [12].  

ɿʘʢʣʶʯʝʥʠʝ. ʇʦ ʢʨʠʪʝʨʠʶ ʤʠʥʠʤʫʤʘ ʧʦʛʨʝʰʥʦʩʪʠ ʥʝʘʜʝʢʚʘʪʥʦʩʪʠ ʤʦ-

ʜʝʣʠ ʰʢʘʣʳ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʨʘʩʩʪʦʷʥʠʡ ʥʘ ʦʩʥʦʚʝ ʢʨʘʩʥʦʛʦ ʩʤʝʱʝʥʠʷ ʚ 

ʢʣʘʩʩʝ ʤʥʦʛʦʤʝʨʥʳʭ ʩʪʝʧʝʥʥʳʭ ʨʷʜʦʚ ʙʦʣʝʝ ʧʨʘʚʜʦʧʦʜʦʙʥʳʤ ʷʚʣʷʝʪʩʷ ʧʨʝʜ-

ʧʦʣʦʞʝʥʠʝ ʦ ʪʦʤ, ʯʪʦ ʚ ʨʘʙʦʪʘʭ 1998ï1999 ʛʦʜʦʚ [9, 10] ʨʘʟʣʘʜʢʠ çʟʘʢʦʥʘ 

ʢʨʘʩʥʦʛʦ ʩʤʝʱʝʥʠʷè ʙʳʣʠ ʦʰʠʙʦʯʥʦ ʚʦʩʧʨʠʥʷʪʳ ʢʘʢ ʩʚʠʜʝʪʝʣʴʩʪʚʘ ʦ ʩʫʱʝ-

ʩʪʚʦʚʘʥʠʠ çʫʩʢʦʨʝʥʠʷ ʨʘʩʰʠʨʝʥʠʷ ɺʩʝʣʝʥʥʦʡè. ʕʪʦ ʦʙʩʪʦʷʪʝʣʴʩʪʚʦ ʚ ʥʝʢʦ-

ʪʦʨʦʡ ʩʪʝʧʝʥʠ ʦʙʲʷʩʥʷʝʪ ʧʨʠʯʠʥʳ, ʧʦʙʫʜʠʚʰʠʝ ɺ. ʌʨʠʜʤʘʥ, ʣʠʜʝʨʘ ʧʨʦʝʢʪʘ 

çʂʦʩʤʠʯʝʩʢʠʡ ʪʝʣʝʩʢʦʧ ʠʤʝʥʠ ʕ. ʍʘʙʙʣʘè, ʟʘʷʚʠʪʴ ʦ ʪʫʧʠʢʦʚʦʡ ʩʠʪʫʘʮʠʠ ʚ 

ʢʦʩʤʦʣʦʛʠʠ.  
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Abstract. The problem of structural-parametric identification of a model of the cosmologi-

cal distance scale based on the redshift in the emission spectra of SN Ia type supernovae is 

considered based on the data on the basis of which it was concluded that there is an acceler-

ation of the expansion of the Universe. It is shown that the possible reason for this conclu-

sion was the erroneous perception of the disruptions and rank inversions of these data as 

phenomena of some kind of çcosmic shockè. 

Keywords: supernovae of type SN Ia, redshift, scale of cosmological distances, gravita-

tional dipoles of large-scale inhomogeneity, variations, rank inversion 

Introduction.  In 1998, a multidirectional dipole redshift anisotropy was discov-

ered in the emission spectra of radio galaxies and quasars [1], and for the hypothe-

sis of çaccelerating the expansion of the Uni-verseè, the influence of the Local 

void was estimated as relatively small [2]. In 2005, I. D. Karachentsev's group 

(Special Astrophysical Observatory of the Russian Academy of Sciences) identi-

fied the field of peculiar velocities of 2724 galaxies in a volume of 100 Mpc with a 

mini-mum in the zones of giant voids Boots void and Local void and a maximum 

in the constellations Hydra and Centaurus. These circumstances turned out to be 

related to the effect of gravitational dipoles of the large-scale inhomogeneity of the 

Universe, when in pairs of çsupervoid Ÿ super-clusterè on opposite regions of the 

celestial sphere, an unbalanced gravitational effect manifests itself as additional 

repulsion from the supervoid. By 2016, the list of dipoles of this kind had in-

creased to four [3]. And in 2017, by modeling the gravitational velocity field using 
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çCos-micflows-3è database on 17966 galaxies, B. Tully group showed [4] that the 

local flow is domi-nated by Shaply supercluster attractor and Aquarius supervoid 

(Repeller). Thus, the data [1, 3] received independent confirmation. In 2022, the 

Hubble dipole was added to the list of large-scale gravitational dipoles [5].  

An effective analysis of the hypothesis of gravitational dipoles of large-scale 

heterogeneity as an alternative to the hypothesis of çaccelerating the expansion of 

the Universeè turned out to be possible thanks to a new method of structural-

parametric identification of mathematical mod-els of measurement objects ð the 

maximum compactness method [6ï8]. 

Methods and materials; results. The data was analyzed, on the basis of 

which, in three samples from the works [9, 10], it was concluded that there was an 

çacceleration of the expansion of the Universeè, as well as the work [11]. At the 

same time, for each data sample and their combinations, models of isotropic and 

ani-sotropic scales of cosmological states were constructed based on the redshift in 

the emission spectra of supernovae of type SN Ia, respectively, according to 

çMMKïstatè and çMMKïstat Mè programs [6]. The hypotheses of degeneracy, 

continuity, and compositional uniformity of models, as well as alternative hypothe-

ses, were subjected to statistical verification in the class of multidimensional power 

series. All samples did not form a compositionally homogeneous set. The aniso-

tropic model of the 2nd order distance scale for a sample of N = 79 SN Ia turned 

out to be the best by the criterion of the minimum of the average error modulus of 

inadequacy and in the absence of a çzeroèïpoint [9, 10]. The greatest interest was 

aroused by the dislocations and rank inversions of this model, which coincided not 

only with the coordinates of all five gravitational dipoles of large-scale inhomoge-

neity, but also with the predicted [9, 10] characteristics of the so-called çcosmic 

shockè [12]. 

Conclusion. According to the criterion of the minimum error of the inadequa-

cy of the model of the scale of cosmological distances based on redshift in the class 

of multidimensional power series, it is more plausible to assume that in the works 

of 1998-1999 [9, 10] the decomposition of the çlaw of red-shiftè was mistakenly 

perceived as evidence of the existence of an çacceleration of the expansion of the 

Universeè. This fact explains to the reasons that prompted V. Friedman, the leader 

of the Hubble Space Telescope project, to declare a deadlock in cosmology. 
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˸˥̂ ͙͔͙ͣͤ ˸ΦˤΦ ˶͍ͦͣͦͤͦͫͦ͊Σ ˸͍ͦͫ͊͟Σ ˾͙ͦͫͫΎ 

ɸʥʥʦʪʘʮʠʷ. ɺ ʥʘʯʘʣʝ XXI  ʚʝʢʘ ʩʪʘʣʦ ʦʯʝʚʠʜʥʳʤ, ʯʪʦ ʧʨʠʤʝʥʝʥʠʝ ʨʦʙʦʪʠʟʠʨʦʚʘʥʥʳʭ 

ʦʙʩʝʨʚʘʪʦʨʠʡ ʚ ʘʩʪʨʦʥʦʤʠʠ ʧʦʟʚʦʣʷʝʪ ʩʦʚʝʨʰʠʪʴ ʧʨʦʨʳʚ ʚ ʠʩʩʣʝʜʦʚʘʥʠʠ ʨʝʟʢʦ ʥʝ-

ʩʪʘʮʠʦʥʘʨʥʳʭ ʠ ʢʦʨʦʪʢʦʞʠʚʫʱʠʭ ʷʚʣʝʥʠʡ ʚʦ ɺʩʝʣʝʥʥʦʡ. ʉ ʧʦʤʦʱʴʶ ʨʦʙʦʪʠʟʠʨʦ-

ʚʘʥʥʳʭ ʦʙʩʝʨʚʘʪʦʨʠʡ, ʧʦʩʪʨʦʝʥʥʳʭ ʚ ʨʘʟʚʠʪʳʭ ʩʪʨʘʥʘʭ, ʫʜʘʣʦʩʴ ʦʪʢʨʳʪʴ ʩʦʙʩʪʚʝʥ-

ʥʦʝ ʦʧʪʠʯʝʩʢʦʝ ʠʟʣʫʯʝʥʠʝ ʩʘʤʳʭ ʤʦʱʥʳʭ ʚʟʨʳʚʦʚ ʚʦ ɺʩʝʣʝʥʥʦʡ ð ʛʘʤʤʘ-ʚʩʧʣʝʩʢʦʚ. 

ʆʪʢʨʳʪʠʝ ʜʝʩʷʪʢʦʚ ʠ ʩʦʪʝʥ ʩʚʝʨʭʥʦʚʳʭ ʟʚʝʟʜ ʧʦʟʚʦʣʠʣʦ ʟʘʧʦʜʦʟʨʠʪʴ ʩʫʱʝʩʪʚʦʚʘʥʠʝ 

ʪʘʢ ʥʘʟʳʚʘʝʤʦʡ çʪʝʤʥʦʡè ʵʥʝʨʛʠʠ ʠʣʠ ʵʥʝʨʛʠʠ ʢʦʩʤʠʯʝʩʢʦʛʦ ʚʘʢʫʫʤʘ. ʆʪʥʦʩʠʪʝʣʴ-

ʥʘʷ ʜʦʩʪʫʧʥʦʩʪʴ ʤʘʣʳʭ ʪʝʣʝʩʢʦʧʦʚ ʜʘʝʪ ʚʦʟʤʦʞʥʦʩʪʴ ʧʦʚʳʰʘʪʴ ʵʬʬʝʢʪʠʚʥʦʩʪʴ 

ʥʘʙʣʶʜʝʥʠʡ, ʫʚʝʣʠʯʠʚʘʷ ʠʭ ʯʠʩʣʦ ʠ ʨʘʟʤʝʱʘʷ ʠʭ ʚ ʨʘʟʥʳʭ ʛʝʦʛʨʘʬʠʯʝʩʢʠʭ ʪʦʯʢʘʭ.  

ʈʦʩʩʠʷ, ʢʘʢ ʩʘʤʘʷ ʧʨʦʪʷʞʝʥʥʘʷ ʧʦ ʜʦʣʛʦʪʝ ʩʪʨʘʥʘ ʚ ʤʠʨʝ, ʷʚʣʷʝʪʩʷ ʥʝʟʘʤʝʥʠ-

ʤʳʤ ʤʝʩʪʦʤ ʜʣʷ ʧʦʜʦʙʥʳʭ ʠʩʩʣʝʜʦʚʘʥʠʡ. ʇʝʨʚʳʡ ʨʦʩʩʠʡʩʢʠʡ ʨʦʙʦʪ-

ʪʝʣʝʩʢʦʧ ʄɸʉʊɽʈ ʙʳʣ ʩʦʟʜʘʥ ʚ 2002 ʛʦʜʫ ʠ ʫʩʪʘʥʦʚʣʝʥ ʧʦʜ ʄʦʩʢʚʦʡ (ɺ.ʄ. 

ʃʠʧʫʥʦʚ ʜʨ. 2007).  

ɼʘʣʴʥʝʡʰʝʝ ʨʘʟʚʠʪʠʝ ʩʝʪʴ ʄɸʉʊɽʈ ʧʦʣʫʯʠʣʘ ʚ 2008ï2010 ʛʛ., ʢʦʛʜʘ ʙʳ-

ʣʠ ʟʘʧʫʱʝʥʳ ʚ ʩʪʨʦʡ 4 ʦʙʩʝʨʚʘʪʦʨʠʠ, ʦʩʥʘʱʝʥʥʳʝ ʪʝʣʝʩʢʦʧʘʤʠ ʄɸʉʊɽʈ II ʠ 

ʢʘʤʝʨʘʤʠ ʩʚʝʨʭ ʰʠʨʦʢʦʛʦ ʧʦʣʷ ʟʨʝʥʠʷ. ɸ, ʥʘʯʠʥʘʷ ʩ 2012 ʛʦʜʘ, ʩʝʪʴ ʄɸʉʊɽʈ 

ʩʪʘʥʦʚʠʪʩʷ ʛʣʦʙʘʣʴʥʦʡ, ʠ ʫʞʝ ʚ 2016 ʛ. ʤʳ ʫʩʪʘʥʦʚʠʣʠ ʪʨʠ ʟʘʛʨʘʥʠʯʥʳʭ ʦʙ-

ʩʝʨʚʘʪʦʨʠʠ ʚ ʖʞʥʦʡ ɸʬʨʠʢʝ, ʥʘ ʂʘʥʘʨʘʭ ʠ ʚ ɸʨʛʝʥʪʠʥʝ. ɺ ʢʦʥʮʝ 2021 ʛʦʜʘ 

ʙʳʣ ʫʩʪʘʥʦʚʣʝʥ ʘʥʘʣʦʛʠʯʥʳʡ ʢʦʤʧʣʝʢʩ ʚ ʄʝʢʩʠʢʝ. ʇʦʣʦʞʝʥʠʝ ʫʟʣʦʚ ɻʣʦ-

ʙʘʣʴʥʦʡ ʩʝʪʠ ʄɸʉʊɽʈ ʥʘ ʥʘʯʘʣʦ 2022 ʛʦʜʘ ʧʦʢʘʟʘʥʦ ʥʘ ʨʠʩʫʥʢʝ. 

 

 
 

˽͔͙͔ͦͦ͗ͤ͡ ͍ͯͦ͘͡ ˥ͦ͋͊͡͡Έ͚ͤͦ ͔͙ͫͭ ˸ˢ˿́˩˾ 

mailto:lipunov2007@gmail.com


228  ˸͍ͦͫ͊͟Σ ˸˥́̂ ͙ͣΦ ˹Φ̏Φ ˣ͊ͯͣ͊ͤ͊Σ 7ς10 ͙ Ό͡Ύ нлнр ͎Φ   

ʉʝʪʴ ʪʝʣʝʩʢʦʧʦʚ ʄɸʉʊɽʈ II (Lipunov et al., 2010) ʦʪʢʨʳʚʘʝʪ ʙʦʣʝʝ 10 ʪʠ-

ʧʦʚ ʘʩʪʨʦʥʦʤʠʯʝʩʢʠʭ ʦʙʲʝʢʪʦʚ. ʉʝʪʴ ʄɸʉʊɽʈ ʠʩʧʦʣʴʟʫʝʪʩʷ ʜʣʷ ʨʝʰʝʥʠʷ 

ʩʣʝʜʫʶʱʠʭ ʥʘʙʣʶʜʘʪʝʣʴʥʳʭ ʟʘʜʘʯ: ʣʦʢʘʣʠʟʘʮʠʷ ʠ ʩʠʥʭʨʦʥʥʳʝ ʧʦʣʷʨʠʟʘʮʠ-

ʦʥʥʳʝ ʥʘʙʣʶʜʝʥʠʷ ʛʘʤʤʘ-ʚʩʧʣʝʩʢʦʚ; ʣʦʢʘʣʠʟʘʮʠʷ ʛʨʘʚʠʪʘʮʠʦʥʥʦ-ʚʦʣʥʦʚʳʭ 

ʚʩʧʣʝʩʢʦʚ; ʦʧʝʨʘʪʠʚʥʳʝ ʥʘʙʣʶʜʝʥʠʷ ʠ ʧʦʠʩʢ ʠʩʪʦʯʥʠʢʘ ʥʝʡʪʨʠʥʦ ʚʳʩʦʢʠʭ ʠ 

ʩʚʝʨʭʚʳʩʦʢʠʭ ʵʥʝʨʛʠʡ; ʥʘʙʣʶʜʝʥʠʷ ʠ ʣʦʢʘʣʠʟʘʮʠʷ ʠʩʪʦʯʥʠʢʦʚ ʙʳʩʪʨʳʭ ʨʘ-

ʜʠʦ-ʚʩʧʣʝʩʢʦʚ (FRB); ʧʦʠʩʢ ʩʚʝʨʭʥʦʚʳʭ, ʥʦʚʳʭ ʠ ʚʟʨʳʚʥʳʭ ʧʝʨʝʤʝʥʥʳʭ; ʦʪ-

ʢʨʳʪʠʝ ʦʧʘʩʥʳʭ ʘʩʪʝʨʦʠʜʦʚ, ʢʦʤʝʪ; ʨʝʛʠʩʪʨʘʮʠʷ ʚʩʧʣʝʩʢʦʚ-ʩʠʨʦʪ. 
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ɸʥʥʦʪʘʮʠʷ. ʈʘʙʦʪʘ ʧʦʩʚʷʱʝʥʘ ʪʝʦʨʝʪʠʯʝʩʢʦʤʫ ʠʩʩʣʝʜʦʚʘʥʠʶ ʚʦʟʤʦʞʥʦʩʪʠ ʵʢʩʧʝʨʠ-

ʤʝʥʪʘʣʴʥʦʡ ʧʨʦʚʝʨʢʠ ʦʙʱʝʡ ʪʝʦʨʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦʩʪʠ (ʆʊʆ) ʠ ʵʡʥʰʪʝʡʥʦʚʩʢʦʛʦ ʧʨʠʥ-

ʮʠʧʘ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ (ʕʇʕ) ʩ ʠʩʧʦʣʴʟʦʚʘʥʠʝʤ ʘʪʦʤʥʳʭ ʯʘʩʦʚ, ʨʘʟʤʝʱʘʝʤʳʭ ʥʘ ʢʦʩ-

ʤʠʯʝʩʢʠʭ ʘʧʧʘʨʘʪʘʭ. ʇʦʩʪʨʦʝʥʘ ʤʦʜʝʣʴ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʯʘʩʪʦʪʳ ʩʠʛʥʘʣʦʚ ʚ 

ʵʢʩʧʝʨʠʤʝʥʪʘʭ ʩ ʢʦʤʧʝʥʩʘʮʠʝʡ ʥʝʨʝʣʷʪʠʚʠʩʪʩʢʦʛʦ ʵʬʬʝʢʪʘ ɼʦʧʣʝʨʘ, ʫʯʠʪʳʚʘʶʱʘʷ 

ʨʝʣʷʪʠʚʠʩʪʩʢʠʝ ʧʦʧʨʘʚʢʠ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ ʧʦ ʛʨʘʚʠʪʘʮʠʦʥʥʦʤʫ ʧʦʪʝʥʮʠʘʣʫ ʠ ʯʝʪʚʝʨʪʦ-

ʛʦ ʧʦʨʷʜʢʘ ʧʦ ʩʢʦʨʦʩʪʠ ʘʧʧʘʨʘʪʘ. ʇʦʢʘʟʘʥʦ, ʯʪʦ ʩ ʧʦʤʦʱʴʶ ʢʦʩʤʠʯʝʩʢʠʭ ʘʧʧʘʨʘʪʦʚ, 

ʦʩʥʘʱʝʥʥʳʭ ʚʳʩʦʢʦʩʪʘʙʠʣʴʥʳʤʠ ʘʪʦʤʥʳʤʠ ʯʘʩʘʤʠ, ʤʦʞʥʦ ʜʦʩʪʠʯʴ ʩʫʱʝʩʪʚʝʥʥʦʛʦ 

ʧʦʚʳʰʝʥʠʷ ʪʦʯʥʦʩʪʠ ʠʟʤʝʨʝʥʠʷ ʧʦʩʪʥʴʶʪʦʥʦʚʩʢʠʭ ʧʘʨʘʤʝʪʨʦʚ. ʊʘʢʞʝ ʨʘʩʩʤʘʪʨʠʚʘʝʪ-

ʩʷ ʧʦʪʝʥʮʠʘʣ ʧʦʜʦʙʥʳʭ ʵʢʩʧʝʨʠʤʝʥʪʦʚ ʜʣʷ ʠʟʤʝʨʝʥʠʷ ʩʧʠʥʘ ʉʦʣʥʮʘ ʠ ʧʦʠʩʢʘ ʪʝʤʥʦʡ 

ʤʘʪʝʨʠʠ. ʇʨʝʜʣʦʞʝʥʳ ʦʧʪʠʤʘʣʴʥʳʝ ʦʨʙʠʪʘʣʴʥʳʝ ʢʦʥʬʠʛʫʨʘʮʠʠ ʜʣʷ ʨʷʜʘ ʩʮʝʥʘʨʠʝʚ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʛʨʘʚʠʪʘʮʠʦʥʥʦʝ ʟʘʤʝʜʣʝʥʠʝ ʚʨʝʤʝʥʠ, ʘʪʦʤʥʳʝ ʯʘʩʳ, ʪʝʤʥʘʷ ʤʘʪʝʨʠʷ 

ɺʚʝʜʝʥʠʝ. ʇʦʠʩʢ ʦʪʢʣʦʥʝʥʠʡ ʦʪ ʵʡʥʰʪʝʡʥʦʚʩʢʦʛʦ ʧʨʠʥʮʠʧʘ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ 

ʠ ʦʩ-ʥʦʚʘʥʥʦʡ ʥʘ ʥʝʤ ʆʊʆ ʠʤʝʝʪ ʦʛʨʦʤʥʦʝ ʟʥʘʯʝʥʠʝ ʢʘʢ ʜʣʷ ʬʫʥʜʘʤʝʥʪʘʣʴʥʦʡ 

ʬʠʟʠʢʠ, ʪʘʢ ʠ ʜʣʷ ʟʘʜʘʯʠ ʧʦʩʪʨʦʝʥʠʷ ʛʣʦʙʘʣʴʥʳʭ ʥʘʚʠʛʘʮʠʦʥʥʳʭ ʩʧʫʪʥʠʢʦʚʳʭ 

ʩʠʩʪʝʤ ʥʦʚʦʛʦ ʧʦʢʦʣʝʥʠʷ [1]. ʆʜʥʠʤ ʠʟ ʩʣʝʜʩʪʚʠʡ ʧʨʠʥʮʠʧʘ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ 

ʷʚʣʷʝʪʩʷ ʵʬʬʝʢʪ ʛʨʘʚʠʪʘʮʠʦʥʥʦʛʦ ʟʘʤʝʜʣʝʥʠʷ ʚʨʝʤʝʥʠ, ʠʣʠ ʛʨʘʚʠʪʘʮʠʦʥʥʦʛʦ 

ʩʤʝʱʝʥʠʷ ʯʘʩʪʦʪʳ, ʢʦʪʦʨʳʡ ʠʤʝʝʪ ʧʨʘʢʪʠʯʝʩʢʦʝ ʟʥʘʯʝʥʠʝ ʠ ʜʣʷ ʩʫʱʝʩʪʚʫʶ-

ʱʠʭ ʥʘʚʠʛʘʮʠʦʥʥʳʭ ʩʠʩʪʝʤ ɻʃʆʅɸʉʉ, GPS, Galileo, Beidou. ʆʪʢʣʦʥʝʥʠʝ ʚʝ-

ʣʠʯʠʥʳ ʛʨʘʚʠʪʘʮʠʦʥʥʦʛʦ ʟʘʤʝʜʣʝʥʠʷ ʚʨʝʤʝʥʠ ʦʪ ʧʨʝʜʩʢʘʟʳʚʘʝʤʦʡ ʚ ʨʘʤʢʘʭ 

ʆʊʆ ʷʚʣʷʝʪʩʷ ʥʝʠʟʙʝʞʥʳʤ ʩʣʝʜʩʪʚʠʝʤ ʙʦʣʴʰʠʥʩʪʚʘ ʪʝʦʨʠʡ ʦʙʲʝʜʠʥʝʥʥʳʭ 

ʚʟʘʠʤʦʜʝʡʩʪʚʠʡ, ʚʩʣʝʜʩʪʚʠʝ ʯʝʛʦ ʧʨʝʮʠʟʠʦʥʥʦʝ ʠʟʤʝʨʝʥʠʝ ʜʘʥʥʦʛʦ ʵʬʬʝʢʪʘ 

ʷʚʣʷʝʪʩʷ ʩʬʝʨʦʡ ʘʢʪʠʚʥʦʛʦ ʵʢʩʧʝʨʠʤʝʥʪʘʣʴʥʦʛʦ ʠʩʩʣʝʜʦʚʘʥʠʷ [2]. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɸʪʦʤʥʳʝ ʯʘʩʳ ʷʚʣʷʶʪʩʷ ʥʝʦʙʭʦʜʠ-

ʤʳʤ ʵʣʝʤʝʥʪʦʤ ʟʥʘʯʠʪʝʣʴʥʦʛʦ ʯʠʩʣʘ ʵʢʩʧʝʨʠʤʝʥʪʦʚ ʧʦ ʧʦʠʩʢʫ ʦʪʢʣʦʥʝʥʠʡ  

ʦʪ ʆʊʆ. ɺ ʩʚʷʟʠ ʩ ʥʝʜʘʚʥʠʤ ʧʨʦʛʨʝʩʩʦʤ ʚ ʪʝʭʥʠʢʝ ʠʭ ʩʦʟʜʘʥʠʷ (ʨʦʩʪʦʤ ʩʪʘ-

ʙʠʣʴʥʦʩʪʠ ʠ ʪʦʯʥʦʩʪʠ ʜʦ 10^{ï18} ʠ ʚʳʰʝ, ʚ ʪʝʨʤʠʥʘʭ ʦʪʥʦʩʠʪʝʣʴʥʦʡ ʯʘʩʪʦ-

ʪʳ) ʚ ʙʣʠʞʘʡʰʝʝ ʜʝʩʷʪʠʣʝʪʠʝ ʦʞʠʜʘʝʪʩʷ ʫʚʝʣʠʯʝʥʠʝ ʥʘ ʥʝʩʢʦʣʴʢʦ ʧʦʨʷʜʢʦʚ 

ʪʦʯʥʦʩʪʠ ʫʞʝ ʠʟʚʝʩʪʥʳʭ ʵʢʩʧʝʨʠʤʝʥʪʦʚ, ʘ ʪʘʢʞʝ ʧʦʷʚʣʷʝʪʩʷ ʚʦʟʤʦʞʥʦʩʪʴ 
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ʧʨʦʚʝʜʝʥʠʷ ʠʟʤʝʨʝʥʠʡ ʢʘʯʝʩʪʚʝʥʥʦ ʥʦʚʦʛʦ ʪʠʧʘ. ʈʘʟʨʘʙʦʪʢʘ ʪʝʦʨʝʪʠʯʝʩʢʦʛʦ 

ʙʘʟʠʩʘ ʜʣʷ ʧʣʘʥʠʨʦʚʘʥʠʷ ʠ ʠʥʪʝʨʧʨʝʪʘʮʠʠ ʨʝʟʫʣʴʪʘʪʦʚ ʧʦʜʦʙʥʳʭ ʵʢʩʧʝʨʠ-

ʤʝʥʪʦʚ, ʠʩʩʣʝʜʦʚʘʥʠʝ ʜʦʩʪʫʧʥʳʭ ʜʣʷ ʠʟʤʝʨʝʥʠʷ ʵʬʬʝʢʪʦʚ ʠ ʦʮʝʥʢʘ ʧʨʝʜʝʣʴ-

ʥʦʡ ʪʦʯʥʦʩʪʠ ʠʭ ʠʟʤʝʨʝʥʠʷ ʷʚʣʷʶʪʩʷ ʧʦʵʪʦʤʫ ʢʨʘʡʥʝ ʚʘʞʥʳʤʠ ʟʘʜʘʯʘʤʠ. 

ɺ ʨʘʙʦʪʝ ʨʘʟʨʘʙʦʪʘʥʘ ʪʝʦʨʝʪʠʯʝʩʢʘʷ ʤʦʜʝʣʴ, ʦʧʠʩʳʚʘʶʱʘʷ ʧʨʝʦʙʨʘʟʦʚʘ-

ʥʠʝ ʯʘʩʪʦʪʳ ʩʠʛʥʘʣʦʚ ʚ ʢʦʩʤʠʯʝʩʢʠʭ ʵʢʩʧʝʨʠʤʝʥʪʘʭ ʩ ʠʩʧʦʣʴʟʦʚʘʥʠʝʤ ʩʭʝʤʳ 

ʢʦʤʧʝʥʩʘʮʠʠ ʥʝʨʝʣʷʪʠʚʠʩʪʩʢʦʛʦ ʵʬʬʝʢʪʘ ɼʦʧʣʝʨʘ ʠ ʫʯʠʪʳʚʘʶʱʘʷ ʵʬʬʝʢʪʳ 

2-ʛʦ ʧʦʨʷʜʢʘ ʧʦ ʛʨʘʚʠʪʘʮʠʦʥʥʦʤʫ ʧʦʣʶ ʠ 4-ʛʦ ʧʦʨʷʜʢʘ ʧʦ ʩʢʦʨʦʩʪʠ ʢʦʩʤʠʯʝ-

ʩʢʠʭ ʘʧʧʘʨʘʪʦʚ. ʉ ʝʝ ʧʦʤʦʱʴʶ ʦʙʦʩʥʦʚʘʥʘ ʚʦʟʤʦʞʥʦʩʪʴ ʠ ʦʮʝʥʝʥʘ ʪʦʯʥʦʩʪʴ 

ʠʟʤʝʨʝʥʠʷ ʨʷʜʘ ʧʘʨʘʤʝʪʨʦʚ, ʭʘʨʘʢʪʝʨʠʟʫʶʱʠʭ ʦʪʢʣʦʥʝʥʠʷ ʦʪ ʆʊʆ ʚ ʨʘʤʢʘʭ 

ʤʝʪʨʠʯʝʩʢʠʭ ʠ ʥʝʤʝʪʨʠʯʝʩʢʠʭ ʪʝʦʨʠʡ ʛʨʘʚʠʪʘʮʠʠ, ʩ ʧʦʤʦʱʴʶ ʢʦʩʤʠʯʝʩʢʠʭ 

ʘʧʧʘʨʘʪʦʚ, ʦʩʥʘʱʝʥʥʳʭ ʨʘʟʣʠʯʥʳʤʠ ʪʠʧʘʤʠ ʘʪʦʤʥʳʭ ʯʘʩʦʚ. ʅʘʧʨʠʤʝʨ, ʧʘ-

ʨʘʤʝʪʨ epslion, ʭʘʨʘʢʪʝʨʠʟʫʶʱʠʡ ʦʪʢʣʦʥʝʥʠʝ ʦʪ ʕʇʕ, ʚ ʛʨʘʚʠʪʘʮʠʦʥʥʦʤ ʧʦʣʝ 

ɿʝʤʣʠ ʤʦʞʝʪ ʙʳʪʴ ʠʟʤʝʨʝʥ ʩ ʪʦʯʥʦʩʪʴʶ ~10^{ï10}, ʯʪʦ ʥʘ 5 ʧʦʨʷʜʢʦʚ ʣʫʯʰʝ 

ʨʝʟʫʣʴʪʘʪʘ GREAT [3], ʘ ʧʦʩʪʥʴʶʪʦʥʦʚʩʢʠʡ ʧʘʨʘʤʝʪʨ gamma ð ʩ ʪʦʯʥʦʩʪʴʶ 

~10^{ï8}, ʯʪʦ ʥʘ 3 ʧʦʨʷʜʢʘ ʣʫʯʰʝ ʨʝʟʫʣʴʪʘʪʘ Cassini [4]. ʊʘʢʞʝ ʧʦʷʚʣʷʝʪʩʷ 

ʚʦʟʤʦʞʥʦʩʪʴ ʧʨʦʚʝʜʝʥʠʷ ʧʨʠʥʮʠʧʠʘʣʴʥʦ ʥʦʚʦʛʦ ʪʠʧʘ ʠʟʤʝʨʝʥʠʷ ʩʧʠʥʘ 

ʉʦʣʥʮʘ [5] ʠ ʜʝʪʝʢʪʠʨʦʚʘʥʠʷ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ, ʩʦʩʪʦʷʱʝʡ ʠʟ ʣʝʛʢʠʭ ʩʢʘʣʷʨ-

ʥʳʭ ʯʘʩʪʠʮ [6]. ɼʣʷ ʥʝʢʦʪʦʨʳʭ ʠʟ ʵʪʠʭ ʵʢʩʧʝʨʠʤʝʥʪʦʚ ʥʘʤʠ ʥʘʡʜʝʥʳ ʦʧʪʠ-

ʤʘʣʴʥʳʝ ʢʦʥʬʠʛʫʨʘʮʠʠ ʦʨʙʠʪ ʢʦʩʤʠʯʝʩʢʠʭ ʘʧʧʘʨʘʪʦʚ.  

ɿʘʢʣʶʯʝʥʠʝ. ʇʨʦʚʝʜʝʥʥʦʝ ʠʩʩʣʝʜʦʚʘʥʠʝ ʜʝʤʦʥʩʪʨʠʨʫʝʪ ʚʳʩʦʢʫʶ ʟʥʘ-

ʯʠʤʦʩʪʴ ʠ ʧʝʨʩʧʝʢʪʠʚʥʦʩʪʴ ʠʩʧʦʣʴʟʦʚʘʥʠʷ ʩʦʚʨʝʤʝʥʥʳʭ ʘʪʦʤʥʳʭ ʯʘʩʦʚ  

ʚ ʢʦʩʤʠʯʝʩʢʠʭ ʵʢʩʧʝʨʠʤʝʥʪʘʭ ʧʦ ʪʝʩʪʠʨʦʚʘʥʠʶ ʬʫʥʜʘʤʝʥʪʘʣʴʥʳʭ ʧʨʠʥʮʠʧʦʚ 

ʛʨʘʚʠʪʘʮʠʦʥʥʦʡ ʬʠʟʠʢʠ. ʇʦʩʪʨʦʝʥʥʘʷ ʥʘʤʠ ʤʦʜʝʣʴ ʧʦʟʚʦʣʷʝʪ ʥʝ ʪʦʣʴʢʦ 

ʫʪʦʯʥʠʪʴ ʩʫʱʝʩʪʚʫʶʱʠʝ ʦʮʝʥʢʠ ʦʪʢʣʦʥʝʥʠʡ ʦʪ ʆʊʆ, ʥʦ ʠ ʧʨʝʜʣʘʛʘʝʪ ʥʦʚʳʝ 

ʤʝʪʦʜʳ ʠʟʤʝʨʝʥʠʷ ʢʣʶʯʝʚʳʭ ʬʠʟʠʯʝʩʢʠʭ ʧʘʨʘʤʝʪʨʦʚ ʩ ʙʝʩʧʨʝʮʝʜʝʥʪʥʦʡ ʪʦʯ-

ʥʦʩʪʴʶ. ʇʦʣʫʯʝʥʥʳʝ ʨʝʟʫʣʴʪʘʪʳ ʤʦʛʫʪ ʩʣʫʞʠʪʴ ʦʩʥʦʚʦʡ ʜʣʷ ʧʨʦʝʢʪʠʨʦʚʘʥʠʷ 

ʙʫʜʫʱʠʭ ʤʠʩʩʠʡ, ʥʘʧʨʘʚʣʝʥʥʳʭ ʥʘ ʧʨʦʚʝʨʢʫ ʤʝʪʨʠʯʝʩʢʠʭ ʠ ʥʝʤʝʪʨʠʯʝʩʢʠʭ 

ʪʝʦʨʠʡ ʛʨʘʚʠʪʘʮʠʠ, ʠʩʩʣʝʜʦʚʘʥʠʝ ʩʧʠʥʘ ʉʦʣʥʮʘ ʠ ʧʦʠʩʢ ʧʨʦʷʚʣʝʥʠʡ ʪʝʤʥʦʡ 

ʤʘʪʝʨʠʠ. ɺʩʝ ʵʪʦ ʜʝʣʘʝʪ ʧʦʜʦʙʥʳʝ ʵʢʩʧʝʨʠʤʝʥʪʳ ʚʘʞʥʳʤ ʥʘʧʨʘʚʣʝʥʠʝʤ  

ʚ ʨʘʟʚʠʪʠʠ ʢʘʢ ʬʫʥʜʘʤʝʥʪʘʣʴʥʦʡ ʥʘʫʢʠ, ʪʘʢ ʠ ʧʨʠʢʣʘʜʥʳʭ ʪʝʭʥʦʣʦʛʠʡ, ʚʢʣʶ-

ʯʘʷ ʩʠʩʪʝʤʳ ʥʘʚʠʛʘʮʠʠ ʥʦʚʦʛʦ ʧʦʢʦʣʝʥʠʷ. 
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Abstract. The paper is devoted to a theoretical study of the possibility of experimental veri-

fication of the general theory of relativity (GR) and the Einstein equivalence principle 

(EEP) using atomic clocks placed on spacecraft. A model of signal frequency conversion in 

experiments with compensation for the nonrelativistic Doppler effect is constructed, taking 

into account relativistic corrections of the second order in the gravitational potential and the 

fourth order in the velocity of the spacecraft. It is shown that using spacecraft equipped 

with highly stable atomic clocks, it is possible to achieve a significant increase in the accu-

racy of measuring post-Newtonian parameters. The potential of such experiments for meas-

uring the spin of the Sun and searching for dark matter is also considered. Optimal orbital 

configurations are proposed for a number of scenarios. 

Keywords: gravitational time dilation, atomic clocks, dark matter 

Introduction.  The search for deviations from Einstein's equivalence principle 

(EEP) and general relativity (GR) based on it is of great importance both for fun-

damental physics and for the task of constructing a new generation of global navi-

gation satellite systems [1]. One of the consequences of the equivalence principle is 

the effect of gravitational time dilation, or gravitational frequency shift, which is of 

practical importance for the existing navigation systems GLONASS, GPS, Galileo, 

Beidou. The deviation of the magnitude of gravitational time dilation from that 

predicted within the framework of GR is an inevitable consequence of most theo-

ries of unified interactions, as a result of which the precision measurement of this 

effect is an area of active experimental research [2]. 

Methods and materials; results. Atomic clocks are an essential element of a 

significant number of experiments searching for deviations from GR. Due to recent 

progress in the technology of their creation (increased stability and accuracy up to 

10^{ï18} and higher, in terms of relative frequency), an increase in the accuracy of 

already known experiments by several orders of magnitude is expected in the next 

decade, and the possibility of conducting qualitatively new types of measurements 
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will also appear. Laying a theoretical basis for planning and interpreting the results 

of such experiments, studying the effects accessible for measurement and assessing 

the ultimate accuracy of their measurement are therefore extremely important 

tasks. We have constructed a theoretical model describing the conversion of signal 

frequencies in space experiments using a compensation scheme for the nonrelativ-

istic Doppler effect and taking into account the effects of the 2nd order in the 

gravitational field and the 4th order in the velocity of spacecraft. With its help, the 

possibility is substantiated and the accuracy of measuring a number of parameters 

characterizing deviations from GR within the framework of metric and nonmetric 

theories of gravitation, using spacecraft equipped with various types of atomic 

clocks. For example, the parameter epslion, which characterizes the deviation from 

EEP, in the gravitational field of the Earth can be measured with an accuracy of 

~10^{ï10}, which is 5 orders of magnitude better than the GREAT result [3], and 

the post-Newtonian parameter gamma ð with an accuracy of ~10^{ï8}, which is 3 

orders of magnitude better than the Cassini result [4]. It also becomes possible to 

conduct a fundamentally new type of measurement of the Sun's spin [5] and detect 

dark matter consisting of light scalar particles [6]. For some of these experiments, 

we have found optimal configurations of spacecraft orbits. 

Conclusion. The conducted research demonstrates the high significance and 

prospects of using modern atomic clocks in space experiments to test the funda-

mental principles of gravitational physics. The model we have constructed allows 

us not only to refine the existing estimates of deviations from the general theory of 

relativity, but also offers new methods for measuring key physical parameters with 

unprecedented accuracy. The results obtained can serve as a basis for designing 

future missions aimed at testing metric and non-metric theories of gravity, studying 

the spin of the Sun and searching for manifestations of dark matter. All this makes 

such experiments an important direction in the development of both fundamental 

science and applied technologies, including new-generation navigation systems. 

References  

[1] Damour T. Theoretical aspects of the Equivalence principle. Classical and Quantum Gravity, 

2012, vol. 29, art. no. 184001. 

[2] Derevianko A. et al. Fundamental physics with a state-of-the-art optical clock in space. Quan-
tum Science and Technology, 2022, vol. 7, no. 4, art. no. 044002. 

[3] Litvinov D., Pilipenko S. Testing the Einstein equivalence principle with two Earth-orbiting 

clocks. Classical and Quantum Gravity, 2021, vol. 38, no. 13, art. no. 135010. 

[4] Litvinov D.A. Prospects for Measuring the Post-Newtonian Parameter Using Two Satellites 
Equipped with Highly Stable Atomic Clocks. Astronomy Letters, 2024, vol. 50, no. 4, pp. 221ï

229. 

[5] Pilipenko S.V. et al. Measuring the Sunôs Angular Momentum Using the Gravitomagnetic Fre-
quency Shift Effect. Bulletin of the Lebedev Physics Institute, 2024, vol. 51, no. 2, pp. 70ï76. 

[6] Pilipenko S.V. et al. Principles of the wave dark matter detection in gravitational redshift exper-

iments in the Solar System. Astronomy Reports, 2024, vol. 68, no. 3, pp. 300ï311. 

  



  XXIV ˸ ͔͗͒ͯͤ͊ͪͦ͒ͤ͊Ύ ͤ͊ͯ;ͤ͊Ύ ͦͤ͟ͺ͔͔ͪͤͼ͙Ύ ζ͙͙̅͘;͔͙͔ͫ͟ ͙͔͔ͤͭͪͨͪͭ͊ͼ͙͙ ͔͙͙ͭͦͪ ͙͔ͦͭͤͦͫͭ͡Έ͙ͤͦͫͭη 233 

̂˨˴ рнп 

˻ ͫͣ·͔ͫ͡ ͎͙͔ͨͦͭ͘· ͚̏ͤ΄͔͚ͭͤ͊ ͤ͊ ͙͔͔ͨͪͣͪ ͔͙͙ͣͭͪ͟  
͍̊͊ͪͼ΄͙͡Έ͒͊ ͙ ͙ͫͤͻ͚ͪͦͤͤͦ ͔͙͙ͣͭͪ͟ 

˸͔͚͔͍͙ͪͦ; ˣ͙ͦͪͫ ͍͙̏͒ͯ͊ͪ͒ͦ;(*)  meierovich@mail.ru 

ˮ̅˽ ͙ͣΦ ˽Φ˶Φ ˴͙͊ͨͼ· ˾ˢ˹Σ ˸͍ͦͫ͊͟Σ ˾͙ͦͫͫΎ 

ɸʥʥʦʪʘʮʠʷ. ʇʨʠ ʦʪʥʦʩʠʪʝʣʴʥʦʤ ʩʨʘʚʥʝʥʠʠ ʩʚʦʡʩʪʚ ʤʝʪʨʠʢʠ ʐʚʘʨʮʰʠʣʴʜʘ ʠ ʩʠʥ-

ʭʨʦʥʥʦʡ ʤʝʪʨʠʢʠ ʧʨʦʷʚʣʷʝʪʩʷ ʛʣʫʙʦʢʠʡ ʩʤʳʩʣ ʛʠʧʦʪʝʟʳ ʕʡʥʰʪʝʡʥʘ ʦ ʚʳʙʦʨʝ ʩʠʩʪʝ-

ʤʳ ʢʦʦʨʜʠʥʘʪ. ɺ ʩʠʥʭʨʦʥʥʦʡ ʩʠʩʪʝʤʝ ʦʪʩʯʝʪʘ ʤʘʪʝʨʠʷ ʤʦʞʝʪ ʥʘʭʦʜʠʪʴʩʷ ʚ ʩʪʘʪʠʯʝ-

ʩʢʦʤ ʩʦʩʪʦʷʥʠʠ, ʥʦ ʪʦʣʴʢʦ ʙʫʜʫʯʠ ʩʞʘʪʦʡ ʩʦʙʩʪʚʝʥʥʳʤ ʛʨʘʚʠʪʘʮʠʦʥʥʳʤ ʧʦʣʝʤ ʜʦ 

ʫʣʴʪʨʘʨʝʣʷʪʠʚʠʩʪʩʢʦʛʦ ʧʨʝʜʝʣʘ ὴ ‐σϳ. ʉʪʘʪʠʯʝʩʢʦʝ ʩʦʩʪʦʷʥʠʝ ʧʨʝʜʝʣʴʥʦ ʩʞʘʪʦʡ 
ʤʘʪʝʨʠʠ ʤʦʞʝʪ ʩʫʱʝʩʪʚʦʚʘʪʴ ʥʝʟʘʚʠʩʠʤʦ ʦʪ ʝʝ ʚʥʫʪʨʝʥʥʝʛʦ ʩʪʨʦʝʥʠʷ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʛʨʘʚʠʪʘʮʠʦʥʥʦʝ ʧʦʣʝ, ʤʝʪʨʠʯʝʩʢʠʡ ʪʝʥʟʦʨ, ʜʝʪʝʨʤʠʥʘʥʪ, ʩʠʥʭʨʦʥ-

ʥʘʷ ʩʠʩʪʝʤʘ ʢʦʦʨʜʠʥʘʪ, ʫʨʘʚʥʝʥʠʷ ʕʡʥʰʪʝʡʥʘ 

ɺʚʝʜʝʥʠʝ, ʤʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɺ ʛʨʘʚʠʪʘʮʠʦʥʥʦʤ ʧʦʣʝ ʩʪʘ-

ʪʠʯʝʩʢʦʛʦ ʩʬʝʨʠʯʝʩʢʠ ʩʠʤʤʝʪʨʠʯʥʦʛʦ ʦʙʲʝʢʪʘ, ʩʦʛʣʘʩʥʦ ʨʝʰʝʥʠʶ 

ʐʚʘʨʮʰʠʣʴʜʘ [1], ʥʘ ʛʠʧʝʨʧʦʚʝʨʭʥʦʩʪʠ ὶ ὶ ʢʦʤʧʦʥʝʥʪʳ ʤʝʪʨʠʯʝʩʢʦʛʦ 

ʪʝʥʟʦʨʘ Ὣ  ʠ Ὣ  çʤʝʥʷʶʪʩʷ ʟʥʘʢʘʤʠè. ɺ ʨʝʰʝʥʠʠ ʐʚʘʨʮʰʠʣʴʜʘ ʠʤʝʝʪ ʤʝ-

ʩʪʦ ʩʠʥʛʫʣʷʨʥʦʩʪʴ ʚ ʮʝʥʪʨʝ. ʕʪʦ ʦʙʩʪʦʷʪʝʣʴʩʪʚʦ ʥʝ ʦʩʪʘʣʦʩʴ ʥʝʟʘʤʝʯʝʥʥʳʤ 

ʕʡʥʰʪʝʡʥʦʤ. ɺʦʪ ʮʠʪʘʪʘ ʠʟ ʝʛʦ ʩʪʘʪʴʠ [2]: çɽʩʣʠ ʦʢʘʞʝʪʩʷ, ʯʪʦ ʚ ʢʘʢʦʤ-ʪʦ 

ʤʝʩʪʝ ʯʝʪʳʨʝʭʤʝʨʥʦʛʦ ʢʦʥʪʠʥʫʫʤʘ ÄÅÔὫ  ʦʙʨʘʱʘʝʪʩʷ ʚ ʥʫʣʴ, ʪʦ ʵʪʦ ʦʟʥʘʯʘ-

ʝʪ, ʯʪʦ ʚ ʵʪʦʤ ʤʝʩʪʝ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʡ çʝʩʪʝʩʪʚʝʥʥʳʡè ʦʙʲʝʤ ʩʦʦʪʚʝʪʩʪʚʫʝʪ 

ʢʦʥʝʯʥʦʤʫ ʢʦʦʨʜʠʥʘʪʥʦʤʫ ʦʙʲʝʤʫ. ʄʳ ʧʦʣʘʛʘʝʤ, ʯʪʦ ʵʪʦʛʦ ʥʠʛʜʝ ʥʝʪ. ɺ ʵʪʦʤ 

ʩʣʫʯʘʝ ÄÅÔὫ  ʥʝ ʤʦʞʝʪ ʠʟʤʝʥʠʪʴ ʩʚʦʡ ʟʥʘʢ; ʤʳ ʧʨʠʤʝʤ, ʚ ʩʦʦʪʚʝʪʩʪʚʠʠ ʩʦ 

ʩʧʝʮʠʘʣʴʥʦʡ ʪʝʦʨʠʝʡ ʦʪʥʦʩʠʪʝʣʴʥʦʩʪʠ, ʯʪʦ ÄÅÔὫ  ʚʩʝʛʜʘ ʠʤʝʝʪ ʢʦʥʝʯʥʦʝ  

ʠ ʦʪʨʠʮʘʪʝʣʴʥʦʝ ʟʥʘʯʝʥʠʝ. ʕʪʦ ʧʨʝʜʧʦʣʦʞʝʥʠʝ ʷʚʣʷʝʪʩʷ ʛʠʧʦʪʝʟʦʡ ʦ ʬʠʟʠʯʝ-

ʩʢʦʡ ʧʨʠʨʦʜʝ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʛʦ ʢʦʥʪʠʥʫʫʤʘ ʠ, ʚ ʪʦ ʞʝ ʚʨʝʤʷ, ʧʨʘʚʠʣʦʤ, ʢʘ-

ʩʘʶʱʠʤʩʷ ʚʳʙʦʨʘ ʩʠʩʪʝʤʳ ʢʦʦʨʜʠʥʘʪè (ʩʤ. [2], ʩʨʘʟʫ ʟʘ ʫʨʘʚʥʝʥʠʝʤ (18ʘ)). 

ʈʝʘʣʴʥʳʡ ʩʤʳʩʣ ʛʠʧʦʪʝʟʳ ʕʡʥʰʪʝʡʥʘ ʟʘʢʣʶʯʘʝʪʩʷ ʚ ʪʦʤ, ʯʪʦ ʧʨʠ ʦʪʩʫʪ-

ʩʪʚʠʠ ʩʠʥʛʫʣʷʨʥʦʩʪʠ ʤʦʞʥʦ (ʜʘʞʝ ʞʝʣʘʪʝʣʴʥʦ) ʚʳʙʨʘʪʴ ʩʠʩʪʝʤʫ ʢʦʦʨʜʠʥʘʪ,  

ʚ ʢʦʪʦʨʦʡ ʦʧʨʝʜʝʣʠʪʝʣʴ ʠ ʩʠʛʥʘʪʫʨʘ ʤʝʪʨʠʢʠ ʥʝ ʤʝʥʷʶʪ ʟʥʘʢʦʚ. ʀʟ ʩʚʦʡʩʪʚʘ ʠʥ-

ʚʘʨʠʘʥʪʥʦʩʪʠ ʫʨʘʚʥʝʥʠʡ ʕʡʥʰʪʝʡʥʘ ʚʦʚʩʝ ʥʝ ʩʣʝʜʫʝʪ, ʯʪʦ ʟʥʘʢʠ ʢʦʤʧʦʥʝʥʪ ʤʝʪ-

ʨʠʯʝʩʢʦʛʦ ʪʝʥʟʦʨʘ ʤʦʞʥʦ ʬʠʢʩʠʨʦʚʘʪʴ ʟʘʨʘʥʝʝ ʧʨʠ ʣʶʙʦʡ ʩʠʩʪʝʤʝ ʢʦʦʨʜʠʥʘʪ. 

ʅʘ ʧʨʦʪʷʞʝʥʠʠ ʩʪʘ ʣʝʪ, ʠʤʝʷ ʚ ʚʠʜʫ ʛʠʧʦʪʝʟʫ ʕʡʥʰʪʝʡʥʘ, ʤʝʪʨʠʢʘ 

ʐʚʘʨʮʰʠʣʴʜʘ 

 ()( ) () ( ) ( )( )
2 2 2 22 0 2 2( ) sin

r ri k
ikds g dx dx e dx e dr r d d

n l è ø= = - - q + q f
ê ú

  (1) 

ʪʨʘʜʠʮʠʦʥʥʦ ʠʩʧʦʣʴʟʫʝʪʩʷ ʜʣʷ ʘʥʘʣʠʟʘ ʩʚʦʡʩʪʚ ʛʨʘʚʠʪʠʨʫʶʱʠʭ ʩʪʘʪʠʯʝʩʢʠʭ 

ʩʬʝʨʠʯʝʩʢʠ ʩʠʤʤʝʪʨʠʯʥʳʭ ʦʙʲʝʢʪʦʚ [1]. ʕʢʩʧʦʥʝʥʪʘʤʠ ()
00 0

r
g e

n
= > ʠ 
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() 0
r

rrg e
l

=- < ʟʘʨʘʥʝʝ ʬʠʢʩʠʨʫʶʪʩʷ ʟʥʘʢʠ ʢʦʤʧʦʥʝʥʪ ʤʝʪʨʠʯʝʩʢʦʛʦ ʪʝʥʟʦʨʘ 

ikg . ʂʦʤʧʦʥʝʥʪʦʡ () 2
22g r r=-  ʐʚʘʨʮʰʠʣʴʜ ʟʘʨʘʥʝʝ ʬʠʢʩʠʨʫʝʪ ʪʘʢʫʶ ʩʠ-

ʩʪʝʤʫ ʦʪʩʯʝʪʘ, ʚ ʢʦʪʦʨʦʡ ʦʪʥʦʰʝʥʠʝ ʜʣʠʥʳ ʦʢʨʫʞʥʦʩʪʠ ʢ ʜʠʘʤʝʪʨʫ ʨʘʚʥʦ ˊ, 

ʥʝʟʘʚʠʩʠʤʦ ʦʪ ʨʘʩʩʪʦʷʥʠʷ r ʦʪ ʮʝʥʪʨʘ. ʈʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʷ ʕʡʥʰʪʝʡʥʘ (100.6) 

ʚ [3] ʚ ʚʠʜʝ 
()re
l

 = ( ) ( ) ()0 2 2
0

0
1 / ( ) 1 2 /

r

r T x x dx k c r M r- k = -ñ  ʦʛʨʘʥʠʯʠʚʘʝʪ 

ʧʦʣʥʫʶ ʤʘʩʩʫ ()hM M r= . ʕʢʩʧʦʥʝʥʪʘ 
()re
l

 ʥʝ ʤʦʞʝʪ ʙʳʪʴ ʦʪʨʠʮʘʪʝʣʴʥʦʡ. 

ʇʦʵʪʦʤʫ ʧʦʣʥʘʷ ʤʘʩʩʘ ( )2 / 2 hM c k r¢ .  

ɹʝʟ ʵʢʩʧʦʥʝʥʪʳ 
()re
l

 ʪʦ ʞʝ ʩʘʤʦʝ ʨʝʰʝʥʠʝ ( ) ()2( ) 1 2 /rrg r k c r M r=- +  

ʷʚʣʷʝʪʩʷ ʨʝʛʫʣʷʨʥʳʤ ʧʨʠ ʣʶʙʦʡ ʧʦʣʥʦʡ ʤʘʩʩʝ ʄ. ɺʥʫʪʨʠ ʦʙʲʝʢʪʘ ʩ ʫʜʘʣʝʥʠ-

ʝʤ ʦʪ ʮʝʥʪʨʘ ()rrg r  ʨʘʩʪʝʪ. ɺʥʝ ʦʙʲʝʢʪʘ ʧʦʣʥʘʷ ʤʘʩʩʘ ʄ ʦʩʪʘʝʪʩʷ ʧʦʩʪʦʷʥ-

ʥʦʡ, ʠ ʢʦʤʧʦʥʝʥʪʘ ()2

2
( ) 1rr

h

k
g r M r

c r
=- +  ʚʦʟʚʨʘʱʘʝʪʩʷ ʦʙʨʘʪʥʦ ʢ 1-  ʧʨʠ 

r­¤. ()rrg r  ʠʤʝʝʪ ʤʘʢʩʠʤʫʤ ʧʨʠ mr r= . ɽʩʣʠ ʚ ʤʘʢʩʠʤʫʤʝ ( )rr
mg r  ʤʘʩʩʘ 

( ) 2( / 2 )m mM r c k r<  , ʪʦ () 0rrg r <  ʠ ʥʝ ʤʝʥʷʝʪ ʟʥʘʢ. ɽʩʣʠ ʞʝ 

( ) 2( / 2 )m mM r c k r>  , ʪʦ ()rrg r  ʜʚʘʞʜʳ ʤʝʥʷʝʪ ʟʥʘʢ: () 0rrg r =  ʧʨʠ g mr r r= <  

ʠ ʧʨʠ h mr r r= >. ɺ ʩʬʝʨʠʯʝʩʢʦʤ ʩʣʦʝ () 0rr
g hr r r g r< < >. ʈʘʜʠʫʩʳ gr  ʠ hr , 

ʥʘ ʢʦʪʦʨʳʭ () 0rrg r = , ʥʘʟʳʚʘʶʪʩʷ ʛʨʘʚʠʪʘʮʠʦʥʥʳʤʠ. ʅʘ ʛʨʘʥʠʮʝ 

( ) ( )2 / 2m mM r c k r=  ʨʘʜʠʫʩʳ g h mr r r= =  ʩʦʚʧʘʜʘʶʪ.  

ʇʨʠʤʝʥʠʪʝʣʴʥʦ ʢ ʨʝʰʝʥʠʶ ʩʠʩʪʝʤʳ ʫʨʘʚʥʝʥʠʡ ʕʡʥʰʪʝʡʥʘ ʠ ʂʣʝʡʥʘ-

ɻʦʨʜʦʥʘ ʤʝʪʨʠʢʘ ʐʚʘʨʮʰʠʣʴʜʘ (1) ʦʢʘʟʳʚʘʝʪʩʷ ʥʝʧʦʣʥʦʡ. ʅʝʧʦʣʥʦʪʘ ʤʝʪʨʠ-

ʢʠ ʐʚʘʨʮʰʠʣʴʜʘ ʙʳʣʘ ʟʘʤʝʯʝʥʘ ʂʨʫʩʢʘʣʦʤ [4] ʝʱʝ ʚ 1960-ʤ ʛʦʜʫ. ʌʘʢʪʠʯʝ-

ʩʢʠ ʧʦʯʪʠ ʪʘ ʞʝ ʩʘʤʘʷ ʤʝʪʨʠʢʘ (1), ʥʦ ʠʩʧʦʣʴʟʦʚʘʥʥʘʷ ʙʝʟ ʵʢʩʧʦʥʝʥʪ, ʘ ʧʨʦʩʪʦ  

 ()( ) ( ) ( )( )
2 2 2 22 0 2 2

00 ( )( ) sin ,rrds g r dx g r dr r d dè ø= + - q + q f
ê ú

 (2) 

ʦʢʘʟʘʣʘʩʴ ʧʦʣʥʦʡ ʜʣʷ ʨʝʛʫʣʷʨʥʦʛʦ ʨʝʰʝʥʠʷ [5, 6] ʩʠʩʪʝʤʳ ʫʨʘʚʥʝʥʠʡ ʕʡʥ-

ʰʪʝʡʥʘ ʠ ʂʣʝʡʥʘ ð ɻʦʨʜʦʥʘ. ʆʜʥʘʢʦ ʝʩʣʠ ʤʘʩʩʘ ( )2 / 2 mM c k r> , ʪʦ det ikg  ʠ 

( )rrg r  ʩʪʘʥʦʚʷʪʩʷ ʧʦʣʦʞʠʪʝʣʴʥʳʤʠ ʚ ʩʬʝʨʠʯʝʩʢʦʤ ʩʣʦʝ ʚʥʫʪʨʠ ʛʨʘʚʠʪʠʨʫʶ-

ʱʝʛʦ ʦʙʲʝʢʪʘ. ɼʦ ʧʦʷʚʣʝʥʠʷ ʤʦʠʭ ʩʪʘʪʝʡ [5] ʠ [6], ʩʣʝʜʫʷ ʛʠʧʦʪʝʟʝ ʕʡʥʰʪʝʡ-

ʥʘ, ʦʙʣʘʩʪʴ ʧʨʦʩʪʨʘʥʩʪʚʘ, ʚ ʢʦʪʦʨʦʡ det 0ikg > , ʩʦʯʣʠ ʥʝ ʬʠʟʠʯʝʩʢʦʡ. ʇʦʛʨʘ-

ʥʠʯʥʳʡ ʛʨʘʚʠʪʘʮʠʦʥʥʳʡ ʨʘʜʠʫʩ hr  ʧʦʚʝʨʭʥʦʩʪʠ ʯʝʨʥʦʡ ʜʳʨʳ ʥʘʟʚʘʣʠ 

ʛʦʨʠʟʦʥʪʦʤ ʩʦʙʳʪʠʡ. 
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ɺ ʜʝʡʩʪʚʠʪʝʣʴʥʦʩʪʠ ʟʥʘʢʠ det ikg  ʠ ( )rrg r  ʥʝ ʠʥʚʘʨʠʘʥʪʥʳ ʦʪʥʦʩʠʪʝʣʴʥʦ 

ʠʟʤʝʥʝʥʠʷ ʩʠʩʪʝʤʳ ʢʦʦʨʜʠʥʘʪ. ɺ ʢʣʘʩʩʝ ʨʝʛʫʣʷʨʥʳʭ ʨʝʰʝʥʠʡ ʤʦʞʥʦ ʧʝʨʝʡʪʠ 

ʢ ʤʝʪʨʠʢʝ, ʚ ʢʦʪʦʨʦʡ det ikg  ʠ ( )rrg r  ʦʪʨʠʮʘʪʝʣʴʥʳ. ʉʪʘʪʠʯʝʩʢʦʝ ʨʝʛʫʣʷʨʥʦʝ 

ʨʝʰʝʥʠʝ ʩʠʩʪʝʤʳ ʫʨʘʚʥʝʥʠʡ ʕʡʥʰʪʝʡʥʘ ʠ ʂʣʝʡʥʘ ð ɻʦʨʜʦʥʘ [5, 6] ʥʝ ʟʘʚʠ-

ʩʠʪ ʦʪ ʚʨʝʤʝʥʠ. ɺʥʫʪʨʠ ʮʝʥʪʨʘʣʴʥʦʡ ʦʙʣʘʩʪʠ 0 gr r¢ ¢  (ʚ ʢʦʪʦʨʦʡ ( )rrg r <0) 

ʤʝʪʨʠʯʝʩʢʘʷ ʢʦʤʧʦʥʝʥʪʘ 00g  ʦʢʘʟʘʣʘʩʴ ʢʦʥʩʪʘʥʪʦʡ, ʥʝ ʟʘʚʠʩʷʱʝʡ ʦʪ ʨʘʜʠʫʩʘ 

r. ʇʦʵʪʦʤʫ ʙʳʣʦ ʝʩʪʝʩʪʚʝʥʥʦ ʧʝʨʝʡʪʠ ʢ ʩʠʥʭʨʦʥʥʦʡ ʩʠʩʪʝʤʝ ʦʪʩʯʝʪʘ. ʊʦ ʝʩʪʴ 

ʧʦʣʦʞʠʪʴ 00 1g =, ʘ ʚʤʝʩʪʦ ʬʠʢʩʠʨʦʚʘʥʥʦʛʦ ʟʘʨʘʥʝʝ ʚ (2) () 2
22g r r=-  ʦʩʪʘ-

ʚʠʪʴ ʧʨʦʩʪʦ ()22g r :  

 ( ) ()( ) ( )( )
2 2 2 22 0 2

22( )( ) sinrrds dx g r dr g r d dè ø= + + q + q f
ê ú

. (3) 

ʉʯʠʪʘʝʪʩʷ, ʯʪʦ çʤʘʪʝʨʠʷ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʥʝ ʤʦʞʝʪ, ʚʦʦʙʱʝ ʛʦʚʦʨʷ, ʧʦʢʦ-

ʠʪʴʩʷ ʚ ʩʠʥʭʨʦʥʥʦʡ ʩʠʩʪʝʤʝ ʦʪʩʯʝʪʘè [3, Ä97]. ʀʩʢʣʶʯʝʥʠʝʤ ʷʚʣʷʝʪʩʷ ʩʣʫʯʘʡ 

çʧʳʣʝʚʠʜʥʦʡè ʤʘʪʝʨʠʠ, ʢʦʛʜʘ ʯʘʩʪʠʮʳ ʥʝ ʚʟʘʠʤʦʜʝʡʩʪʚʫʶʪ ʜʨʫʛ ʩ ʜʨʫʛʦʤ.  

ʋ ʥʘʩ ʵʪʦ ʢʘʢ ʨʘʟ ʠʤʝʥʥʦ ʵʪʦʪ ʩʣʫʯʘʡ, ʠʙʦ ʚ ʤʘʢʩʠʤʘʣʴʥʦ ʩʞʘʪʦʤ ʩʦʩʪʦʷʥʠʠ 

ʛʨʘʚʠʪʘʮʠʷ ʜʦʤʠʥʠʨʫʝʪ ʥʘʜ ʚʩʝʤʠ ʜʨʫʛʠʤʠ ʚʟʘʠʤʦʜʝʡʩʪʚʠʷʤʠ ʯʘʩʪʠʮ.  

ɺ ʩʪʘʪʠʯʝʩʢʦʤ ʛʨʘʚʠʪʘʮʠʦʥʥʦʤ ʧʦʣʝ ʚ ʩʠʥʭʨʦʥʥʦʡ ʩʠʩʪʝʤʝ ʦʪʩʯʝʪʘ ʢʦʤ-

ʧʦʥʝʥʪʘ ʪʝʥʟʦʨʘ ʈʠʯʯʠ 0
0 0R = . ʇʦʵʪʦʤʫ ʫʜʦʙʥʦ ʨʘʙʦʪʘʪʴ ʩ ʫʨʘʚʥʝʥʠʷʤʠ 

ʕʡʥʰʪʝʡʥʘ ʚ ʚʠʜʝ: 
1

2

k k k
i i iR T T

å õ
=k - dæ öç ÷

, 
4

8
k

c

p
k= . ʂʘʢ ʠʟʚʝʩʪʥʦ ([3, ʬʦʨʤʫʣʘ 

(94.9)), ʪʝʥʟʦʨ ʵʥʝʨʛʠʠ-ʠʤʧʫʣʴʩʘ ( )k k k
i i iT p u u pg= +e -. ɺ ʩʦʩʪʦʷʥʠʠ ʧʦʢʦʷ 4-

ʩʢʦʨʦʩʪʴ 0i iu =d. ʊʘʢ ʯʪʦ ( )0
0

1 1
3

2 2
T T p- = e+. ʇʨʠ 0

0 0R =  ʠʟ ʫʨʘʚʥʝʥʠʷ 

ʕʡʥʰʪʝʡʥʘ ( )0
0

1
3

2
R p= k e+ ʩʣʝʜʫʝʪ, ʯʪʦ ʚ ʩʠʥʭʨʦʥʥʦʡ ʩʠʩʪʝʤʝ ʦʪʩʯʝʪʘ ʤʘ-

ʪʝʨʠʷ ʤʦʞʝʪ ʥʘʭʦʜʠʪʴʩʷ ʚ ʩʪʘʪʠʯʝʩʢʦʤ ʩʦʩʪʦʷʥʠʠ ʪʦʣʴʢʦ ʙʫʜʫʯʠ ʩʞʘʪʦʡ ʩʦʙ-

ʩʪʚʝʥʥʳʤ ʛʨʘʚʠʪʘʮʠʦʥʥʳʤ ʧʦʣʝʤ ʜʦ ʫʣʴʪʨʘʨʝʣʷʪʠʚʠʩʪʩʢʦʛʦ ʧʨʝʜʝʣʘ 

/ 3p=-e. ʆʙʨʘʪʠʪʝ ʚʥʠʤʘʥʠʝ, ʢʦʛʜʘ ʤʘʪʝʨʠʷ ʩʪʨʝʤʠʪʩʷ ʢ ʨʘʩʰʠʨʝʥʠʶ ʜʘʚ-

ʣʝʥʠʝ 0p> . ɸ ʝʩʣʠ ʤʘʪʝʨʠʷ ʩʪʨʝʤʠʪʩʷ ʢ ʩʞʘʪʠʶ, ʪʦ ʜʘʚʣʝʥʠʝ 0p< . ɺ ʩʠʥ-

ʭʨʦʥʥʳʭ ʢʦʦʨʜʠʥʘʪʘʭ ʛʨʘʚʠʪʘʮʠʦʥʥʳʝ ʨʘʜʠʫʩʳ gr  ʠ hr , ʪʘʢ ʞʝ ʢʘʢ ʠ ʚ ʤʝʪ-

ʨʠʢʝ ʐʚʘʨʮʰʠʣʴʜʘ, ʚʳʜʝʣʷʶʪʩʷ ʪʝʤ, ʯʪʦ ʚ ʨʝʰʝʥʠʷʭ ʩʠʩʪʝʤʳ ʫʨʘʚʥʝʥʠʡ 

ʕʡʥʰʪʝʡʥʘ ʠ ʂʣʝʡʥʘ ð ɻʦʨʜʦʥʘ ʩ ʛʨʘʥʠʯʥʳʤʠ ʫʩʣʦʚʠʷʤʠ ʥʘ ʨʘʜʠʫʩʘʭ gr r=  

ʠ hr r=  ʥʘʨʫʰʘʝʪʩʷ ʪʝʦʨʝʤʘ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʠ ʝʜʠʥʩʪʚʝʥʥʦʩʪʠ. ɺ ʦʪʣʠʯʠʝ ʦʪ 

ʤʝʪʨʠʢʠ ʐʚʘʨʮʰʠʣʴʜʘ, ʚ ʩʠʥʭʨʦʥʥʳʭ ʢʦʦʨʜʠʥʘʪʘʭ ʧʨʠ gr r=  ʠ hr r=  ʤʝʪ-

ʨʠʯʝʩʢʘʷ ʢʦʤʧʦʥʝʥʪʘ ( )rrg r  ʚ ʥʫʣʴ ʥʝ ʦʙʨʘʱʘʝʪʩʷ.  
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ʇʦʜʩʪʘʥʦʚʢʦʡ () () () () ()( )22 22
0

, ,
r

rr rrdx g r dr x r g r dr g x g r x= - = - =ñ  

ʠʥʪʝʨʚʘʣ (3) ʩʪʘʥʦʚʠʪʩʷ ʟʘʚʠʩʠʤʳʤ ʪʦʣʴʢʦ ʦʪ ʦʜʥʦʡ ʤʝʪʨʠʯʝʩʢʦʡ ʢʦʤʧʦʥʝʥ-

ʪʳ ()22g x :  

 ( ) ( ) ()( ) ( )}{
2 2 2 22 0

22 sinds dx dx g x d d= - + q + q f. (4) 

ʄʝʪʨʠʯʝʩʢʘʷ ʬʫʥʢʮʠʷ () 0rrg r <  ʦʩʪʘʝʪʩʷ ʧʨʦʠʟʚʦʣʴʥʦʡ. ʕʪʦʪ ʧʨʦʠʟʚʦʣ 

ʦʟʥʘʯʘʝʪ, ʯʪʦ ʩʪʘʪʠʯʝʩʢʦʝ ʩʦʩʪʦʷʥʠʝ ʤʘʪʝʨʠʠ, ʩʞʘʪʦʡ ʩʦʙʩʪʚʝʥʥʳʤ ʛʨʘʚʠʪʘ-

ʮʠʦʥʥʳʤ ʧʦʣʝʤ ʜʦ ʫʣʴʪʨʘʨʝʣʷʪʠʚʠʩʪʩʢʦʛʦ ʧʨʝʜʝʣʘ, ʤʦʞʝʪ ʩʫʱʝʩʪʚʦʚʘʪʴ 

ʥʝʟʘʚʠʩʠʤʦ ʦʪ ʚʥʫʪʨʝʥʥʝʛʦ ʩʦʩʪʘʚʘ ʦʙʲʝʢʪʘ. ʀʤʝʷ ʚ ʚʠʜʫ ʯʝʨʥʫʶ ʜʳʨʫ, ʩʦ-

ʩʪʦʷʱʫʶ ʠʟ ʦʜʥʦʨʦʜʥʦʡ ʩʨʝʜʳ ʢʦʥʜʝʥʩʘʪʘ ɹʦʟʝ ð ʕʡʥʰʪʝʡʥʘ, ʨʝʰʝʥʠʝ ʩʠ-

ʩʪʝʤʳ ʫʨʘʚʥʝʥʠʡ ʕʡʥʰʪʝʡʥʘ ʠ ʂʣʝʡʥʘ ð ɻʦʨʜʦʥʘ ʚ ʩʠʥʭʨʦʥʥʳʭ ʢʦʦʨʜʠʥʘ-

ʪʘʭ ʠʟʣʦʞʝʥʦ ʚ ʩʪʘʪʴʝ [7]. 

ɿʘʢʣʶʯʝʥʠʝ. ʇʦʥʠʤʘʥʠʝ ʛʣʫʙʦʢʦʛʦ ʩʤʳʩʣʘ ʛʠʧʦʪʝʟʳ ʕʡʥʰʪʝʡʥʘ ʧʦʟʚʦ-

ʣʠʣʦ ʚʳʷʩʥʠʪʴ, ʯʪʦ ʚ ʩʠʥʭʨʦʥʥʦʡ ʩʠʩʪʝʤʝ ʦʪʩʯʝʪʘ ʤʘʪʝʨʠʷ ʤʦʞʝʪ ʥʘʭʦʜʠʪʴʩʷ 

ʚ ʩʪʘʪʠʯʝʩʢʦʤ ʩʦʩʪʦʷʥʠʠ, ʥʦ ʪʦʣʴʢʦ ʙʫʜʫʯʠ ʩʞʘʪʦʡ ʩʦʙʩʪʚʝʥʥʳʤ ʛʨʘʚʠʪʘʮʠ-

ʦʥʥʳʤ ʧʦʣʝʤ ʜʦ ʫʣʴʪʨʘʨʝʣʷʪʠʚʠʩʪʩʢʦʛʦ ʧʨʝʜʝʣʘ. ʊʘʢʦʝ ʩʦʩʪʦʷʥʠʝ ʤʘʪʝʨʠʠ 

ʤʦʞʝʪ ʩʫʱʝʩʪʚʦʚʘʪʴ ʥʝʟʘʚʠʩʠʤʦ ʦʪ ʚʥʫʪʨʝʥʥʝʛʦ ʩʦʩʪʘʚʘ. 
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On the Meaning of Einstein's Hypothesis Considering  
the Schwarzschild Metric and the Synchronous Metric the Example 

Meierovich Boris Edwardovich(*)  meierovich@mail.ru 

P.L. Kapitza IPP RAS, Moscow, Russia 

Abstract. Comparing the properties of the Schwarzschild metric and the synchronous met-

ric, the real meaning of Einstein's hypothesis on the choice of a coordinate system is re-

vealed. In a synchronous reference system, matter can be in a static state, but only when 

compressed by its own gravitational field to the ultrarelativistic limit. The static state of 

extremely compressed matter can exist regardless of its internal structure. 

Keywords: metric tensor, determinant, synchronous coordinate system, Einstein equations 

Introduction, methods and materials; results. In the gravitational field of a static 

spherically symmetric object, according to the Schwarzschild solution [1], the 

components of the metric tensor 00g  and rrg  ñchange signsò on the hypersurface 

gr r= . In the Schwarzschild solution there is a singularity at the center. This cir-

cumstance did not go unnoticed by Einstein. Here is a quote from his article [2]: ñIf 

it turns out that in some place of the four-dimensional continuum det ikg  vanishes, 

then it means that at this place the infinite small ñnaturalò volume corresponds to 

the finite coordinate volume. We assume that this is nowhere to be found. In this 

case, det ikg  cannot change its sign; we will accept, in accordance with the special 

theory of relativity, that det ikg  always has a finite and negative value. This as-

sumption is a hypothesis about the physical nature of the considered continuum 

and, at the same time, a rule concerning the choice of a coordinate system.ò (see 

[2], under the equation (18ʘ)). The real meaning of Einstein's hypothesis is that in 

the absence of singularity it is possible (even desirable) to choose a coordinate sys-

tem in which the determinant and signature of the metric do not change signs. It 

does not follow from the invariance property of Einstein's equations that the signs 

of the components of the metric tensor can be fixed in advance for any coordinate 

system. 

For a hundred years, bearing in mind Einstein's hypothesis, the Schwarzschild 

metric 

 ()( ) () ( ) ( )( )
2 2 2 22 0 2 2( ) sin

r ri k
ikds g dx dx e dx e dr r d d

n l è ø= = - - q + q f
ê ú

  (1) 

has traditionally been used to analyze the properties of gravitating static spherically 

symmetric objects [1]. The signs of the components of the metric tensor ikg  are 

fixed in advance by the exponents ()
00 0

r
g e

n
= > ʠ () 0

r

rrg e
l

=- <. By the com-

ponent () 2
22g r r=-  Schwarzschild fixes in advance such a frame of reference in 

which the ratio of the circumference to the diameter is equal to ,́ regardless of the 
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distance r from the center. The solution to the Einstein equation (100.6) in [3] in 

the form 
()re
l

= ( ) ( ) ()0 2 2
0

0
1 / ( ) 1 2 /

r

r T x x dx k c r M r- k = -ñ  limits the total mass 

()hM M r= . The exponent 
()re
l

 cannot be negative. Therefore, the total mass is 

( )2 / 2 hM c k r¢ . 

Without the exponent 
()re
l

, the same solution is ( ) ()2( ) 1 2 /rrg r k c r M r=- +  

regular for any total mass of ʄ. It grows inside the object with distance from

()rrg r  the center. Outside the object, the total mass ʄ remains constant, and the 

component ()2

2
( ) 1rr

h

k
g r M r

c r
=- +  returns back1-  to at r­¤. Without the ex-

ponent 
()re
l

, the same solution ( ) ()2( ) 1 2 /rrg r k c r M r=- +  is regular for any to-

tal mass M. Inside the object, with distance from the center, ()rrg r  increases. Out-

side the object, the total mass M remains constant, and the component 

()2

2
( ) 1rr

h

k
g r M r

c r
=- +  returns back to1-  at r­¤. ()rrg r  has a maximum at 

mr r= . If in the maximum ( )rr
mg r  the mass ( ) 2( / 2 )m mM r c k r< , then () 0rrg r <  

and does not change sign. If ( ) 2( / 2 )m mM r c k r> , then ()rrg r  changes sign twice

() 0rrg r =  ʧʨʠ g mr r r= <  and at h mr r r= > . In a spherical layer 

() 0rr
g hr r r g r< < >. The radii gr  and hr , on which () 0rrg r = , are called gravi-

tational. At the boundary ( ) ( )2 / 2m mM r c k r=  the radii g h mr r r= =  coincide.  

For the solution to Einstein and Klein ð Gordon equations, the Schwarzschild 

metric (1) turns out to be incomplete. The incompleteness had been noticed by 

Kruskal [4] back in 1960. In fact, almost the same metric (1), but used without ex-

ponents, just simply 

 ()( ) ( ) ( )( )
2 2 2 22 0 2 2

00 ( )( ) sinrrds g r dx g r dr r d dè ø= + - q + q f
ê ú

 , (2) 

turned out to be complete for the regular solution to the set of Einstein and Klein-

Gordon equations [5]-[6]. However, if the mass ( )2 / 2 mM c k r> , then det ikg  and 

( )rrg r  become positive in a spherical layer g hr r r< <  inside a gravitating object. 

Before my articles [5] and [6] appeared, the region of space in which det 0ikg > , 

was considered as non-physical. The gravitational radius hr  of a black hole surface 

was called the event horizon. 
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The signs of det ikg and ( )rrg r  are not invariant with respect to changes of a 

coordinate system. In the class of regular solutions, one can change to a metric in 

which det ikg  ʠ ( )rrg r  are negative. A static regular solution to the Einstein and 

Klein ð Gordon equations [5, 6] is independent of time. Inside the central region 

0 gr r¢ ¢  (in which ( )rrg r <0), the metric component 00g  turned out to be a con-

stant independent of the radius r. Therefore, it was natural to move to a synchro-

nous reference system. That is, to put 00 1g = , and instead of () 2
22g r r=-  in (2), 

simply leave ()22g r :  

 ( ) ()( ) ( )( )
2 2 2 22 0 2

22( )( ) sinrrds dx g r dr g r d dè ø= + + q + q f
ê ú

.  (3) 

It is believed that "matter in space cannot, generally speaking, be at rest in a 

synchronous frame of reference" [3], Ä97. An exception is the case of ñdust-likeò 

matter, when particles do not interact with each other. In our case, this is precisely 

the case, since in the maximally compressed state, gravity dominates over all other 

particle interactions.  

In a static gravitational field in a synchronous frame of reference, the Ricci 

tensor component is 0
0 0R = . Therefore, it is convenient to work with Einstein's 

equations in the form: ( )/ 2k k k
i i iR T T=k -d . As is known ([3, formula (94.9)), the 

energy-momentum tensor is ( )k k k
i i iT p u u pg= +e -. At rest, 4-velocity 0i iu =d. 

So ( )0
0 / 2 3 / 2T T p- = e+ . At 0

0 0R = , it follows from the Einstein equation 

( )0
0 3 / 2R p=k e+  that in a synchronous frame of reference, matter can be in the 

static state only when compressed by its own gravitational field to the ultrarelativ-

istic limit / 3p=-e. Note that when matter tends to expand, the pressure 0.p>  

And if matter tends to contract, then the pressure 0p< . In synchronous coordi-

nates, the gravitational radii gr  ʠ hr , like in the Schwarzschild metric, are distin-

guished by the fact that in solutions of the Einstein and Klein ð Gordon equations 

with boundary conditions on the radii gr r=  ʠ hr r=  the theorem of existence and 

uniqueness is violated. Unlike the Schwarzschild metric, in synchronous coordi-

nates, for gr r=  ʠ hr r= , the metric component ( )rrg r  does not vanish. By substi-

tution () () () () ()( )22 22
0

, ,
r

rr rrdx g r dr x r g r dr g x g r x= - = - =ñ , interval (3) 

becomes dependent on only one metric component ()22g x : 

 ( ) ( ) ()( ) ( )}{
2 2 2 22 0

22 sinds dx dx g x d d= - + q + q f  (4) 
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The metric function () 0rrg r <  remains arbitrary. This arbitrariness means that 

the static state of matter compressed by its own gravitational field to the ultrarela-

tivistic limit can exist independently of the internal composition of the object. With 

a black hole in mind, consisting of a homogeneous medium of Bose-Einstein con-

densate, the solution to the system of Einstein and Klein-Gordon equations in syn-

chronous coordinates is presented in the article [7]. 

Conclusion. Understanding the deep meaning of Einstein's hypothesis made it 

possible to find out that in a synchronous frame of reference, matter can be in a 

static state, but only when compressed by its own gravitational field to the ultrarel-

ativistic limit. Such a state of matter can exist regardless of its internal composi-

tion. Understanding the deep meaning of Einstein's hypothesis allowed us to find 

out the state, but only when compressed by its own gravitational field to the ul-

trarelativistic limit. Such a state of matter can exist regardless of its internal com-

position. 
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ɸʥʥʦʪʘʮʠʷ. TianQin ð ʵʪʦ ʢʦʩʤʠʯʝʩʢʠʡ ʜʝʪʝʢʪʦʨ ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʚʦʣʥ, ʟʘʧʫʩʢ ʢʦ-

ʪʦʨʦʛʦ ʦʞʠʜʘʝʪʩʷ ʦʢʦʣʦ 2035 ʛʦʜʘ. ʆʥ ʙʫʜʝʪ ʨʝʛʠʩʪʨʠʨʦʚʘʪʴ ʛʨʘʚʠʪʘʮʠʦʥʥʳʝ ʚʦʣʥʳ ʚ 

ʜʠʘʧʘʟʦʥʝ ʯʘʩʪʦʪ 0,1 ʤɻʮ ð 1 ɻʮ, ʯʪʦ ʜʘʩʪ ʚʦʟʤʦʞʥʦʩʪʴ ʦʙʥʘʨʫʞʠʪʴ ʛʨʘʚʠʪʘʮʠʦʥʥʳʝ 

ʚʦʣʥʳ ʦʪ ʙʦʣʴʰʦʛʦ ʢʦʣʠʯʝʩʪʚʘ ʠʩʪʦʯʥʠʢʦʚ, ʪʘʢʠʭ ʢʘʢ ʩʣʠʷʥʠʝ ʤʘʩʩʠʚʥʳʭ ʯʝʨʥʳʭ 

ʜʳʨ, ʛʘʣʘʢʪʠʯʝʩʢʠʝ ʢʦʤʧʘʢʪʥʳʝ ʜʚʦʡʥʳʝ ʩʠʩʪʝʤʳ ʠ ʜʨʫʛʠʝ. ʄʠʩʩʠʷ ʙʳʣʘ ʦʬʠʮʠʘʣʴ-

ʥʦ ʧʨʝʜʣʦʞʝʥʘ ʚ 2014 ʛʦʜʫ ʠ ʫʞʝ ʧʨʦʰʣʘ ʥʝʩʢʦʣʴʢʦ ʚʘʞʥʳʭ ʵʪʘʧʦʚ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʛʨʘʚʠʪʘʮʠʦʥʥʳʝ ʚʦʣʥʳ, ʢʦʩʤʠʯʝʩʢʠʡ ʛʨʘʚʠʪʘʮʠʦʥʥʦ-ʚʦʣʥʦʚʦʡ 

ʜʝʪʝʢʪʦʨ, ʧʨʦʝʢʪ TianQin 

ɺʚʝʜʝʥʠʝ. TianQin ð ʵʪʦ ʢʠʪʘʡʩʢʠʡ ʥʘʮʠʦʥʘʣʴʥʳʡ ʧʨʦʝʢʪ ʢʦʩʤʠʯʝʩʢʦʛʦ ʜʝ-

ʪʝʢʪʦʨʘ ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʚʦʣʥ ʩ ʤʝʞʜʫʥʘʨʦʜʥʳʤ ʩʦʪʨʫʜʥʠʯʝʩʪʚʦʤ. ʐʪʘʙ-

ʢʚʘʨʪʠʨʘ ʧʨʦʝʢʪʘ, ʀʩʩʣʝʜʦʚʘʪʝʣʴʩʢʠʡ ʮʝʥʪʨ TianQin, ʥʘʭʦʜʠʪʩʷ ʚ ʋʥʠʚʝʨʩʠ-

ʪʝʪʝ ʉʫʥʴ ʗʪ ʉʝʥʘ (ɻʫʘʥʯʞʦʫ-ʏʞʫʭʘʡ). ɼʝʪʝʢʪʦʨ ɻɺ ʙʫʜʝʪ ʧʦʩʪʨʦʝʥ ʥʘ ʪʨʝʭ 

ʠʜʝʥʪʠʯʥʳʭ ʢʦʩʤʠʯʝʩʢʠʭ ʘʧʧʘʨʘʪʘʭ, ʦʙʨʘʟʫʶʱʠʭ ʛʠʛʘʥʪʩʢʠʡ ʣʘʟʝʨʥʳʡ ʠʥ-

ʪʝʨʬʝʨʦʤʝʪʨ ʥʘ ʚʳʩʦʢʦʡ ʛʝʦʮʝʥʪʨʠʯʝʩʢʦʡ ʦʨʙʠʪʝ, ʠ ʥʘʮʝʣʝʥ ʥʘ ʨʝʛʠʩʪʨʘʮʠʶ 

ɻɺ-ʠʟʣʫʯʝʥʠʷ ʚ ʜʠʘʧʘʟʦʥʝ ʯʘʩʪʦʪ 0,1 ʄɻʮ ð 1 ɻʮ [1]. 

ʈʝʘʣʠʟʘʮʠʷ ʧʨʦʝʢʪʘ ʚʢʣʶʯʘʝʪ ʚ ʩʝʙʷ ʨʘʟʨʘʙʦʪʢʫ ʥʦʚʳʭ ʚʳʩʦʢʦʪʦʯʥʳʭ ʤʝ-

ʪʦʜʦʚ ʠʟʤʝʨʝʥʠʷ ʤʝʞʩʧʫʪʥʠʢʦʚʦʡ ʜʘʣʴʥʦʩʪʠ (ʣʘʟʝʨʥʘʷ ʠʥʪʝʨʬʝʨʦʤʝʪʨʠʷ 

ʪʨʘʥʩʧʦʥʜʝʨʥʦʛʦ ʪʠʧʘ) ʠ ʢʦʤʧʝʥʩʘʮʠʠ ʥʝʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʚʦʟʤʫʱʝʥʠʡ 

(çʩʧʫʪʥʠʢ, ʩʚʦʙʦʜʥʳʡ ʦʪ ʩʥʦʩʘè), ʘ ʪʘʢʞʝ ʩʦʟʜʘʥʠʝ ʠʥʥʦʚʘʮʠʦʥʥʳʭ ʘʥʘʣʠʪʠ-

ʯʝʩʢʠʭ ʤʝʪʦʜʦʚ ʜʣʷ ʤʦʜʝʣʠʨʦʚʘʥʠʷ ʦʨʙʠʪ ʢʦʩʤʠʯʝʩʢʠʭ ʘʧʧʘʨʘʪʦʚ, ʫʧʨʘʚʣʝ-

ʥʠʷ ʢʦʩʤʠʯʝʩʢʦʡ ʛʨʫʧʧʠʨʦʚʢʦʡ, ʦʙʨʘʙʦʪʢʠ ʠ ʘʥʘʣʠʟʘ ʜʘʥʥʳʭ. ʈʝʘʣʠʟʘʮʠʷ 

ʤʠʩʩʠʠ TianQin ʧʨʦʰʣʘ ʥʝʩʢʦʣʴʢʦ ʚʘʞʥʳʭ ʵʪʘʧʦʚ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ʕʪʘʧʳ ʨʝʘʣʠʟʘʮʠʠ ʧʨʦʝʢʪʘ; ʪʝʢʫ-

ʱʠʡ ʧʨʦʛʨʝʩʩ. ʂʦʩʤʠʯʝʩʢʠʡ ʜʝʪʝʢʪʦʨ ɻɺ TianQin, ʟʘʧʫʩʢ ʢʦʪʦʨʦʛʦ ʦʞʠʜʘʝʪʩʷ 

ʦʢʦʣʦ 2035 ʛʦʜʘ, ʧʨʝʜʥʘʟʥʘʯʝʥ ʜʣʷ ʦʙʥʘʨʫʞʝʥʠʷ ɻɺ ʚ ʜʠʘʧʘʟʦʥʝ ʯʘʩʪʦʪ 10ï4 Ḑ  

Ḑ1 ɻʮ. ɼʝʪʝʢʪʦʨ TianQin ʜʦʣʞʝʥ ʙʳʪʴ ʨʝʘʣʠʟʦʚʘʥ ʥʘ ʪʨʝʭ ʠʜʝʥʪʠʯʥʳʭ ʢʦʩ-

ʤʠʯʝʩʢʠʭ ʘʧʧʘʨʘʪʘʭ, ʨʘʟʤʝʱʝʥʥʳʭ ʥʘ ʧʦʯʪʠ ʠʜʝʥʪʠʯʥʳʭ ʛʝʦʮʝʥʪʨʠʯʝʩʢʠʭ 

ʦʨʙʠʪʘʭ ʩ ʙʦʣʴʰʦʡ ʧʦʣʫʦʩʴʶ ~105 ʢʤ ʠ ʬʦʨʤʠʨʫʶʱʠʭ ʧʦʯʪʠ ʨʘʚʥʦʩʪʦʨʦʥʥʠʡ 

ʪʨʝʫʛʦʣʴʥʠʢ. ʂɸ ʙʫʜʫʪ ʦʩʥʘʱʝʥʳ ʣʘʟʝʨʥʳʤʠ ʩʠʩʪʝʤʘʤʠ, ʦʙʨʘʟʫʶʱʠʤʠ ʣʘ-

ʟʝʨʥʳʡ ʠʥʪʝʨʬʝʨʦʤʝʪʨ ʩ ʜʣʠʥʘʤʠ ʧʣʝʯ, ʧʦʨʷʜʢʘ 105 ʢʤ. ʆʧʦʨʥʳʝ ʪʦʯʢʠ ʠʥ-
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ʪʝʨʬʝʨʦʤʝʪʨʘ ʩʦʚʤʝʱʝʥʳ ʩ ʧʨʦʙʥʳʤʠ ʤʘʩʩʘʤʠ (ʇʄ) ʩʠʩʪʝʤʳ ʨʝʜʫʢʮʠʠ ʥʝ-

ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʚʦʟʤʫʱʝʥʠʡ, ʪʘʢʠʤ ʦʙʨʘʟʦʤ, ʠʥʪʝʨʬʝʨʦʤʝʪʨ ʙʫʜʝʪ ʠʟʤʝʨʷʪʴ 

ʨʘʩʩʪʦʷʥʠʝ ʤʝʞʜʫ ʵʪʠʤʠ ʇʄ, ʥʘʭʦʜʷʱʠʤʠʩʷ ʚ ʩʚʦʙʦʜʥʦʤ ʧʘʜʝʥʠʠ.  

ʇʣʦʩʢʦʩʪʴ ʜʝʪʝʢʪʦʨʘ TianQin ʧʦʯʪʠ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʘ ʧʣʦʩʢʦʩʪʠ ʵʢʣʠʧ-

ʪʠʢʠ, ʠ ʉʦʣʥʮʝ ʙʫʜʝʪ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʬʠʢʩʠʨʦʚʘʥʥʫʶ ʦʨʙʠʪʘʣʴʥʫʶ ʧʣʦʩ-

ʢʦʩʪʴ TianQin ʢʘʞʜʳʝ ʧʦʣʛʦʜʘ. ʏʪʦʙʳ ʟʘʱʠʪʠʪʴ ʯʫʚʩʪʚʠʪʝʣʴʥʳʝ ʧʨʠʙʦʨʳ  

ʦʪ ʧʨʷʤʦʛʦ ʦʩʚʝʱʝʥʠʷ ʉʦʣʥʮʝʤ, ʥʘ TianQin ʙʫʜʝʪ ʠʩʧʦʣʴʟʦʚʘʥʘ ʩʭʝʤʘ ʧʦʩʣʝ-

ʜʦʚʘʪʝʣʴʥʳʭ ʪʨʝʭʤʝʩʷʯʥʳʭ ʦʢʦʥ ʥʘʙʣʶʜʝʥʠʡ (ʥʝʧʨʝʨʳʚʥʳʝ ʥʘʙʣʶʜʝʥʠʷ ʚ 

ʪʝʯʝʥʠʝ ʪʨʝʭ ʤʝʩʷʮʝʚ, ʟʘʪʝʤ ʧʝʨʝʭʦʜ ʚ ʙʝʟʦʧʘʩʥʳʡ ʨʝʞʠʤ ʥʘ ʪʨʠ ʤʝʩʷʮʘ ʜʦ 

ʚʦʟʦʙʥʦʚʣʝʥʠʷ ʩʣʝʜʫʶʱʠʭ ʥʘʙʣʶʜʝʥʠʡ). ʇʨʠ ʪʘʢʦʡ ʩʭʝʤʝ ʦʙʱʘʷ ʧʨʦʜʦʣʞʠ-

ʪʝʣʴʥʦʩʪʴ ʩʙʦʨʘ ʜʘʥʥʳʭ ʩʦʩʪʘʚʠʪ 2,5 ʛʦʜʘ ʚ ʪʝʯʝʥʠʝ 5-ʣʝʪʥʝʛʦ ʩʫʱʝʩʪʚʦʚʘʥʠʷ 

ʤʠʩʩʠʠ. TianQin ʥʘʮʝʣʝʥ ʥʘ ʦʙʥʘʨʫʞʝʥʠʝ ʨʘʟʣʠʯʥʳʭ ʘʩʪʨʦʬʠʟʠʯʝʩʢʠʭ ʠ ʢʦʩ-

ʤʦʣʦʛʠʯʝʩʢʠʭ ʠʩʪʦʯʥʠʢʦʚ ɻɺ, ʪʘʢʠʭ ʢʘʢ ʩʚʝʨʭʢʦʤʧʘʢʪʥʳʝ ʛʘʣʘʢʪʠʯʝʩʢʠʝ ʙʠ-

ʥʘʨʥʳʝ ʟʚʝʟʜʳ, ʩʣʠʷʥʠʷ ʤʘʩʩʠʚʥʳʭ ʯʝʨʥʳʭ ʜʳʨ, ʟʘʭʚʘʪ ʟʚʝʟʜʥʳʭ ʦʙʲʝʢʪʦʚ 

ʤʘʩʩʠʚʥʦʡ ʯʝʨʥʦʡ ʜʳʨʦʡ ʠ ʜʨʫʛʠʭ. ɺ ʢʘʯʝʩʪʚʝ ʢʘʣʠʙʨʦʚʦʯʥʦʛʦ ʠʩʪʦʯʥʠʢʘ 

ʚʳʙʨʘʥʘ ʜʚʦʡʥʘʷ ʟʚʝʟʜʘ J0806 (ʢʘʥʜʠʜʘʪ ʚ ʫʣʴʪʨʘʢʦʤʧʘʢʪʥʫʶ ʜʚʦʡʥʫʶ ʩʠ-

ʩʪʝʤʫ ʙʝʣʳʭ ʢʘʨʣʠʢʦʚ). ʇʨʠ ʜʦʩʪʠʞʝʥʠʠ ʧʣʘʥʠʨʫʝʤʦʡ ʯʫʚʩʪʚʠʪʝʣʴʥʦʩʪʠ ʦʩ-

ʥʦʚʥʦʡ ʠʟʤʝʨʠʪʝʣʴʥʦʡ ʘʧʧʘʨʘʪʫʨʳ, ɻɺ, ʠʟʣʫʯʘʝʤʳʝ ʢʘʣʠʙʨʦʚʦʯʥʳʤ ʠʩʪʦʯ-

ʥʠʢʦʤ, ʙʫʜʫʪ ʟʘʨʝʛʠʩʪʨʠʨʦʚʘʥʳ ʚ ʧʝʨʚʳʡ ʪʨʝʭʤʝʩʷʯʥʳʡ ʮʠʢʣ ʥʘʙʣʶʜʝʥʠʡ ʩ 

ʦʪʥʦʰʝʥʠʝʤ ʩʠʛʥʘʣ/ʰʫʤ (SNR) ʦʢʦʣʦ 10 [1]. 

ɼʣʷ ʨʝʘʣʠʟʘʮʠʠ ʧʨʦʝʢʪʘ TianQin ʙʳʣʘ ʩʦʩʪʘʚʣʝʥʘ ʪʝʭʥʦʣʦʛʠʯʝʩʢʘʷ ʜʦ-

ʨʦʞʥʘʷ ʢʘʨʪʘ ç0123è, ʧʨʝʜʧʦʣʘʛʘʶʱʘʷ 4 ʵʪʘʧʘ ʨʝʘʣʠʟʘʮʠʠ ʧʨʦʝʢʪʘ, ʢʘʞʜʳʡ 

ʠʟ ʢʦʪʦʨʳʭ ʜʦʣʞʝʥ ʟʘʢʘʥʯʠʚʘʪʴʩʷ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʤ ʥʘʫʯʥʳʤ ʠ ʧʨʘʢʪʠʯʝ-

ʩʢʠʤ ʚʳʭʦʜʦʤ. 

ʕʪʘʧ ç0è: ʩʪʨʦʠʪʝʣʴʩʪʚʦ ʦʙʩʝʨʚʘʪʦʨʠʠ ʣʫʥʥʦʡ ʣʘʟʝʨʥʦʡ ʜʘʣʴʥʦʤʝʪʨʠʠ, ʩ 

ʧʦʤʦʱʴʶ ʢʦʪʦʨʦʡ ʤʦʞʥʦ ʙʫʜʝʪ ʧʦʣʫʯʘʪʴ ʚʳʩʦʢʦʪʦʯʥʫʶ ʠʥʬʦʨʤʘʮʠʶ ʦʙ ʦʨ-

ʙʠʪʘʭ ʢʦʩʤʠʯʝʩʢʠʭ ʘʧʧʘʨʘʪʦʚ TianQin. 

ʕʪʘʧ ç1è: ʟʘʧʫʩʢ ʦʜʠʥʦʯʥʦʛʦ ʂɸ (ʘʥʘʣʦʛ LISA Pathfinder) ʥʘ ʦʢʦʣʦʟʝʤ-

ʥʫʶ ʦʨʙʠʪʫ ʜʣʷ ʧʨʦʚʝʨʢʠ ʨʘʙʦʪʳ ʩʠʩʪʝʤʳ ʨʝʜʫʢʮʠʠ ʥʝʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʚʦʟ-

ʤʫʱʝʥʠʡ (drag free control) ʠ ʦʧʪʠʯʝʩʢʦʡ ʩʠʩʪʝʤʳ ʨʝʛʠʩʪʨʘʮʠʠ.  

ʕʪʘʧ ç2è: ʟʘʧʫʩʢ ʜʚʫʭ ʂɸ ʥʘ ʢʨʫʛʦʚʫʶ ʦʨʙʠʪʫ ʚʳʩʦʪʦʡ ~400é450 ʢʤ 

(ʘʥʘʣʦʛ GRACE-FO). ʊʝʭʥʦʣʦʛʠʯʝʩʢʘʷ ʮʝʣʴ ʤʠʩʩʠʠ ð ʧʨʦʚʝʨʢʘ ʣʘʟʝʨʥʦʡ ʩʠ-

ʩʪʝʤʳ ʘʢʪʠʚʥʦʛʦ ʪʠʧʘ ʜʣʷ ʠʟʤʝʨʝʥʠʡ ʤʝʞʩʧʫʪʥʠʢʦʚʳʭ ʨʘʩʩʪʦʷʥʠʡ. ʅʘʫʯʥʘʷ 

ʮʝʣʴ ʤʠʩʩʠʠ ð ʩʦʟʜʘʥʠʝ ʛʣʦʙʘʣʴʥʳʭ ʠ ʨʝʛʠʦʥʘʣʴʥʳʭ ʤʦʜʝʣʝʡ ʛʨʘʚʠʪʘʮʠʦʥ-

ʥʦʛʦ ʧʦʣʷ ɿʝʤʣʠ.  

ʕʪʘʧ çTQ-3è: ʟʘʧʫʩʢ ʛʨʫʧʧʠʨʦʚʢʠ ʠʟ ʪʨʝʭ ʩʧʫʪʥʠʢʦʚ ʜʣʷ ʬʦʨʤʠʨʦʚʘʥʠʷ 

ʢʦʩʤʠʯʝʩʢʦʛʦ ʜʝʪʝʢʪʦʨʘ ɻɺ TianQin ʠ ʧʨʦʚʝʜʝʥʠʝ ʜʝʪʝʢʪʠʨʦʚʘʥʠʷ ɻɺ ʚ ʢʦʩ-

ʤʦʩʝ. 

ʕʪʘʧ ç0è ʠ ʵʪʘʧ ç1è ʙʳʣʠ ʫʩʧʝʰʥʦ ʚʳʧʦʣʥʝʥʳ, ʯʪʦ ʧʦʟʚʦʣʠʣʦ ʧʦʜʛʦʪʦ-

ʚʠʪʴ TianQin ʢ ʪʦʯʥʦʤʫ ʦʧʨʝʜʝʣʝʥʠʶ ʜʘʣʴʥʦʩʪʠ ʜʦ ʩʧʫʪʥʠʢʦʚ TianQin ʩ ʧʦ-

ʤʦʱʴʶ ʣʘʟʝʨʥʦʡ ʣʦʢʘʮʠʠ ʠ ʧʨʦʜʝʤʦʥʩʪʨʠʨʦʚʘʪʴ ʧʨʠʥʮʠʧʠʘʣʴʥʫʶ ʚʦʟʤʦʞ-

ʥʦʩʪʴ ʢʦʤʧʝʥʩʠʨʦʚʘʪʴ ʥʝʛʨʘʚʠʪʘʮʠʦʥʥʳʝ ʚʦʟʤʫʱʝʥʠʷ ʜʣʷ ʂɸ TianQin [2ï4]. 

ʕʪʘʧ ç2è ʙʳʣ ʦʬʠʮʠʘʣʴʥʦ ʫʪʚʝʨʞʜʝʥ ʚ 2021 ʛʦʜʫ, ʘ ʟʘʧʫʩʢ ʧʘʨʳ ʩʧʫʪʥʠʢʦʚ 
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TianQin-2 ʦʞʠʜʘʝʪʩʷ ʧʨʠʤʝʨʥʦ ʚ 2026 ʛʦʜʫ. ʊʘʢʞʝ ʙʳʣʠ ʧʨʦʚʝʜʝʥʳ ʨʘʟʣʠʯ-

ʥʳʝ ʧʦʜʛʦʪʦʚʠʪʝʣʴʥʳʝ ʨʘʙʦʪʳ ʜʣʷ ʵʪʘʧʘ ç3è, ʚʢʣʶʯʘʷ ʥʘʫʯʥʳʝ ʠʩʩʣʝʜʦʚʘʥʠʷ, 

ʠʟʫʯʝʥʠʝ ʤʠʩʩʠʠ ʠ ʨʘʟʨʘʙʦʪʢʫ ʪʝʭʥʦʣʦʛʠʡ [5]. 

ɿʘʢʣʶʯʝʥʠʝ. ʌʦʨʤʘʣʴʥʦ ʧʨʦʡʜʝʥʦ ʧʦʣʦʚʠʥʘ ʧʫʪʠ ʨʝʘʣʠʟʘʮʠʠ ʧʨʦʝʢʪʘ 

TianQin. ʈʝʘʣʠʟʦʚʘʥʳ ʜʚʘ ʵʪʘʧʘ ʤʠʩʩʠʠ. ɿʘ ʧʨʦʰʝʜʰʠʝ 10 ʣʝʪ ʜʦʩʪʠʛʥʫʪ ʟʥʘ-

ʯʠʪʝʣʴʥʳʡ ʧʨʦʛʨʝʩʩ, ʢʘʢ ʚ ʨʘʟʨʘʙʦʪʢʝ ʥʘʫʯʥʳʭ ʟʘʜʘʯ ʤʠʩʩʠʠ, ʪʘʢ ʠ ʚ ʩʦʟʜʘ-

ʥʠʠ ʥʝʦʙʭʦʜʠʤʳʭ ʪʝʭʥʦʣʦʛʠʡ. ʇʨʝʜʩʪʦʠʪ ʚʪʦʨʘʷ ʧʦʣʦʚʠʥʘ ʨʘʙʦʪʳ ʧʦ ʨʝʘʣʠ-

ʟʘʮʠʠ ʤʠʩʩʠʠ TianQin, ʢʦʪʦʨʘʷ ʤʦʞʝʪ ʦʢʘʟʘʪʴʩʷ ʥʘʠʙʦʣʝʝ ʩʣʦʞʥʦʡ. ʆʜʥʘʢʦ 

ʫʞʝ ʚʳʧʦʣʥʝʥʥʳʝ ʨʘʙʦʪʳ, ʘ ʪʘʢʞʝ ʪʝʤʧʳ ʠʭ ʨʝʘʣʠʟʘʮʠʠ ʜʘʶʪ ʫʚʝʨʝʥʥʦʩʪʴ  

ʚ ʪʦʤ, ʯʪʦ ʤʠʩʩʠʷ TianQin ʙʫʜʝʪ ʫʩʧʝʰʥʦ ʨʝʘʣʠʟʦʚʘʥʘ ʠ ʥʘʫʯʥʳʝ ʮʝʣʠ ʤʠʩ-

ʩʠʠ ʙʫʜʫʪ ʜʦʩʪʠʛʥʫʪʳ. 
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Abstract. TianQin is a space-based gravitational wave detector expected to launch around 

2035. It will detect gravitational waves in the frequency band 0.1 mHz 1 Hz, offering the 

chance to detect gravitational waves from a large variety of sources, such as merging mas-

sive black holes, galactic compact binary systems, and so on. The mission was officially 

proposed in 2014 and has passed a couple of major milestones.  

Keywords: gravitational waves, space-based gravitational wave detector, TianQin project 
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Introduction . TianQin is a Chinese national project of a space-based gravitational 

wave (GW) detector with international collaboration. The project headquarters, the 

TianQin Research Center, is located at Sun Yat Sen University (Guangzhou-

Zhuhai). The GW detector will be constructed on three identical spacecraft, form-

ing a giant laser interferometer in a high geocentric orbit, and aiming to record GW 

radiation in the 0.1 MHz ð 1Hz frequency band [1]. 

The project implementation involves the development of novel precision tech-

niques for inter-satellite range measurements (transponder-type laser interferome-

try) and compensating non-gravitational disturbances (òdrag-free satelliteò), along-

side the creation of innovative analytical methods for modeling spacecraft orbits, 

space constellation control, data processing and analysis. The TianQin mission im-

plementation has passed a couple of major milestones.  

Methods and materials; results. Stages of the project implementation; cur-

rent progress. Expected to be launched around 2035, the space-based GW detector 

TianQin aims to detect GW in the frequency range 10ī4 Ḑ 1 Hz. TianQin will be an 

equilateral triangle constellation consists of three drag-free satellites, orbiting the 

Earth with orbital radii of about 105 km. The spacecraft will be equipped with laser 

systems forming a laser interferometer with arm lengths of the order of 105 km. 

The reference points of the interferometer are aligned with the test masses (TM) of 

the non-gravitational disturbance reduction system, so that the interferometer will 

measure the distance between these TMs in free fall. To protect the sensitive in-

struments from direct solar illumination, TianQin will use a scheme of consecutive 

three-month observation windows (continuous observations for three months, then 

a switch to safe mode for three months before resuming the next observations). 

With this scheme, the total duration of data collection will be 2.5 years during the 

5-year mission lifetime. TianQin aims to detect various astrophysical and cosmo-

logical sources of GW, including ultracompact galactic binary stars, mergers of 

massive black holes, capture of stellar objects by a massive black hole, and others. 

The double star J0806 (a candidate for an ultracompact binary white dwarf system) 

is selected as a calibration source. When the planned sensitivity of the main in-

strumentation is reached, the GW emitted by the calibration source will be regis-

tered in the first three-month observation cycle with a signal-to-noise ratio (SNR) 

of about 10 [1]. 

In order to realize the TianQin project, a technological roadmap, entitled 

ñ0123ò, was drawn up. This roadmap envisages four stages of project realization, 

with each stage culminating in a corresponding scientific and practical output. 

Phase ñ0ò: construction of a lunar laser ranging observatory that can be used to 

obtain high-precision orbital information of TianQin spacecraft. 

Stage ñ1ò: launch of a single spacecraft (analog of LISA Pathfinder) into the 

Earth orbit to test the operation of non-gravitational disturbance reduction system 

(drag free control) and optical readout system.  

Stage ñ2ò: launch of two satellites into the circular orbit of ~400õ450 km alti-

tude (analog of GRACE-FO). The technological goal of the mission is to test the 
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active type laser system for inter-satellite range measurements. The scientific goal 

of the mission is to create global and regional models of the Earth's gravity field.  

Stage ñ3ò: launch of a constellation of three satellites to form the TianQin 

space GW detector and conduct GW detection in space. 

Both Stage ñ0ò and Stage ñ1ò have been successfully carried out, which have 

prepared TianQin to precisely range to the TianQin satellites with laser ranging and 

have demonstrated the principle capability of drag-free control for TianQin. Stage 

ñ2ò has been officially approved in 2021 and a pair of TianQin-2 satellites are ex-

pected to be launched around 2026 to demonstrate the inter-satellite laser interfer-

ometry technology for TianQin. Various preparation work for Stage ñ3ò, including 

science study, mission study and technology development, has also been carried 

out. 

Conclusion. Formally, the first half of the TianQin project has been passed. 

Two phases of the mission have been realized. Over the past 10 years, significant 

progress has been made, both in developing the mission's science objectives and in 

developing the necessary technology. The second half of the work to realize the 

TianQin mission is forthcoming and may prove to be the most challenging. How-

ever, the work that has already been completed, along with the rate at which it has 

been implemented, provides assurance that the TianQin mission will be accom-

plished and that the scientific objectives of the mission will be achieved. 
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Abstract. Isotropic cosmology built in the frame of the gauge gravitation theory in Rie-

mann-Cartan space-time is investigated. It is shown that all cosmological models of flat, 

closed and open types are regular by certain restrictions on indefinite parameters of gravita-

tional Lagrangian due to the conclusion about the possible existence of a limiting energy 

density in the nature. Physical processes at the beginning of cosmological expansion in de-

pendence of limiting energy density and corresponding changes in the history of the early 

Universe compared to the Big Bang model are discussed. It is shown that gravitational in-

teraction in astrophysics in dependence of space-time torsion is corrected in comparison 

with general relativity theory. 

Keywords: cosmic singularity, gravity, modified gravity, space-time torsion, physics of the 

early universe 

Introduction.  Satisfying the correspondence principle with the general relativity 

theory (GR), the gauge gravitation theory in Riemann-Cartan space-time (GTRC) 

opens up possibilities for solving some fundamental problems of GR. Having as a 

gauge group the direct product of the 4-parametric group of space-time translations 

and the 6-parametric group of tetrad Lorentz transformations, GTRC is a theory of 

the gravitational field generated by Noether invariants corresponding to two sub-

groups of the gauge group, namely, by canonical energy-momentum tensor and 

tetrad spin moment tensor of gravitating matter [1, 2]. Unlike GR, in the frame of 

which the gravitational interaction in the case of ordinary gravitating matter with 

positive energy density and non-negative pressure always has the character of at-

traction, which increases with increasing energy density, the gravitational interac-

tion in the frame of GTRC in certain situations can have the character of repulsion 

[1, 2]. This physical result was obtained on the basis of isotropic cosmology, con-

structed within the framework of GTRC using a general expression for the gravita-

tional Lagrangian, which contains, in addition to scalar curvature, various quadratic 

in the curvature and the torsion invariants [3, 5]. Gravitational repulsion occurs in 

extreme conditions by extremely high energy density [3], as well as on a cosmolog-

ical scale when the energy density is low and the vacuum effect of gravitational 

repulsion becomes significant [5].  

Within the framework of the Big Bang cosmological model, gravitational singu-

larity, which occurs at the beginning of the cosmological expansion, leads to cosmo-

logical problem related to the time limitation of the Universe's existence in the past. 

Solving this problem, in addition to obtaining regular cosmological solutions, means 

excluding singular solutions from the physical foundations. The GTRC opens up 
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ways to solve the cosmological problem due to the conclusion about the possible ex-

istence of a limiting (the maximum allowed) energy density in the nature. 

Methods and materials; results. As a result of studies of the equations of iso-

tropic cosmology of the GTRC [4] , the following results have been obtained:  

1. Numerical solutions of cosmological equations near the limiting energy density 

by transition from gravitational compression to expansion in dependence on energy 

density in the case of flat, closed and open models are obtained. 2. The physical 

processes at the beginning of cosmological expansion, described on the basis of the 

theory of elementary particles, depending on the magnitude of the limiting energy 

density (limiting temperature) and corresponding changes in the history of the early 

Universe are discussed. 3. The constraints for indefinite parameters of the theory 

under which solutions of isotropic cosmology describe a nonsingular accelerating 

Universe are given. Accelerating cosmological expansion as vacuum repulsion ef-

fect without using the dark energy notion is discussed. 

According to the variational formalism for media with internal degrees of 

freedom in Riemann-Cartan space-time [6], the interaction of space-time torsion 

with the rotational moments of astrophysical objects (star systems, galaxies, clus-

ters of galaxies) leads to the appearance of an additional force of gravitational in-

teraction in addition to the Newtonian force of attraction (see e.g. [7]). A possible 

manifestation of space-time torsion in astrophysics is being considered. 

Conclusion. The solution of cosmological problem and dark energy problem 

in the frame of GTRC testifies that this theory which is a direct development of GR 

by using methods of classical field theory opens up ways to solve fundamental 

problems of the gravitation theory. 
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Abstract. To address the late time cosmic acceleration issue of the universe, we have at-

tempted to study the Gauss-Bonnet gravity with curvature and torsion as an alternative ap-

proach. The modified gravity theories are examined with the cosmological datasets to con-

strain the free parameters to find the appropriate theoretical models that supports the 

observational results. Also the profiles of cosmographic parameters using the model param-

eter values from the standard range to verify the intermediate epochs. Our analysis shows 

that the highly promising cosmological models are feasible candidate for explaining the 

current epochs. We presented a dynamical system analysis framework to examine the sta-

bility of the model. Our study identified critical points depicting various phases of the Uni-

verse and explained the evolutionary epochs. 

Introduction.  The quest to understand the gravitational force led to the develop-

ment of general relativity (GR) by Einstein. This theory revolutionized our under-

standing of gravity by describing it as the curvature of spaceïtime caused by the 

presence of mass and energy. Although GR has successfully passed numerous ex-

perimental tests and remains the cornerstone of modern gravitational physics, it 

struggles to fully explain phenomena such as the accelerated expansion of the Uni-

verse In response to these challenges, several modified theories of gravity have 

been proposed. 

The interest in Gauss-Bonet gravity lies in its potential to explain the observed 

late-time cosmic acceleration in the Universe. This acceleration could be caused by 

a gravity modification rather than an unusual source of matter with negative pres-

sure. In recent years, significant research has been conducted into modified gravity 

to understand the nature of dark energy. Modified gravity models are particularly 

attractive because they align more closely with cosmological observations and lo-

cal gravity experiments than models that rely on exotic matter sources. It is sug-

gested that this theory can pass Solar system tests and may describe the most excit-

ing features of late-time cosmology, such as the transition from deceleration to 

acceleration and the current acceleration of the Universe. 

Methods and materials; results. We have intended to frame cosmological 

models of the universe in f(R,G), f(T,TG) and f(G) gravity models to address the 

late time cosmic phenomena. At the first stage we have derived the filed equations 

of the gravitational theories and solved in numerically using the cosmological da-
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tasets such as H(Z), Pantheon+ and BAO. We use the MCMC method to establish 

correlation between the gravity model and observational data to determine the best-

fits for the model parameters. Additionally, we present plots of various cosmologi-

cal parameters such as deceleration parameter, effective equation of state, Om di-

agnostic and state finder diagnostic.  

Subsequently, we construct a dynamical system framework to analyze the crit-

ical points of the gravity model. This analysis is crucial for assessing the stability 

and viability of the model and its alignment with current cosmological observa-

tions. The critical points and existing conditions for the model are obtained and the 

present value for the deceleration, EoS, and density parameters. Among five criti-

cal points two are showing stable behavior whereas three are showing unstable be-

havior. During the de-Sitter phase of the Universe, stable critical points appeared, 

whereas unstable behavior was observed during the radiation-dominated phase.  

A signature of eigenvalues and a phase-space portrait support the behavior of criti-

cal points. The trajectory behavior indicates that the unstable critical points act as 

release points while the stable ones act as attractor points. The accelerating behav-

ior of the model has been confirmed from the value of EoS (W = ī1) and decelera-

tion parameter (q = ī1). The density parameters are obtained to be Wm º 0.28, WDE 

º 0.679, and Wr º 0.047. The evolutionary history shows the radiation dominance, 

followed by matter dominance, and finally, de-Sitter dominance. 

Conclusion. In this study, we explored the cosmological properties of a specif-

ic modified Gauss-Bonnet gravity models. Initially, we discussed the main features 

of a gravitational action, which includes a general combination of the Ricci scalar 

and the Gauss-Bonnet invariant. Then, assuming a flat FLRW cosmological back-

ground, we derived the point-like Lagrangian of the theory and the corresponding 

equations of motion. However, our study does not explicitly converge to the cos-

mological constant case, making it particularly interesting as a potential alternative 

to the standard ȿCDM model. This model shows the ability to replicate dark ener-

gy behaviour while avoiding the conceptual issues associated with ȿ. Importantly, 

we showed that the right-hand sides of the modified Friedmann equations can be 

understood as effective energy density and pressure resulting from curvature. 

By numerically solving the first Friedmann equation, we determined the red-

shift behaviour of the Hubble parameter. We used the ȿCDM model to establish 

appropriate initial conditions for H(z) and its derivatives. Subsequently, we utilized 

the most recent low-redshift observations to compare our theory directly with the 

model-independent predictions of the cosmic expansion. Specifically, we used a 

Bayesian analysis with the MCMC method, analysing using the Pantheon+ and CC 

data sets separately. By assuming uniform prior distributions, we obtained con-

straints on the free parameters of the model at the 1ů and 2ů confidence levels. 

This enabled us to reconstruct the cosmological evolution of the Hubble expansion 

rate and the total effective EoS parameter. Our analysis identifies a notable dis-

crepancy between the H0 values obtained from the CC sample and the Pantheon 

data sets highlighting the ongoing H0 tension in cosmology. This result emphasizes 
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the necessity for further research into possible systematic errors or new physics to 

resolve this issue. Addressing these discrepancies is essential for enhancing our 

understanding of the expansion rate of the Universe. 

In the second phase of our study, we conducted a dynamical system analysis, 

which has enabled us to assess the global behaviour and stability of the cosmologi-

cal model. It provided insights into the critical points associated with the model and 

their characteristics, which could be relevant to observable cosmology and the evo-

lution of the Universe. Our findings revealed stable critical points describing the 

late-time cosmic accelerated phase. This indicates non-standard matter and radia-

tion-dominated eras of the Universe. Interestingly, our results align with the stand-

ard quintessence model on z > 0. We made notable preliminary discoveries regard-

ing the finite phase space of a power-law class of the Gauss ð Bonnet gravity 

model. Finally, the proficiency of the model in depicting the evolution of dark mat-

ter, radiation, and dark energy densities, effectively capturing the transitions 

through various cosmic epochs and reinforcing the modelôs robustness in explain-

ing late-time cosmic phenomena. 
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Abstract. Tensor perturbations in f(T,TG) gravity are discussed and propagation equations 

for gravitational waves in an expanding FLRW background space-time are obtained. 

Though modifications of Gauss-Bonnet gravity in curvature paradigm generally produces 

fourth order equations of motions, in its teleparallel analogue f(T,TG) which is different 

from both f(T) and f(R,G) gravities, we find second order evolution equation for tensor 

perturbations and find that there is no tensor excess speed to gravitation waves i.e. gravita-

tional waves propagate at speed of light. This is an important result as most of the modified 

gravity theories have GW speed different from speed of light. 

  



252  ˸͍ͦͫ͊͟Σ ˸˥́̂ ͙ͣΦ ˹Φ̏Φ ˣ͊ͯͣ͊ͤ͊Σ 7ς10 ͙ Ό͡Ύ нлнр ͎Φ   

UDC 530.122 

Interferometric Gravitational Wave Detectors: Current State  
and Development Prospects 

Mitrofanov Valery  vpmitrofanov@physics.msu.ru 

Faculty of Physics, Lomonosov Moscow State University, Moscow, Russia 

Abstract. Ten years ago, in September 2015, the Laser Interferometer Gravitational-Wave 

Observatory (LIGO) detectors first detected gravitational waves from the collision and 

merger of two black holes. The LIGO detectors, joined by the European Virgo detector and 

the Japanese KAGRA detector, are currently in their fourth observing run. In the first three 

runs, gravitational waves generated by the merger of compact space objects far from Earth 

were registered 90 times. In the fourth observing run, more than 200 events have already 

been identified, which after additional careful studies will be recognized with a high degree 

of probability as registered gravitational waves from cosmic sources. The lecture examines 

the design of modern gravitational-wave interferometers, analyzes the factors that deter-

mine their sensitivity, and examines ways and methods of increasing the sensitivity of both 

currently operating and new generation more sensitive gravitational-wave detectors that are 

being designed. 
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Abstract. In this talk, I will discuss the properties of charged gravastars in torsion-based 

f(T) gravity in the presence of noncommutative geometry. We have taken the interior from 

noncommutative motivated space-time, noting that why, from a physical point of view, 

such a choice is justified, then we have taken the thin shell as stiff matter and taken three 

different exterior metrics (Reissner-Nordstrom (R-N), Bardeen and Ayon-Beato-Garcia 

(ABG) metric) to construct the gravastar model. Also studied the physical properties like 

proper length, entropy, energy, and EoS for these models, and we have also used Israel 

junction conditions to study the effective pressure, energy density, and potential of the thin 

shell. Finally, we comment on the stability of such a thin shell and the deflection angle-

caused by such a thin shell, which could, in principle, be tested by future radio telescopes 

like the Event Horizon Telescope (EHT). 
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Abstract. This paper discusses the possibility of traversable wormholes in the galactic re-

gion supported by dark matter (DM) models and global monopole charge in the context of 

Ὢὗ  gravity. To understand the features of the wormholes, we comprehensively studied 

wormhole solutions with various redshift functions under different Ὢὗ  models. We ob-

tained wormhole shape functions for Pseudo Isothermal and Navarro-Frenk-White DM 

profiles under linear Ὢὗ  gravity. In contrast, we employed an embedding class-I approach 

for the non-linear Ὢὗ  models to investigate wormholes. We noticed that our obtained 

shape functions satisfy the flare-out conditions under an asymptotic background for each 

DM profile. Moreover, we checked the energy conditions at the wormhole throat with a 

radius ὶ and noticed the influences of the global monopole's parameter – in the violation of 

energy conditions, especially null energy conditions. Further, for the non-linear case, we 

observed that wormhole solutions could not exist for Ὢὗ ὗ άὗ  and Ὢὗ ὗ  

under embedding class I approach. Finally, we study the amount of exotic matter via the 

volume integral quantifier technique for the linear Ὢὗ  model, and we confirm that a small 

amount of exotic matter is required to sustain the traversable wormholes. 
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Abstract. We explore the screening of the scalar modes of polarisation of gravitational 

waves travelling across the evolving galaxies. This is done in the modified f(R) gravity 

background. The observation of such modes is found to be dominantly suppressed by a 

chameleon mechanism in the gas rich environment of the galaxies. We constrain the dark 

matter equivalence of the scalar mode contributions. The degree of suppression is also 

found to constrain the future observations which are dominated by tensor modes. It is pro-

posed that the influence on the polarisation by the varying density galactic backgrounds 

serves as a new and strong approach to distinguish the ȿCDM model from the alternative 

gravity theories. We compare our results with the current galactic observations. 

Keywords: gravitational waves, scalar modes, polarisation, modified gravity, f(R) gravity, 

chameleon mechanism 

Introduction.  The direct observation of gravitational waves (GWs) has greatly 

enhanced our capability to test fundamental features of gravity beyond general 

relativity predictions. Modified theories of gravity predict extra polarization 

modes. Especially, in f(R) gravity models we find the presence of additional scalar 

modes. Their observation would be a very strong evidence for physics beyond Ein-

stein's framework. However, the propagation of these scalar modes through relativ-

istic astrophysical environments is highly complex due to nonlinear screening 

mechanisms [1, 2]. One such mechanism is the chameleon effect where scalar field 

interactions are dynamically suppressed in high-density environments such as gal-

axies, thus showing results of general relativity at solar system scales.  

We demonstrate that the scalar modes are heavily suppressed in gas rich galax-

ies such that their direct detection would be hard. Through the study of the extent 

of the suppression, we limit the scalar mode's effective contribution to the gravita-

tional field and establish analogies with dark matter like behavior [3]. The results 

indicate that the suppression of scalar modes as a function of environment may 

provide a novel observation path for distinguishing ȿCDM from modified gravity 

theories through several gravitational wave observations [4]. 

Methods and materials; results. Our approach involves generalizing the Ein-

stein-Hilbert action by introducing a function f(R) in place of only Ricci scalar  

R. Further, by applying the principle of least action we derive the set of field equa-
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tions for f(R) gravity. We observe the additional degree of freedom in f(R) gravity 

appearing from scalar field. This scalar field changes the background for GW 

propagation. We study the polarization of GWs in weak field limit in f(R) gravity 

background in which we obtain an additional massive polarization mode ð a lon-

gitudinal mode that exists due to scalar field in the form of scalar perturbations. 

The mass of scalar field quanta (scalaron mass) ά  becomes too large in galactic 

regions and its Compton wavelength becomes reduced to extreme limit, where this 

leads to the collapse of scalar field [5]. Thus, longitudinal polarization mode of 

GWs is significantly suppressed [7]. 

Conclusion. Our results demonstrate that scalar modes in f(R) gravity are sig-

nificantly suppressed in dense galactic environments due to chameleon screening. 

This suppression limits their detectability but provides a novel way to effectively 

distinguish modified gravity from ȿCDM using gravitational wave polarization 

signatures across astrophysical structures. 
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ɸʥʥʦʪʘʮʠʷ. ʉʫʱʝʩʪʚʦʚʘʥʠʝ ʚʠʨʪʫʘʣʴʥʳʭ ʠ ʨʝʘʣʴʥʳʭ ʵʣʝʤʝʥʪʘʨʥʳʭ ʯʘʩʪʠʮ ʠ ʧʨʦ-

ʮʝʩʩʦʚ ʦʙʲʷʩʥʷʝʪ ʥʝʩʪʘʥʜʘʨʪʥʳʝ ʠ ʥʝʦʞʠʜʘʥʥʳʝ ʤʝʭʘʥʠʟʤʳ ʨʘʩʧʘʜʘ ʥʝʡʪʨʘʣʴʥʦʛʦ 

ʧʠʦʥʘ, W- ʠ Z-ʙʦʟʦʥʦʚ. ʕʪʦ ʚʠʨʪʫʘʣʴʥʳʝ ʧʨʦʮʝʩʩʳ. ɺʠʨʪʫʘʣʴʥʳʝ ʧʨʦʜʫʢʪʳ ʨʘʩʧʘʜʘ 

ʘʥʥʠʛʠʣʠʨʫʶʪ. ʇʨʦʜʫʢʪʳ ʘʥʥʠʛʠʣʷʮʠʠ ʧʝʨʝʭʦʜʷʪ ʠʟ ʚʠʨʪʫʘʣʴʥʦʛʦ ʩʦʩʪʦʷʥʠʷ ʚ ʨʝ-

ʘʣʴʥʦʝ. ʉʦʟʜʘʝʪʩʷ ʠʣʣʶʟʠʷ ʨʘʩʧʘʜʘ ʟʘ ʩʯʝʪ ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʦʛʦ ʚʟʘʠʤʦʜʝʡʩʪʚʠʷ. ʇʦ-

ʩʢʦʣʴʢʫ ʩʚʦʡʩʪʚʘ ʯʘʩʪʠʮʳ ʤʦʛʫʪ ʩʫʱʝʩʪʚʦʚʘʪʴ ʦʪʜʝʣʴʥʦ ʦʪ ʩʘʤʦʡ ʯʘʩʪʠʮʳ, ʪʦ ʤʘʩʩʘ 

ʠʥʬʦʨʤʘʮʠʠ ʤʦʞʝʪ ʩʫʱʝʩʪʚʦʚʘʪʴ ʦʪʜʝʣʴʥʦ ʦʪ ʠʥʬʦʨʤʘʮʠʠ. ʇʨʠʤʝʨ ð ʢʦʩʤʦʣʦʛʠʯʝ-

ʩʢʘʷ ʩʠʥʛʫʣʷʨʥʦʩʪʴ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʨʘʩʧʘʜ, ˊ0-ʤʝʟʦʥ, W- ʠ Z-ʙʦʟʦʥʳ, ʚʠʨʪʫʘʣʴʥʳʝ ʧʨʦʮʝʩʩʳ, ʤʘʩʩʘ 

ʠʥʬʦʨʤʘʮʠʠ, ʤʘʢʩʠʤʦʥ, ʢʦʩʤʦʣʦʛʠʯʝʩʢʘʷ ʩʠʥʛʫʣʷʨʥʦʩʪʴ 

ɺʚʝʜʝʥʠʝ. ʈʘʩʩʤʘʪʨʠʚʘʶʪʩʷ ʜʚʝ ʥʘ ʧʝʨʚʳʡ ʚʟʛʣʷʜ ʥʝʟʘʚʠʩʠʤʳʝ, ʥʦ ʪʝʩʥʦ ʩʚʷ-

ʟʘʥʥʳʝ ʟʘʜʘʯʠ ʪʝʦʨʠʠ ʧʦʣʷ: ʤʝʭʘʥʠʟʤʳ ʨʘʩʧʘʜʘ ʥʝʢʦʪʦʨʳʭ ʵʣʝʤʝʥʪʘʨʥʳʭ ʯʘ-

ʩʪʠʮ ʠ ʥʘʣʠʯʠʝ ʤʘʩʩʳ ʫ ʠʥʬʦʨʤʘʮʠʠ, ʩʫʱʝʩʪʚʫʶʱʝʡ ʦʪʜʝʣʴʥʦ ʦʪ ʩʘʤʦʡ ʠʥ-

ʬʦʨʤʘʮʠʠ. ʕʬʠʨʥʦʝ ʧʦʣʝ ð ʦʩʦʙʘʷ ʬʦʨʤʘ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʤʘʪʝʨʠʠ [1]. ʆʥʦ 

ʧʦʤʦʛʘʝʪ ʦʙʲʷʩʥʠʪʴ ʨʷʜ ʬʠʟʠʯʝʩʢʠʭ ʬʘʢʪʦʚ, ʩʚʷʟʘʥʥʳʭ ʩ ʨʦʞʜʝʥʠʝʤ, ʠʩʯʝʟ-

ʥʦʚʝʥʠʝʤ ʠ ʠʣʣʶʟʠʝʡ ʨʘʩʧʘʜʘ W ʠ Z-ʙʦʟʦʥʦʚ, ʨʘʩʧʘʜʦʤ ˊ0-ʤʝʟʦʥʘ.  

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ʄʝʪʦʜʳ ʦʩʥʦʚʘʥʳ ʥʘ ʘʥʘʣʠʟʝ ʠʟ-

ʚʝʩʪʥʳʭ ʩʚʦʡʩʪʚ ʵʣʝʤʝʥʪʘʨʥʳʭ ʯʘʩʪʠʮ [2]. 

ɺ ʵʬʠʨʥʦʤ ʧʦʣʝ ʧʦʩʪʦʷʥʥʦ ʨʦʞʜʘʶʪʩʷ ʠ ʠʩʯʝʟʘʶʪ ʧ§ʨʳ ʙʦʟʦʥʦʚ Wī-W+  

ʠ Z0-Z0. ʉʨʝʜʥʝʝ ʚʨʝʤʷ ʠʭ ʞʠʟʥʠ ʦʢʦʣʦ 3 ẗ 10ī25 ʩ. ʕʪʦ ʤʝʥʴʰʝ ʚʨʝʤʝʥʠ ʩʠʣʴ-

ʥʦʛʦ ʚʟʘʠʤʦʜʝʡʩʪʚʠʷ. ʀʟʚʝʩʪʥʦ ʥʝʩʢʦʣʴʢʦ ʤʦʜ ʨʘʩʧʘʜʘ W ʠ Z. ɺ 70 % ʩʣʫʯʘʝʚ 

ʦʥʠ ʨʘʩʧʘʜʘʶʪʩʷ ʥʘ ʘʜʨʦʥʳ [2], ʯʪʦ ʚʦʟʤʦʞʥʦ ʟʘ ʩʯʝʪ ʩʠʣʴʥʦʛʦ ʚʟʘʠʤʦʜʝʡ-

ʩʪʚʠʷ, ʚ ʢʦʪʦʨʦʤ W- ʠ Z-ʙʦʟʦʥʳ ʥʝ ʫʯʘʩʪʚʫʶʪ. ʇʨʠ ʠʩʯʝʟʥʦʚʝʥʠʠ ʧʘʨʳ ʚʠʨ-

ʪʫʘʣʴʥʳʭ ʯʘʩʪʠʮ ʚ ʦʢʨʝʩʪʥʦʩʪʠ ʵʪʦʡ ʪʦʯʢʠ ʚ ʵʬʠʨʥʦʤ ʧʦʣʝ ʨʦʞʜʘʝʪʩʷ ʨʘʩʭʦ-

ʜʷʱʘʷʩʷ ʚʦʣʥʘ. ʕʥʝʨʛʠʷ ʚ çʪʦʯʢʝè ʫʤʝʥʴʰʘʝʪʩʷ ʩʦ ʚʨʝʤʝʥʝʤ. ʕʥʝʨʛʠʷ ʧʦʢʦʷ 

Z-ʙʦʟʦʥʘ ʦʢʦʣʦ 91,2 ɻʵɺ, ʘ b-ʢʚʘʨʢʘ 4,7 ɻʵɺ. ʇʘʨʘ ʢʚʘʨʢ-ʘʥʪʠʢʚʘʨʢ ʤʦʞʝʪ 

ʨʦʜʠʪʴʩʷ ʠʟ ʵʪʦʡ ʵʥʝʨʛʠʠ ʥʘ ʜʦʩʪʘʪʦʯʥʦ ʙʦʣʴʰʦʤ ʨʘʩʩʪʦʷʥʠʠ ʦʪ ʪʦʯʢʠ ʠʩʯʝʟ-

ʥʦʚʝʥʠʷ ʧʘʨʳ ʚʠʨʪʫʘʣʴʥʳʭ Z-ʙʦʟʦʥʦʚ. ɽʩʣʠ ʵʥʝʨʛʠʷ ʚ ʵʪʦʡ ʦʙʣʘʩʪʠ ʧʨʦ-

ʩʪʨʘʥʩʪʚʘ ʜʦʩʪʘʪʦʯʥʦ ʚʝʣʠʢʘ, ʪʦ ʚʦʟʤʦʞʝʥ ʧʝʨʝʭʦʜ ʨʦʞʜʝʥʥʳʭ ʜʦʯʝʨʥʠʭ ʯʘ-

ʩʪʠʮ ʚ ʨʝʘʣʴʥʦʝ ʩʦʩʪʦʷʥʠʝ. ʉʦʟʜʘʝʪʩʷ ʠʣʣʶʟʠʷ ʨʘʩʧʘʜʘ W ʠ Z-ʙʦʟʦʥʦʚ ʥʘ 

ʢʚʘʨʢʠ. ʀʟʚʝʩʪʥʦ, ʯʪʦ ˊ0-ʤʝʟʦʥ ʨʘʩʧʘʜʘʝʪʩʷ ʟʘ ʩʯʝʪ ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʦʛʦ ʚʟʘʠ-

ʤʦʜʝʡʩʪʚʠʷ. ʆʩʥʦʚʥʘʷ ʤʦʜʘ ˊ0 Ÿ 2ɔ (ʩʨʝʜʥʝʝ ʚʨʝʤʷ ʞʠʟʥʠ 8,337 ẗ 10ï17 ʩ) [3]. 

ɽʩʪʴ ʤʦʜʳ (ʠʭ ʚʝʨʦʷʪʥʦʩʪʴ ~10ï2 %), ʭʘʨʘʢʪʝʨʥʳʝ ʜʣʷ ʨʘʩʧʘʜʦʚ ʟʘ ʩʯʝʪ ʩʣʘʙʦ-

ʛʦ ʚʟʘʠʤʦʜʝʡʩʪʚʠʷ. ʀʪʘʢ, ˊ0-ʤʝʟʦʥ ʨʘʩʧʘʜʘʝʪʩʷ ʟʘ ʩʯʝʪ ʚʠʨʪʫʘʣʴʥʦʛʦ ʩʣʘʙʦʛʦ 
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ʚʟʘʠʤʦʜʝʡʩʪʚʠʷ ʥʘ ʚʠʨʪʫʘʣʴʥʳʝ ʯʘʩʪʠʮʳ, ʢʦʪʦʨʳʝ ʧʝʨʝʭʦʜʷʪ ʚ ʨʝʘʣʴʥʳʝ  

ʠ ʘʥʥʠʛʠʣʠʨʫʶʪ ʟʘ ʩʯʝʪ ʨʝʘʣʴʥʦʛʦ ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʦʛʦ ʚʟʘʠʤʦʜʝʡʩʪʚʠʷ.  

ɺ ʢʚʘʥʪʦʚʦʡ ʬʠʟʠʢʝ ʩʚʦʡʩʪʚʘ ʯʘʩʪʠʮʳ ʤʦʛʫʪ ʩʫʱʝʩʪʚʦʚʘʪʴ ʦʪʜʝʣʴʥʦ  

ʦʪ ʩʘʤʦʡ ʯʘʩʪʠʮʳ [3]. ɺʦʟʤʦʞʥʦ ʠʟʤʝʥʝʥʠʝ ʤʘʩʩʳ ʥʦʩʠʪʝʣʷ ʠʥʬʦʨʤʘʮʠʠ ʧʨʠ 

ʝʝ ʟʘʧʠʩʠ ʠʣʠ ʫʜʘʣʝʥʠʠ ʩ ʥʦʩʠʪʝʣʷ [4, 5]. ʀʥʬʦʨʤʘʮʠʷ ʷʚʣʷʝʪʩʷ ʬʠʟʠʯʝʩʢʦʡ  

ʠ ʦʙʣʘʜʘʝʪ ʤʘʩʩʦʡ [4, 5]. ʄʦʞʥʦ ʧʨʝʜʧʦʣʦʞʠʪʴ, ʯʪʦ ʤʘʩʩʘ ʠʥʬʦʨʤʘʮʠʠ ʝʩʣʠ  

ʠ ʩʫʱʝʩʪʚʫʝʪ, ʪʦ ʦʪʜʝʣʴʥʦ ʦʪ ʠʥʬʦʨʤʘʮʠʠ. ʄʘʩʩʘ ʠ ʵʥʝʨʛʠʷ ʵʢʚʠʚʘʣʝʥʪʥʳ. 

ɿʘʧʠʩʴ ʠʣʠ ʫʜʘʣʝʥʠʝ ʠʥʬʦʨʤʘʮʠʠ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʢʘʢʦʤʫ-ʪʦ ʵʥʝʨʛʝʪʠʯʝʩʢʦʤʫ 

ʚʥʝʰʥʝʤʫ ʠʣʠ ʚʥʫʪʨʝʥʥʝʤʫ ʚʦʟʜʝʡʩʪʚʠʶ ʥʘ ʥʦʩʠʪʝʣʴ ʠʥʬʦʨʤʘʮʠʠ. ʇʨʦʠʩ-

ʭʦʞʜʝʥʠʝ ʵʪʦʛʦ ʚʦʟʜʝʡʩʪʚʠʷ ʥʝ ʷʩʥʦ. ɼʣʷ ʙʦʣʴʰʠʥʩʪʚʘ ʧʘʨ ʵʣʝʤʝʥʪʘʨʥʳʭ ʯʘ-

ʩʪʠʮ ʟʘʚʠʩʠʤʦʩʪʴ ʦʪʥʦʰʝʥʠʷ ʢʫʣʦʥʦʚʩʢʠʭ ʠ ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʩʠʣ ʦʪ ʫʜʝʣʴʥʦ-

ʛʦ ʟʘʨʷʜʘ ʣʠʥʝʡʥʘ. ʀʩʢʣʶʯʝʥʠʷ ʩʦʩʪʘʚʣʷʶʪ t-ʢʚʘʨʢ, ʤʘʢʩʠʤʦʥ ʠ WIMP. 

ʄʘʢʩʠʤʦʥ ʨʘʩʧʦʣʦʞʝʥ ʚʳʰʝ ʵʪʦʡ ʧʨʷʤʦʡ, ʘ WIMP ʠ t-ʢʚʘʨʢ ʣʝʞʘʪ ʥʠʞʝ ʵʪʦʡ 

ʧʨʷʤʦʡ [6, 7].  

ɿʘʢʣʶʯʝʥʠʝ. ʕʬʠʨʥʦʝ ʧʦʣʝ ʧʦʟʚʦʣʷʝʪ ʦʙʲʷʩʥʠʪʴ ʨʘʩʧʘʜʳ ʥʝʢʦʪʦʨʳʭ ʯʘ-

ʩʪʠʮ (ˊ0, W, Z). ʄʘʢʩʠʤʦʥ (ʢʦʩʤʦʣʦʛʠʯʝʩʢʘʷ ʩʠʥʛʫʣʷʨʥʦʩʪʴ) ʥʝʩʝʪ ʜʦʧʦʣʥʠ-

ʪʝʣʴʥʫʶ ʠʥʬʦʨʤʘʮʠʶ, ʘ t-ʢʚʘʨʢ ʠ WIMP ð ʵʢʟʦʪʠʯʝʩʢʠʝ ʯʘʩʪʠʮʳ. ʈʘʩʧʘʜ 

ʧʘʨʳ ʚʠʨʪʫʘʣʴʥʳʭ t-ʢʚʘʨʢʦʚ ʠ WIMP ð ʚʩʝʛʦ ʣʠʰʴ ʠʣʣʶʟʠʷ, ʘʥʘʣʦʛʠʯʥʘʷ 

çʨʘʩʧʘʜʘʤè W ʠ Z-ʙʦʟʦʥʦʚ [6, 7]. 
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On the Virtual Decay of Some Elementary Particles,  
on the Illusion of Decay, and the Mass of Information 

Okunev Vyacheslav Sergeevich (*)  okunev@bmstu.ru 
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Abstract. The existence of virtual and real elementary particles and processes explains the 

non-standard and unexpected mechanisms of decay of the neutral pion, W- and Z-bosons. 

These are virtual processes. Virtual decay products annihilate. The annihilation products 

pass from the virtual state to the real one. The illusion of decay is created due to electro-

magnetic interaction. Since the properties of a particle can exist separately from the particle 

itself, the mass of information can exist separately from the information. An example is 

cosmological singularity. 

Keywords: decay, ́ 0 meson, W and Z bosons, virtual processes, information mass, maxi-

mon, cosmological singularity 

Introduction.  Two seemingly independent but closely related problems of field 

theory are considered: the mechanisms of decay of some elementary particles and 

the presence of mass in information that exists separately from the information it-

self. The ether field is a special form of existence of matter [1]. It helps to explain a 

number of physical facts related to the birth, disappearance and illusion of decay of 

W and Z bosons, and the decay of the ˊ0 meson. 

Methods and materials; results. The methods are based on the analysis of 

known properties of elementary particles [2].  

In the ether field, pairs of Wī-W+ and Z0-Z0 bosons are constantly born and 

disappear. Their average lifetime is about 3 ẗ 10ī25 s. This is less than the time of 

strong interaction. Several decay modes of W and Z are known. In 70 % of cases, 

they decay into hadrons [2], which is possible due to strong interaction, in which W 

and Z bosons do not participate. When a pair of virtual particles disappears, a di-

verging wave is born in the ether field in the vicinity of this point. The energy at 

the "point" decreases with time. The rest energy of the Z boson is about 91.2 GeV, 

and the b quark 4.7 GeV. A quark-antiquark pair can be born from this energy at a 

sufficiently large distance from the point of disappearance of the pair of virtual Z 

bosons. If the energy in this region of space is high enough, then the transition of 

the produced daughter particles to a real state is possible. An illusion of decay of W 

and Z bosons into quarks is created. It is known that the ˊ0 meson decays due to 

electromagnetic interaction. The main mode is ˊ0 Ÿ 2ɔ (the average lifetime is 

8.337 ẗ 10ï17 s) [3]. There are modes (their probability is ~10ï2 %) that are charac-

teristic of decays due to weak interaction. Thus, the ˊ0 meson decays due to virtual 

weak interaction into virtual particles, which transform into real ones and annihi-

late due to real electromagnetic interaction. 

In quantum physics, the properties of a particle can exist separately from the 

particle itself [3]. It is possible to change the mass of an information carrier when it 

mailto:okunev@bmstu.ru
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is recorded or deleted from the carrier [4, 5]. Information is physical and has mass 

[4, 5]. It can be assumed that the mass of information, if it exists, is separate from 

information. Mass and energy are equivalent. Recording or deleting information 

corresponds to some kind of external or internal energetic impact on the infor-

mation carrier. The origin of this impact is unclear. For most pairs of elementary 

particles, the dependence of the ratio of Coulomb and gravitational forces on the 

specific charge is linear. Exceptions are the t-quark, maximon, and WIMP. The 

maximon is located above this straight line, and the WIMP and t-quark lie below 

this line [6, 7]. 

Conclusion. The ether field allows us to explain the decays of some particles 

(ˊ0, W, Z). The maximon (cosmological singularity) carries additional information, 

and the t-quark and WIMP are exotic particles. The decay of a pair of virtual t-

quarks and WIMPs is just an illusion, similar to the ñdecaysò of W and Z bosons 

[6, 7]. 
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ˮ˽˸͊΄ ˾ ˢ˹Σ ˿͊ͤͭ͟-˽͔͔͎ͭͪ͋ͯͪΣ ˾͙ͦͫͫΎ 

ɸʥʥʦʪʘʮʠʷ. ʈʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʜʝʚʠʘʮʠʷ ʪʨʘʝʢʪʦʨʠʡ ʚ ʥʝʨʝʣʷʪʠʚʠʩʪʩʢʦʤ ʩʣʫʯʘʝ ʜʣʷ 

ʧʨʦʠʟʚʦʣʴʥʦʛʦ ʮʝʥʪʨʘʣʴʥʦ-ʩʠʤʤʝʪʨʠʯʥʦʛʦ ʧʦʪʝʥʮʠʘʣʘ ʠ ʜʝʚʠʘʮʠʷ ʛʝʦʜʝʟʠʯʝʩʢʠʭ ʚ 

ʮʝʥʪʨʘʣʴʥʦ-ʩʠʤʤʝʪʨʠʯʥʦʤ ʩʪʘʪʠʯʝʩʢʦʤ ʛʨʘʚʠʪʘʮʠʦʥʥʦʤ ʧʦʣʝ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʜʝʚʠʘʮʠʷ ʛʝʦʜʝʟʠʯʝʩʢʠʭ, ʵʬʬʝʢʪ ʐʠʨʦʢʦʚʘ, ʢʦʩʤʦʣʦʛʠʯʝʩʢʘʷ ʧʦ-

ʩʪʦʷʥʥʘʷ 

ɺʚʝʜʝʥʠʝ. ʀʩʩʣʝʜʦʚʘʥʠʝ ʜʚʠʞʝʥʠʷ ʚ ʟʘʜʘʥʥʳʭ ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʧʦʣʷʭ ʷʚʣʷ-

ʝʪʩʷ ʦʜʥʦʡ ʠʟ ʮʝʥʪʨʘʣʴʥʳʭ ʟʘʜʘʯ ʥʝʙʝʩʥʦʡ ʤʝʭʘʥʠʢʠ. ɺʘʞʥʦʡ ʩʦʩʪʘʚʣʷʶʱʝʡ 

ʯʘʩʪʴʶ ʪʘʢʠʭ ʟʘʜʘʯ ʷʚʣʷʝʪʩʷ ʨʘʩʯʝʪ ʦʪʢʣʦʥʝʥʠʡ ʜʚʠʞʝʥʠʷ ʧʨʦʙʥʳʭ ʪʝʣ ʦʪ 

ʟʘʜʘʥʥʳʭ ʦʧʦʨʥʳʭ ʪʨʘʝʢʪʦʨʠʡ. ɺʳʯʠʩʣʝʥʠʷ ʚ ʜʘʥʥʦʡ ʨʘʙʦʪʝ ʧʨʦʚʦʜʷʪʩʷ ʜʣʷ 

ʩʣʫʯʘʷ ʦʧʦʨʥʳʭ ʢʨʫʛʦʚʳʭ ʦʨʙʠʪ. ʇʨʝʜʩʪʘʚʣʝʥʦ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʡ 

ʜʝʚʠʘʮʠʠ [1, 2] ʜʣʷ ʨʘʩʩʤʘʪʨʠʚʘʝʤʳʭ ʩʣʫʯʘʝʚ. ɺ ʥʝʨʝʣʷʪʠʚʠʩʪʩʢʦʤ ʩʣʫʯʘʝ 

ʧʨʦʘʥʘʣʠʟʠʨʦʚʘʥʳ ʩʣʫʯʘʠ ʧʦʪʝʥʮʠʘʣʦʚ ʛʘʨʤʦʥʠʯʝʩʢʦʛʦ ʦʩʮʠʣʣʷʪʦʨʘ, ʧʦʪʝʥ-

ʮʠʘʣʘ ʧʨʠʪʷʞʝʥʠʷ ʪʦʯʝʯʥʦʡ ʤʘʩʩʳ ʠ ʜʨʫʛʠʝ. ʇʨʠ ʨʘʩʩʤʦʪʨʝʥʠʠ ʜʝʚʠʘʮʠʷ 

ʛʝʦʜʝʟʠʯʝʩʢʠʭ ʚ ʨʘʤʢʘʭ ʦʙʱʝʡ ʪʝʦʨʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦʩʪʠ ʧʦʷʚʣʷʶʪʩʷ ʦʪʣʠʯʠʷ 

ʦʪ ʥʝʨʝʣʷʪʠʚʠʩʪʩʢʦʛʦ ʩʣʫʯʘʷ ʪʨʘʝʢʪʦʨʠʡ ʚ ʧʦʣʝ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʧʦʪʝʥʮʠʘ-

ʣʦʚ ʚʟʘʠʤʦʜʝʡʩʪʚʠʷ. ʐʠʨʦʢʦ ʠʟʚʝʩʪʝʥ ʵʬʬʝʢʪ ʐʠʨʦʢʦʚʘ [3] ʨʘʟʣʠʯʠʷ ʯʘʩʪʦʪ 

ʢʦʣʝʙʘʥʠʡ ʧʨʦʙʥʳʭ ʪʝʣ ʥʘ ʢʨʫʛʦʚʳʭ ʦʨʙʠʪʘʭ 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɺʳʯʠʩʣʝʥʠʷ ʚ ʥʝʨʝʣʷʪʠʚʠʩʪʩʢʦʤ 

ʩʣʫʯʘʝ ʧʨʦʚʦʜʷʪʩʷ ʥʘ ʦʩʥʦʚʝ ʨʘʟʣʦʞʝʥʠʷ ʧʦ ʪʝʦʨʠʠ ʚʦʟʤʫʱʝʥʠʡ ʩʪʘʥʜʘʨʪʥʳʭ 

ʢʣʘʩʩʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ ʤʝʭʘʥʠʢʠ. ɺ ʨʝʣʷʪʠʚʠʩʪʩʢʦʤ ʩʣʫʯʘʝ, ʪ. ʝ. ʧʨʠ ʚʳʯʠʩ-

ʣʝʥʠʷʭ ʚ ʨʘʤʢʘʭ ʦʙʱʝʡ ʪʝʦʨʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦʩʪʠ, ʠʩʧʦʣʴʟʫʝʪʩʷ ʫʨʘʚʥʝʥʠʝ ʜʝʚʠ-

ʘʮʠʠ ʛʝʦʜʝʟʠʯʝʩʢʠʭ. ʇʦʣʫʯʝʥʳ ʪʦʯʥʳʝ ʬʦʨʤʫʣʳ ʜʣʷ ʜʝʚʠʘʮʠʠ ʪʨʘʝʢʪʦʨʠʡ  

ʚ ʥʝʨʝʣʷʪʠʚʠʩʪʩʢʦʤ ʩʣʫʯʘʝ ʠ ʜʣʷ ʩʬʝʨʠʯʝʩʢʠ-ʩʠʤʤʝʪʨʠʯʥʳʭ ʧʨʦʩʪʨʘʥʩʪʚ.  

ɺ ʨʘʙʦʪʝ ʨʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʟʘʜʘʯʘ ʦ ʜʝʚʠʘʮʠʠ ʪʨʘʝʢʪʦʨʠʡ ʚ ʩʣʫʯʘʝ ʧʨʦʩʪʨʘʥʩʪʚʘ 

ʘʥʪʠ-ʜʝ-ʉʠʪʪʝʨʘ, ʜʝʚʠʘʮʠʷ ʪʨʘʝʢʪʦʨʠʡ ʚ ʤʝʪʨʠʢʝ ʂʦʪʪʣʝʨʘ, ʚʣʠʷʥʠʝ ʢʦʩʤʦʣʦ-

ʛʠʯʝʩʢʦʡ ʧʦʩʪʦʷʥʥʦʡ ʥʘ ʵʬʬʝʢʪʳ ʜʝʚʠʘʮʠʠ ʧʨʦʙʥʳʭ ʪʝʣ ʥʘ ʢʨʫʛʦʚʳʭ ʦʨʙʠʪʘʭ 

ʠ ʚʦʟʤʦʞʥʦʩʪʠ ʵʢʩʧʝʨʠʤʝʥʪʘʣʴʥʦʛʦ ʥʘʙʣʶʜʝʥʠʷ ʵʬʬʝʢʪʦʚ. 

ɿʘʢʣʶʯʝʥʠʝ. ʇʦʣʫʯʝʥʥʳʝ ʦʮʝʥʢʠ ʧʦʢʘʟʳʚʘʶʪ, ʯʪʦ ʚʣʠʷʥʠʝ ʥʘʙʣʶʜʘʝ-

ʤʦʡ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʡ ʧʦʩʪʦʷʥʥʦʡ ʥʘ ʜʝʚʠʘʮʠʶ ʪʨʘʝʢʪʦʨʠʡ ʚʙʣʠʟʠ ɿʝʤʣʠ  

ʠ ʚ ʉʦʣʥʝʯʥʦʡ ʩʠʩʪʝʤʝ ʥʝʟʥʘʯʠʪʝʣʴʥʦ. 
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Abstract. The deviation of trajectories in the non-relativistic case for an arbitrary centrally 

symmetric potential and the deviation of geodesics in a centrally symmetric static gravita-

tional field are considered. 

Keywords: geodesic deviation, Shirokov effect, cosmological constant 

Introduction.  The study of movement in given gravitational fields is one of the 

central problems of celestial mechanics. An important component of such problems 

is the calculation of deviations of the movement of test bodies from given reference 

trajectories. The calculations in this work are carried out for the case of reference 

circular orbits. A general solution of the deviation equations [1, 2] is presented for 

the cases under consideration. In the non-relativistic case, the harmonic oscillator 

potentials, the potential of a point mass, and others are analyzed. When considering 

the deviation of geodesics within the framework of the general theory of relativity, 

differences appear from the non-relativistic case of corresponding interaction po-

tentials. The Shirokov effect [3] of the difference in the oscillation frequencies of 

test bodies in circular orbits is widely known. 

Methods and materials; results. Calculations in the non-relativistic case are 

carried out on the basis of the perturbation theory of the standard classical equations. 

In the relativistic case, that is, in calculations within the framework of the general 

theory of relativity, the equation of deviation of geodesics is used. Exact formulas for 

the deviation of trajectories in the non-relativistic case and for spherically symmetric 

spaces are obtained. In the work the problem of trajectory deviation in the case of 

anti de Sitter space, trajectory deviation in the Kottler metric, the influence of the 

cosmological constant on the effects of deviation of test bodies in circular orbits and 

the possibilities of experimental observation of the effects are considered. 
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Conclusion. The obtained estimates show that the influence of the observed 

cosmological constant on the deviation of trajectories near the Earth and in the So-

lar System is insignificant. 
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ɸʥʥʦʪʘʮʠʷ. ɼʘʥʦ ʪʝʦʨʝʪʠʯʝʩʢʦʝ ʦʧʠʩʘʥʠʝ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ ʚ ʨʘʤʢʘʭ ʧʦʣʝʚʦʡ ʪʝʦʨʠʠ ʛʨʘ-

ʚʠʪʘʮʠʠ. ʊʝʤʥʦʡ ʤʘʪʝʨʠʠ ʩʪʘʚʠʪʩʷ ʚ ʩʦʦʪʚʝʪʩʪʚʠʝ ʦʙʱʝʢʦʚʘʨʠʘʥʪʥʦʝ ʥʝʘʙʝʣʝʚʦ ʢʘʣʠʙ-

ʨʦʚʦʯʥʦʝ ʧʦʣʝ (ʂ-ʧʦʣʝ), ʩʠʥʛʣʝʪʥʦʝ ʩʦʩʪʦʷʥʠʝ ʢʦʪʦʨʦʛʦ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʵʣʝʢʪʨʦʤʘʛ-

ʥʠʪʥʦʝ ʧʦʣʝ. ʕʪʦ ʢʘʣʠʙʨʦʚʦʯʥʦʝ ʧʦʣʝ ʚʟʘʠʤʦʜʝʡʩʪʚʫʝʪ ʪʦʣʴʢʦ ʩ ʛʨʘʚʠʪʘʮʠʦʥʥʳʤ ʧʦʣʝʤ 

ʠ ʥʝ ʚʟʘʠʤʦʜʝʡʩʪʚʫʝʪ ʩ ʬʝʨʤʠʦʥʥʦʡ ʤʘʪʝʨʠʝʡ. ʄʝʭʘʥʠʟʤ ʛʝʥʝʨʘʮʠʠ ʤʘʩʩʳ ʦʙʱʝʢʦʚʘʨʠ-

ʘʥʪʥʦʛʦ ʥʝʘʙʝʣʝʚʘ ʢʘʣʠʙʨʦʚʦʯʥʦʛʦ ʧʦʣʷ ʧʨʠʩʫʱ ʩʘʤʦʤʫ ʵʪʦʤʫ ʧʦʣʶ ʠ ʥʝ ʪʨʝʙʫʝʪ ʚʚʝʜʝ-

ʥʠʷ ʢʘʢʠʭ-ʣʠʙʦ ʜʦʧʦʣʥʠʪʝʣʴʥʳʭ ʧʦʣʝʡ. ʇʦʢʘʟʘʥʦ, ʯʪʦ ʚʦʟʤʦʞʥʦʩʪʠ ʥʘʙʣʶʜʝʥʠʷ ʠ ʠʩ-

ʧʦʣʴʟʦʚʘʥʠʷ ʥʦʚʦʛʦ ʠʩʪʦʯʥʠʢʘ ʵʥʝʨʛʠʠ ʩʚʷʟʘʥʳ ʛʣʘʚʥʳʤ ʦʙʨʘʟʦʤ ʩ ʦʙʱʝʢʦʚʘʨʠʘʥʪʥʳʤ 

ʟʘʢʦʥʦʤ ʩʦʭʨʘʥʝʥʠʷ ʵʥʝʨʛʠʠ, ʩʧʨʘʚʝʜʣʠʚʳʤ ʜʣʷ ʚʩʝʭ ʩʣʫʯʘʝʚ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʪʝʤʥʘʷ ʤʘʪʝʨʠʷ, ʧʦʣʝʚʘʷ ʪʝʦʨʠʷ ʛʨʘʚʠʪʘʮʠʠ, ʦʙʱʝʢʦʚʘʨʠʘʥʪʥʦʝ 

ʥʝʘʙʝʣʝʚʦ ʢʘʣʠʙʨʦʚʦʯʥʦʝ ʧʦʣʝ 

ɺʚʝʜʝʥʠʝ, ʤʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ, ʨʝʟʫʣʴʪʘʪʳ. ʀʜʝʷ ʧʦʩʪʨʦʝʥʠʷ ʪʝʦʨʠʠ ʛʨʘʚʠ-

ʪʘʮʠʠ ʥʘ ʦʩʥʦʚʝ ʧʦʣʝʚʳʭ ʧʨʝʜʩʪʘʚʣʝʥʠʡ ʙʳʣʘ ʚʳʜʚʠʥʫʪʘ ʕʡʥʰʪʝʡʥʦʤ. ɺ 1913 

ʛʦʜʫ ʙʳʣʦ ʚʚʝʜʝʥʦ ʪʝʥʟʦʨʥʦʝ ʛʨʘʚʠʪʘʮʠʦʥʥʦʝ ʧʦʣʝ [1], ʯʪʦ ʧʦʟʚʦʣʠʣʦ ʚ 1915 

ʛʦʜʫ ʦʙʲʷʩʥʠʪʴ ʚʨʘʱʝʥʠʝ ʧʝʨʠʛʝʣʠʷ ʄʝʨʢʫʨʠʷ. ʇʦʩʣʝʜʫʶʱʠʝ ʠʩʩʣʝʜʦʚʘʥʠʷ 

ʕʡʥʰʪʝʡʥʘ ʬʘʢʪʠʯʝʩʢʠ ʙʳʣʠ ʥʘʧʨʘʚʣʝʥʳ ʥʘ ʧʦʠʩʢ ʧʦʣʷ, ʢʦʪʦʨʦʝ ʤʦʛʣʦ ʙʳ 

ʙʳʪʴ ʥʦʩʠʪʝʣʝʤ ʛʨʘʚʠʪʘʮʠʦʥʥʦʛʦ ʟʘʨʷʜʘ ʚ ʯʝʤ-ʪʦ ʘʥʘʣʦʛʠʯʥʦʛʦ ʵʣʝʤʝʥʪʘʨʥʦʤʫ 

ʵʣʝʢʪʨʠʯʝʩʢʦʤʫ ʟʘʨʷʜʫ. ʇʦʠʩʢ ʧʦʣʝʚʦʡ ʪʝʦʨʠʠ ʛʨʘʚʠʪʘʮʠʠ ʧʨʦʜʦʣʞʘʣʩʷ ʚʧʣʦʪʴ 

ʜʦ 1955 ʛʦʜʘ [2] ʠ ʥʝ ʙʳʣ ʧʦʣʥʦʩʪʴʶ ʟʘʚʝʨʰʝʥ. ɼʣʷ ʩʨʘʚʥʝʥʠʷ ʦʪʤʝʪʠʤ, ʯʪʦ 

ʚʦʟʤʦʞʥʦʩʪʴ ʧʦʩʪʨʦʝʥʠʷ ʵʣʝʢʪʨʦʜʠʥʘʤʠʢʠ ʥʘ ʦʩʥʦʚʝ ʧʦʣʝʚʳʭ ʧʨʝʜʩʪʘʚʣʝʥʠʡ 

ʙʳʣʘ ʦʪʢʨʳʪʘ ʐʨʝʜʠʥʛʝʨʦʤ ʠ ɼʠʨʘʢʦʤ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʚ 1926 ʠ 1928 ʛʦʜʘʭ 

ʫʩʪʘʥʦʚʣʝʥʠʝʤ ʫʨʘʚʥʝʥʠʡ ʄʘʢʩʚʝʣʣʘ ð ʐʨʝʜʠʥʛʝʨʘ ʠ ʄʘʢʩʚʝʣʣʘ ð ɼʠʨʘʢʘ ʠ 

ʚʚʝʜʝʥʠʝʤ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʧʦʣʝʡ ʚ ʢʘʯʝʩʪʚʝ ʚʦʟʤʦʞʥʳʭ ʥʦʩʠʪʝʣʝʡ ʵʣʝʢʪʨʠ-

ʯʝʩʢʦʛʦ ʟʘʨʷʜʘ. ʌʘʢʪʠʯʝʩʢʠ ʙʳʣʘ ʨʝʰʝʥʘ ʟʘʜʘʯʘ ʦʧʠʩʘʥʠʷ ʧʨʘʚʦʡ ʩʪʦʨʦʥʳ 

ʫʨʘʚʥʝʥʠʡ ʄʘʢʩʚʝʣʣʘ ʚ ʨʘʤʢʘʭ ʧʦʣʝʚʳʭ ʧʨʝʜʩʪʘʚʣʝʥʠʡ. ʅʘ ʦʩʥʦʚʝ ʵʪʠʭ ʫʨʘʚ-

ʥʝʥʠʡ ʙʳʣ ʫʩʧʝʰʥʦ ʦʙʲʷʩʥʝʥ ʥʘʙʣʶʜʘʝʤʳʡ ʩʧʝʢʪʨ ʘʪʦʤʘ ʚʦʜʦʨʦʜʘ. ʈʘʟʚʠʪʠʝ 

ʧʦʣʝʚʦʡ ʪʝʦʨʠʠ ʵʣʝʢʪʨʦʜʠʥʘʤʠʢʠ (ʢʚʘʥʪʦʚʦʡ ʤʝʭʘʥʠʢʠ) ʥʘ ʦʩʥʦʚʝ ʫʨʘʚʥʝʥʠʡ 

ʄʘʢʩʚʝʣʣʘïɼʠʨʘʢʘ ʧʨʠʚʝʣʦ ʢ ʩʦʟʜʘʥʠʶ ʉʪʘʥʜʘʨʪʥʦʡ ʤʦʜʝʣʠ. ʀʜʝʷ ʢʘʣʠʙʨʦ-

ʚʦʯʥʦʡ ʠʣʠ ʚʥʫʪʨʝʥʥʝʡ ʩʠʤʤʝʪʨʠʠ, ʚʧʝʨʚʳʝ ʚʳʜʚʠʥʫʪʘʷ ɺʝʡʣʝʤ ʚ 1918 ʛʦʜʫ ʥʘ 

ʦʩʥʦʚʝ ʦʙʱʝʢʦʚʘʨʠʘʥʪʥʳʭ ʧʨʝʜʩʪʘʚʣʝʥʠʡ ʪʝʦʨʠʠ ʕʡʥʰʪʝʡʥʘ, ʧʦʣʫʯʠʣʘ ʚ 

ʉʪʘʥʜʘʨʪʥʦʡ ʤʦʜʝʣʠ ʦʩʥʦʚʦʧʦʣʘʛʘʶʱʝʝ ʟʥʘʯʝʥʠʝ, ʥʦ ʥʝ ʥʘʰʣʘ ʵʚʨʠʩʪʠʯʝʩʢʦʛʦ 

ʧʨʠʤʝʥʝʥʠʷ ʚ ʩʘʤʦʡ ʦʙʱʝʡ ʪʝʦʨʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦʩʪʠ. ʇʨʝʦʙʨʘʟʦʚʘʥʠʷ ʚʥʫʪʨʝʥ-

ʥʝʡ ʩʠʤʤʝʪʨʠʠ ʥʝʦʪʜʝʣʠʤʳ ʦʪ ʧʦʣʝʚʳʭ ʧʨʝʜʩʪʘʚʣʝʥʠʡ, ʪʘʢ ʢʘʢ ʦʥʠ ʢʘʩʘʶʪʩʷ 

ʬʫʥʢʮʠʡ ʧʦʣʷ ʠ ʥʝ ʟʘʪʨʘʛʠʚʘʶʪ ʢʦʦʨʜʠʥʘʪ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʚʥʫʪʨʝʥʥʷʷ ʩʠʤ-

ʤʝʪʨʠʷ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʷʚʣʝʥʠʷʤ, ʢʦʪʦʨʳʝ ʥʝ ʤʦʛʫʪ ʙʳʪʴ ʦʧʠʩʘʥʳ ʥʘ ʦʩʥʦʚʝ 
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ʢʣʘʩʩʠʯʝʩʢʠʭ ʧʨʝʜʩʪʘʚʣʝʥʠʡ. ʆʜʥʘʢʦ ʉʪʘʥʜʘʨʪʥʘʷ ʤʦʜʝʣʴ ʥʝ ʷʚʣʷʝʪʩʷ ʧʦʣʥʦ-

ʩʪʴʶ ʟʘʚʝʨʰʝʥʥʦʡ ʧʦʣʝʚʦʡ ʪʝʦʨʠʝʡ ʵʣʝʢʪʨʦʜʠʥʘʤʠʢʠ, ʪʘʢ ʢʘʢ ʥʝ ʷʩʥʘ ʧʨʠʨʦʜʘ 

ʢʚʘʨʢ-ʣʝʧʪʦʥʥʦʡ ʩʠʤʤʝʪʨʠʠ, ʯʠʩʣʘ ʧʦʢʦʣʝʥʠʡ ʠ ʢʦʥʬʘʡʥʤʝʥʪʘ. 

ɿʘʜʘʯʘ ʦʧʠʩʘʥʠʷ ʧʨʘʚʦʡ ʩʪʦʨʦʥʳ ʫʨʘʚʥʝʥʠʷ ʕʡʥʰʪʝʡʥʘ ʥʘ ʦʩʥʦʚʝ ʧʦʣʝ-

ʚʳʭ ʧʨʝʜʩʪʘʚʣʝʥʠʡ ʙʳʣʘ ʨʝʰʝʥʘ ʚ ʨʘʙʦʪʝ [3] ʥʘ ʦʩʥʦʚʝ ʦʙʱʝʢʦʚʘʨʠʘʥʪʥʳʭ 

ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʧʨʝʜʩʪʘʚʣʝʥʠʡ ʠ ʪʝʩʥʦ ʩʚʷʟʘʥʥʦʡ ʩ ʥʠʤʠ ʦʙʱʝʢʦʚʘʨʠʘʥʪʥʦʡ 

ʢʘʣʠʙʨʦʚʦʯʥʦʡ ʩʠʤʤʝʪʨʠʠ. ʅʘʩʪʦʷʱʘʷ ʨʘʙʦʪʘ ʧʦʩʚʷʱʝʥʘ ʬʠʟʠʯʝʩʢʦʡ ʠʥʪʝʨ-

ʧʨʝʪʘʮʠʠ ʧʦʣʫʯʝʥʥʳʭ ʚ ʫʢʘʟʘʥʥʦʡ ʨʘʙʦʪʝ ʨʝʟʫʣʴʪʘʪʦʚ ʚ ʪʦʤ ʯʠʩʣʝ ʠ ʚ ʢʦʥ-

ʪʝʢʩʪʝ ʧʨʦʙʣʝʤʳ, ʪʘʢ ʥʘʟʳʚʘʝʤʦʡ, ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ ʠ ʪʝʤʥʦʡ ʵʥʝʨʛʠʠ. 

ʉʫʱʝʩʪʚʦʚʘʥʠʝ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ ʧʨʝʜʩʢʘʟʳʚʘʝʪʩʷ ʥʘʙʣʶʜʝʥʠʷʤʠ ʥʘ ʢʦʩ-

ʤʦʣʦʛʠʯʝʩʢʠʭ ʤʘʩʰʪʘʙʘʭ. ʆʙʥʘʨʫʞʝʥʠʝ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ ʚ ʣʘʙʦʨʘʪʦʨʥʳʭ ʵʢʩ-

ʧʝʨʠʤʝʥʪʘʭ ʚʳʟʳʚʘʝʪ ʙʦʣʴʰʠʝ ʟʘʪʨʫʜʥʝʥʠʷ, ʚ ʪʦʤ ʯʠʩʣʝ ʠ ʧʦ ʧʨʠʯʠʥʝ ʩʫʱʝ-

ʩʪʚʦʚʘʥʠʷ ʦʛʨʦʤʥʦʛʦ ʯʠʩʣʘ ʚʩʝʚʦʟʤʦʞʥʳʭ ʤʦʜʝʣʝʡ. 

ɿʘʢʣʶʯʝʥʠʝ. ʊʘʢ ʢʘʢ ʂ-ʧʦʣʝ ʥʝ ʚʟʘʠʤʦʜʝʡʩʪʚʫʝʪ ʩ ʬʝʨʤʠʦʥʥʦʡ ʤʘʪʝʨʠ-

ʝʡ, ʪʦ ʤʦʞʥʦ ʟʘʢʣʶʯʠʪʴ, ʯʪʦ ʥʘ ʥʝʝ ʚʦʟʜʝʡʩʪʚʫʝʪ ʩʦʟʜʘʚʘʝʤʦʝ ʠʤ ʛʨʘʚʠʪʘʮʠ-

ʦʥʥʦʝ ʧʦʣʝ ʠ ʵʪʦ ʚʦʟʜʝʡʩʪʚʠʝ ʟʘʤʝʪʥʦ ʧʨʦʷʚʣʷʝʪʩʷ ʢʘʢ ʛʝʦʜʝʟʠʯʝʩʢʦʝ ʜʚʠʞʝ-

ʥʠʝ. ʊʦʛʜʘ ʝʩʪʝʩʪʚʝʥʥʦ ʧʨʝʜʧʦʣʦʞʠʪʴ, ʯʪʦ ʷʜʨʦ ʟʚʝʟʜ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ 

ʢʦʥʮʝʥʪʨʘʮʠʶ ʵʥʝʨʛʠʠ ʂ-ʧʦʣʷ, ʘ ʦʙʦʣʦʯʢʘ ʩʦʩʪʦʠʪ ʠʟ ʥʘʧʘʜʘʚʰʝʡ ʥʘ ʵʪʦ ʷʜʨʦ 

ʬʝʨʤʠʦʥʥʦʡ ʤʘʪʝʨʠʠ. ɿʚʝʟʜʘ ʤʦʞʝʪ ʩʙʨʦʩʠʪʴ ʵʪʫ ʦʙʦʣʦʯʢʫ ʚ ʬʦʨʤʝ ʚʟʨʳʚʘ  

ʠ ʧʝʨʝʩʪʘʪʴ ʩʚʝʪʠʪʴʩʷ. 

ʅʝ ʚʳʟʳʚʘʝʪ ʩʦʤʥʝʥʠʡ, ʯʪʦ ʛʨʘʚʠʪʘʮʠʦʥʥʳʝ ʚʦʣʥʳ ʧʝʨʝʥʦʩʷʪ ʵʥʝʨʛʠʶ  

ʠ ʠʤʧʫʣʴʩ, ʠ ʨʝʟʫʣʴʪʘʪ ʠʭ ʚʦʟʜʝʡʩʪʚʠʷ ʥʘ ʬʝʨʤʠʦʥʥʫʶ ʤʘʪʝʨʠʶ ʤʦʞʥʦ ʧʦ-

ʧʳʪʘʪʴʩʷ ʟʘʨʝʛʠʩʪʨʠʨʦʚʘʪʴ ʚ ʚʠʜʝ ʫʩʪʘʥʦʚʢʠ, ʧʦʜʦʙʥʦʡ ʪʦʡ, ʢʦʪʦʨʫʶ ʠʩʧʦʣʴ-

ʟʦʚʘʣ ʃʝʙʝʜʝʚ ʜʣʷ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʜʘʚʣʝʥʠʷ ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʦ-

ʛʦ ʧʦʣʷ. ʕʪʦ ʙʳʣʘ ʙʳ ʫʩʪʘʥʦʚʢʘ, ʧʦʟʚʦʣʷʶʱʘʷ ʨʝʛʠʩʪʨʠʨʦʚʘʪʴ 

ʛʨʘʚʠʪʘʮʠʦʥʥʳʝ ʚʦʣʥʳ ʠ ʥʘʧʨʘʚʣʝʥʠʝ ʦʪʢʫʜʘ ʦʥʠ ʧʨʠʭʦʜʷʪ. 

ɽʩʣʠ ʂ-ʧʦʣʝ ʩʦʟʜʘʝʪ ʩʛʫʩʪʦʢ ʛʨʘʚʠʪʘʮʠʦʥʥʦʡ ʵʥʝʨʛʠʠ, ʧʦʪʝʥʮʠʘʣʴʥʘʷ 

ʵʥʝʨʛʠʷ ʢʦʪʦʨʦʛʦ ʧʦʣʦʞʠʪʝʣʴʥʘ, ʪʦ ʵʪʦ ʜʦʣʞʥʦ ʧʨʠʚʝʩʪʠ ʢ ʨʘʩʰʠʨʝʥʠʶ ʦʙʣʘ-

ʩʪʠ ʧʨʦʩʪʨʘʥʩʪʚʘ, ʟʘʥʠʤʘʝʤʦʡ ʵʪʠʤ ʩʛʫʩʪʢʦʤ ʠ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʤ ʠʟʤʝʥʝʥʠ-

ʝʤ ʧʦʚʝʜʝʥʠʷ ʬʝʨʤʠʦʥʥʦʡ ʤʘʪʝʨʠʠ, ʥʘʭʦʜʷʱʝʡʩʷ ʚ ʵʪʦʡ ʦʙʣʘʩʪʠ. 

ʉʪʘʥʦʚʠʪʩʷ ʧʦʥʷʪʥʳʤ, ʯʪʦ ʪʝʤʥʘʷ ʵʥʝʨʛʠʷ ð ʵʪʦ ʧʨʦʩʪʦ ʵʥʝʨʛʠʷ ʛʨʘʚʠʪʘ-

ʮʠʦʥʥʦʛʦ ʧʦʣʷ ʠ ʚʢʣʶʯʝʥʠʝ ʚ ʪʝʦʨʠʶ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʡ ʧʦʩʪʦʷʥʥʦʡ ʫʚʝʣʠʯʠʪ 

ʝʝ ʧʣʦʪʥʦʩʪʴ ʥʘ ʧʦʩʪʦʷʥʥʳʡ ʬʘʢʪʦʨ. ʉʚʠʜʝʪʝʣʴʩʪʚʘ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʪʝʤʥʦʡ ʤʘ-

ʪʝʨʠʠ ʙʳʣʠ ʦʙʥʘʨʫʞʝʥʳ ʧʦʯʪʠ ʩʪʦ ʣʝʪ ʥʘʟʘʜ, ʥʦ ʜʦ ʩʠʭ ʧʦʨ ʙʳʣʦ ʧʦʜʪʚʝʨʞʜʝʥʦ 

ʪʦʣʴʢʦ ʛʨʘʚʠʪʘʮʠʦʥʥʦʝ ʚʟʘʠʤʦʜʝʡʩʪʚʠʝ ʵʪʦʡ ʤʘʪʝʨʠʠ. ʊʘʢʠʤ ʞʝ ʩʚʦʡʩʪʚʦʤ ʦʙ-

ʣʘʜʘʝʪ ʂ-ʧʦʣʝ, ʢʦʪʦʨʦʝ ʠ ʩʣʝʜʫʝʪ ʧʦʩʪʘʚʠʪʴ ʚ ʩʦʦʪʚʝʪʩʪʚʠʝ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ. 

ʇʦʩʢʦʣʴʢʫ ʂ-ʧʦʣʝ ʥʝ ʚʟʘʠʤʦʜʝʡʩʪʚʫʝʪ ʩ ʬʝʨʤʠʦʥʥʦʡ ʤʘʪʝʨʠʝʡ, ʪʦ ʷʩʥʦ, 

ʛʜʝ ʥʝ ʥʫʞʥʦ ʠʩʢʘʪʴ ʪʝʤʥʫʶ ʤʘʪʝʨʠʶ. ʆʩʪʘʝʪʩʷ ʫʧʦʚʘʪʴ ʪʦʣʴʢʦ ʥʘ ʟʘʢʦʥ ʩʦ-

ʭʨʘʥʝʥʠʷ ʵʥʝʨʛʠʠ. ɼʣʷ ʥʘʯʘʣʘ ʤʦʞʥʦ ʦʙʨʘʪʠʪʴʩʷ ʢ ʪʘʢʦʤʫ ʝʩʪʝʩʪʚʝʥʥʦʤʫ ʬʠ-

ʟʠʯʝʩʢʦʤʫ ʷʚʣʝʥʠʶ ʢʘʢ ʩʦʣʥʝʯʥʦʝ ʟʘʪʤʝʥʠʝ ʠ ʩʦʙʨʘʪʴ ʬʘʢʪʳ ʦ ʥʝʦʙʳʯʥʦʤ 

ʧʦʚʝʜʝʥʠʠ ʥʝʢʦʪʦʨʳʭ ʧʨʠʙʦʨʦʚ ʚ ʦʙʣʘʩʪʠ ʪʝʥʠ, ʛʜʝ ʧʣʦʪʥʦʩʪʴ ʵʣʝʢʪʨʦʤʘʛ-

ʥʠʪʥʦʡ ʵʥʝʨʛʠʠ ʟʘʤʝʪʥʦ ʫʤʝʥʴʰʘʝʪʩʷ ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʟʘʤʝʪʥʦ ʚʦʟʨʘʩʪʘʝʪ 

ʧʣʦʪʥʦʩʪʴ ʛʨʘʚʠʪʘʮʠʦʥʥʦʡ ʵʥʝʨʛʠʠ. 
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Abstract. Within the framework of the field theory of gravity, a theoretical description of 

dark matter is conducted. We associate dark matter with a unique generally covariant non-

Abelian gauge field (K-field), which interacts only with the gravitational field and does not 

interact with the spinor field. The electromagnetic field is a singlet state of the K-field. The 

mechanism for generation the mass of the K-field is inherent in the field itself and does not 

require the use of any additional fields. It is shown that the possibilities of observing and 

using a new form of energy are mainly related with generally covariant law of energy con-

servation that holds in all cases. 

Keywords: dark matter, field theory of gravitation, generally covariant non-Abelian gauge field 

Introduction, methods and materials, results. The idea of constructing a theory 

of gravitation on the basis of field concepts was put forward by Einstein. In 1913, 

the tensor gravitational field was introduced [1], which enabled explaining the rota-

tion of Mercury's perihelion in 1915. Subsequent research by Einstein has been 

actually aimed at finding a field that could be a carrier of gravitational charge in 

some way analogous to the elementary electric charge. The search for a field theory 

of gravitation continued until 1955 [2] and was not fully completed. For compari-

son, we note that the possibility of constructing electrodynamics based on field rep-

resentations was discovered by Schrodinger and Dirac in 1926 and 1928, respec-

tively. They established the Maxwell ð Schrodinger and Maxwell ð Dirac 

equations and introduced the corresponding fields as possible carriers of the elec-

tric charge. In fact, the problem of describing the right-hand sides of Maxwell's 

equations within the framework of field representations was solved. Based on these 

equations, the observed spectrum of the hydrogen atom was successfully explained. 

The development of the field theory of electrodynamics (quantum mechanics) 

based on the Maxwell-Dirac equations led to the creation of the Standard Model. 

The idea of gauge or internal symmetry, first proposed by Weyl in 1918 on the ba-

sis of the generally covariant concepts of Einstein 's theory, gained the fundamental 

importance in the Standard Model, but did not find heuristic application in general 

relativity itself. The internal symmetry transformations are unseparable from field 
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representations, since they concern field functions and do not affect coordinates. 

Thus, internal symmetry is related with phenomena that cannot be described based 

on classical concepts. However, the Standard Model is not a fully completed field 

theory of electrodynamics, since the nature of quark-lepton symmetry, the number 

of generations, and confinement are unclear. 

The problem of describing the right-hand side of Einstein's equations on the 

basis of field representations was solved in [3] on the basis of generally covariant 

geometric representations and generally covariant gauge symmetry, closely related 

to them. This work is devoted to the physical interpretation of the results obtained 

in that work, including in the context of the of so-called dark matter and dark ener-

gy. The existence of dark matter is predicted by observations on cosmological 

scales. Detecting dark matter in laboratory experiments is very difficult because of 

the existence of a vast number of different models. 

Conclusion. Since the K-field does not interact with fermionic matter, we can 

conclude that it is affected by the gravitational field it creates, and this effect is noticea-

bly manifested as geodesic motion. It is then natural to assume that the core of stars is a 

concentration of K-field energy, and the shell consists of fermionic matter that fell onto 

this core. The star can throw off the shell in an explosive way and stop shining. 

If the K-field creates a bundle of gravitational energy whose potential energy 

is positive, then this should lead to an expansion of the region of space occupied by 

this bundle and a corresponding change in the behavior of the fermionic matter lo-

cated in this region. 

It becomes clear that dark energy is simply the energy of the gravity field and 

an inclusion of the cosmological constant into the theory will increase its density 

by a constant factor. 

Evidence of dark matter was discovered nearly a century ago, but until now 

only gravitational interaction of this matter was confirmed. The K-field has the 

same property, and it should be in correspondence with dark matter. Since the K-

field does not interact with fermionic matter it is clear where there is no need to 

look for dark matter. All that remains is to rely on the energy conservation law. To 

start with, we can turn to such a natural physical phenomenon as a solar eclipse, 

collecting facts about the unusual behavior of some devices in the shadow region, 

where the density of electromagnetic noticeably decreases and, consequently, the 

density of gravitational energy noticably increases. 
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ɸʥʥʦʪʘʮʠʷ. ʈʘʩʩʤʦʪʨʝʥʘ ʥʝʧʘʨʘʢʩʠʘʣʴʥʘʷ ʵʚʦʣʶʮʠʷ ʚʦʣʥʦʚʳʭ ʧʘʢʝʪʦʚ ʚ ʦʧʪʠʯʝʩʢʠʭ 

ʚʦʣʥʦʚʦʜʘʭ ʩ ʠʩʧʦʣʴʟʦʚʘʥʠʝʤ ʢʚʘʥʪʦʚʦ-ʪʝʦʨʝʪʠʯʝʩʢʦʛʦ ʤʝʪʦʜʘ ʢʦʛʝʨʝʥʪʥʳʭ ʩʦʩʪʦʷʥʠʡ. 

ʇʨʦʜʝʤʦʥʩʪʨʠʨʦʚʘʥ ʢʦʣʣʘʧʩ ʠ ʚʦʟʦʙʥʦʚʣʝʥʠʝ ʚʦʣʥʦʚʳʭ ʧʘʢʝʪʦʚ ʧʨʠ ʥʝʧʘʨʘʢʩʠʘʣʴʥʦʡ 

ʵʚʦʣʶʮʠʠ ʚ ʤʥʦʛʦʤʦʜʦʚʦʤ ʚʦʣʥʦʚʦʜʝ ʚʩʣʝʜʩʪʚʠʝ ʠʥʪʝʨʬʝʨʝʥʮʠʠ ʤʦʜ. ʇʦʢʘʟʘʥʘ ʚʦʟ-

ʤʦʞʥʦʩʪʴ ʠʟʤʝʨʝʥʠʷ ʩʤʝʱʝʥʠʡ ʧʦʨʷʜʢʘ 10ï19 ʤ ʤʝʞʜʫ ʜʚʫʤʷ ʩʦʩʪʳʢʦʚʘʥʥʳʤʠ ʚʦʣʥʦ-

ʚʦʜʘʤʠ, ʯʪʦ ʜʦʩʪʘʪʦʯʥʦ ʜʣʷ ʦʙʥʘʨʫʞʝʥʠʷ ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʚʦʣʥ [1]. ʊʘʢʞʝ ʨʘʩʩʤʘʪʨʠ-

ʚʘʝʪʩʷ ʤʘʣʦʛʘʙʘʨʠʪʥʳʡ ʥʘʩʪʦʣʴʥʳʡ ʣʘʟʝʨʥʳʡ ʠʥʪʝʨʬʝʨʦʤʝʪʨ ʩ ʨʝʟʦʥʘʪʦʨʘʤʠ ʌʘʙʨʠ ð 

ʇʝʨʦ, ʩʦʩʪʦʷʱʠʤʠ ʠʟ ʜʚʫʭ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦ-ʨʘʩʧʨʝʜʝʣʝʥʥʳʭ çʟʝʨʢʘʣè, ʜʣʷ ʦʙʥʘʨʫʞʝ-

ʥʠʷ ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʚʦʣʥ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʦʧʪʠʯʝʩʢʠʝ ʤʝʪʦʜʳ ʦʙʥʘʨʫʞʝʥʠʷ ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʚʦʣʥ, ʢʦʛʝʨʝʥʪ-

ʥʳʝ ʩʦʩʪʦʷʥʠʷ, ʦʧʪʠʯʝʩʢʠʡ ʨʳʯʘʛ, ʠʥʪʝʨʬʝʨʦʤʝʪʨ ʄʘʭʘ ð ʎʘʥʜʝʨʘ, ʨʝʟʦʥʘʪʦʨ ʌʘʙ-

ʨʠ ð ʇʝʨʦ 

ɺʚʝʜʝʥʠʝ. ʅʝʩʤʦʪʨʷ ʥʘ ʩʫʱʝʩʪʚʦʚʘʥʠʝ ʥʝʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ ʢʣʘʩʩʠʯʝʩʢʦʡ  

ʠ ʢʚʘʥʪʦʚʦʡ ʤʝʭʘʥʠʢʠ ʠ ʦʧʪʠʢʠ, ʤʝʞʜʫ ʢʣʘʩʩʠʯʝʩʢʦʡ ʦʧʪʠʢʦʡ ʠ ʢʚʘʥʪʦʚʦʡ 

ʬʠʟʠʢʦʡ ʤʦʞʥʦ ʥʘʡʪʠ ʦʯʝʥʴ ʙʣʠʟʢʠʝ ʘʥʘʣʦʛʠʠ. ʊʘʢʠʝ ʘʥʘʣʦʛʠʠ ʧʦʟʚʦʣʷʶʪ 

ʠʤʠʪʠʨʦʚʘʪʴ ʢʚʘʥʪʦʚʳʝ ʷʚʣʝʥʠʷ ʧʦʩʨʝʜʩʪʚʦʤ ʤʦʜʝʣʠʨʦʚʘʥʠʷ ʨʘʩʧʨʦʩʪʨʘʥʝ-

ʥʠʷ ʩʚʝʪʘ ʚ ʢʣʘʩʩʠʯʝʩʢʠʭ ʩʠʩʪʝʤʘʭ. ʕʪʦ ʦʪʢʨʳʚʘʝʪ ʚʦʟʤʦʞʥʦʩʪʠ ʜʣʷ ʚʠʟʫʘʣʠ-

ʟʘʮʠʠ ʢʚʘʥʪʦʚʳʭ ʷʚʣʝʥʠʡ, ʪʘʢʠʭ ʢʘʢ ʩʦʩʪʦʷʥʠʝ ʢʦʪʘ ʐʨʝʜʠʥʛʝʨʘ, ʩʞʘʪʳʝ ʩʦ-

ʩʪʦʷʥʠʷ, ʢʦʣʣʘʧʩ ʠ ʚʦʟʦʙʥʦʚʣʝʥʠʝ, ʥʘ ʤʘʢʨʦʩʢʦʧʠʯʝʩʢʦʤ ʫʨʦʚʥʝ [2]. ʕʪʠ 

ʷʚʣʝʥʠʷ ʧʨʝʜʩʪʘʚʣʷʶʪ ʙʦʣʴʰʦʡ ʠʥʪʝʨʝʩ ʚʦ ʤʥʦʛʠʭ ʦʙʣʘʩʪʷʭ ʬʠʟʠʢʠ, ʪʘʢʠʭ 

ʢʘʢ ʢʚʘʥʪʦʚʘʷ ʦʧʪʠʢʘ, ʢʚʘʥʪʦʚʳʝ ʚʳʯʠʩʣʝʥʠʷ ʠ ʧʨʝʮʠʟʠʦʥʥʳʝ ʠʟʤʝʨʝʥʠʷ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɼʣʷ ʦʙʥʘʨʫʞʝʥʠʷ ʯʨʝʟʚʳʯʘʡʥʦ ʤʘ-

ʣʦʛʦ ʩʤʝʱʝʥʠʷ ʚ ʣʘʟʝʨʥʳʭ ʛʨʘʚʠʪʘʮʠʦʥʥʦ-ʚʦʣʥʦʚʳʭ ʵʢʩʧʝʨʠʤʝʥʪʘʭ ʤʦʞʥʦ 

ʠʩʧʦʣʴʟʦʚʘʪʴ ʦʧʪʠʯʝʩʢʠʡ ʨʳʯʘʛ, ʩʦʩʪʦʷʱʠʡ ʠʟ ʜʚʫʭ ʩʦʩʪʳʢʦʚʘʥʥʳʭ ʚʦʣʥʦʚʦ-

ʜʦʚ (ʨʠʩ. 1). ʉʤʝʱʝʥʠʝ ʦʩʠ ʤʝʞʜʫ ʜʚʫʤʷ ʚʦʣʥʦʚʦʜʘʤʠ, ʚʳʟʚʘʥʥʦʝ ʛʨʘʚʠʪʘʮʠ-

ʦʥʥʦʡ ʚʦʣʥʦʡ, ʧʦʚʣʠʷʝʪ ʥʘ ʚʳʭʦʜʥʳʝ ʧʘʨʘʤʝʪʨʳ ʨʘʩʧʨʦʩʪʨʘʥʷʶʱʝʛʦʩʷ ʧʫʯ-

ʢʘ. ɺ ʢʘʯʝʩʪʚʝ ʚʳʭʦʜʥʦʛʦ ʧʘʨʘʤʝʪʨʘ ʤʦʞʥʦ ʚʳʙʨʘʪʴ ʠʟʤʝʥʝʥʠʝ ʬʘʟʳ 

ʚʦʣʥʦʚʦʛʦ ʧʘʢʝʪʘ. ʈʘʩʯʝʪʳ ʧʦʢʘʟʳʚʘʶʪ, ʯʪʦ ʠʤʝʶʪ ʤʝʩʪʦ ʬʘʟʦʚʳʝ ʩʜʚʠʛʠ ʧʦ-

ʨʷʜʢʘ ‏‰θ ρπ  ʨʘʜ, ʢʦʪʦʨʳʝ ʤʦʞʥʦ ʣʝʛʢʦ ʥʘʙʣʶʜʘʪʴ ʠʟ ʠʟʤʝʨʝʥʠʡ. 

ʂʨʘʡʥʝ ʞʝʣʘʪʝʣʴʥʦ ʠʤʝʪʴ ʢʦʤʧʘʢʪʥʳʡ ʣʘʟʝʨʥʳʡ ʠʥʪʝʨʬʝʨʦʤʝʪʨ ʜʣʷ ʦʙ-

ʥʘʨʫʞʝʥʠʷ ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʚʦʣʥ [3]. ɿʜʝʩʴ ʧʨʝʜʣʘʛʘʝʪʩʷ ʤʘʣʦʛʘʙʘʨʠʪʥʳʡ 

ʥʘʩʪʦʣʴʥʳʡ ʣʘʟʝʨʥʳʡ ʠʥʪʝʨʬʝʨʦʤʝʪʨ ʩ ʨʝʟʦʥʘʪʦʨʘʤʠ ʌʘʙʨʠ ð ʇʝʨʦ, ʩʦʩʪʦ-

ʷʱʠʡ ʠʟ ʜʚʫʭ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦ-ʨʘʩʧʨʝʜʝʣʝʥʥʳʭ çʟʝʨʢʘʣè (ʨʠʩ. 2, ʘ). 
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ʐʠʨʠʥʘ ʣʠʥʠʠ ʧʨʦʧʫʩʢʘʥʠʷ ʤʦʞʝʪ ʜʦʩʪʠʛʘʪʴ ʟʥʘʯʝʥʠʡ ‏Ὧ ρπ  ʩʤï1 
ʧʨʠ ʨʘʩʩʪʦʷʥʠʠ ʤʝʞʜʫ ʟʝʨʢʘʣʘʤʠ d = 1 ʤ ʜʣʷ ʜʣʠʥʳ ʚʦʣʥʳ ʠʟʣʫʯʝʥʠʷ 630 ʥʤ. 

ʕʪʦ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʩʧʝʢʪʨʘʣʴʥʦʤʫ ʨʘʟʨʝʰʝʥʠʶ ‏‗‗ ὯὯ‏ ρπϳϳ . 

ɿʘʢʣʶʯʝʥʠʝ. ʈʝʟʫʣʴʪʘʪʳ ʤʦʛʫʪ ʙʳʪʴ ʧʦʣʝʟʥʳ ʚ ʨʘʟʣʠʯʥʳʭ ʦʙʣʘʩʪʷʭ, 

ʥʘʧʨʠʤʝʨ, ʚ ʵʢʩʧʝʨʠʤʝʥʪʘʭ ʩ ʛʨʘʚʠʪʘʮʠʦʥʥʳʤʠ ʚʦʣʥʘʤʠ, ʩʧʝʢʪʨʦʩʢʦʧʠʠ ʚʳ-

ʩʦʢʦʛʦ ʨʘʟʨʝʰʝʥʠʷ, ʢʚʘʥʪʦʚʦʡ ʦʙʨʘʙʦʪʢʝ ʠʥʬʦʨʤʘʮʠʠ ʠ ʤʝʪʨʦʣʦʛʠʠ. 
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Abstract. A long-term nonparaxial evolution of wave beams in multimode optical wave-

guides is considered using a quantum-theoretical approach of coherent states. Collapse and 

revival of wave packets at long-term nonparaxial evolution due to mode interference is 

demonstrated. The possibility of measuring displacements of the order of 10ï19 m between 

two butt-jointed waveguides is shown, which is sufficient to detect gravitational waves [1]. 

A small-sized tabletop laser interferometer with Fabry ð Perot resonators consisting of two 

spatially distributed ñmirrorsò for detecting gravitational waves is also considered. 

Keywords: optical methods for detecting gravitational waves, coherent states, optical lever, 

Mach ð Zehnder interferometer, Fabry ð Perot resonator, periodic diffraction structure, 

spectral resolution 

Introduction.  Despite the existence of the nonequivalence of classical and quan-

tum mechanics and optics, very close analogies can be found between classical op-

tics and quantum physics. Such analogies allow us quantum phenomena by means 

of light propagation in classical systems to be mimicked. This opens possibilities to 

visualize quantum phenomena, such as Schrodinger catôs state, squeezing, and col-

lapse and revival, at a macroscopic level [2]. These phenomena are of great interest 

in many fields of physics such as quantum optics, quantum computation and preci-

sion measurements. 

Methods and materials; results. To detect such a small mechanical dis-

placement in laser gravitational-wave experiments the optical lever consisting of 

two butt-jointed waveguides (fig. 1) can be considered. 

 

 
 

Fig. 1. {ŎƘŜƳŜ ŦƻǊ ŎƻǳǇƭƛƴƎ ŀ ƳŜŎƘŀƴƛŎŀƭ ƻǎŎƛƭƭŀǘƻǊΩǎ Ǉƻǎƛǘƛƻƴ  
to optical butt-jointed waveguides W1 and W2:  

L τ laser, P τ photodetector 

 

Axis displacement between two waveguides caused by the gravitational wave 

will affect output parameters of a propagating beam. As an output parameter the 
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phase change of wave packet can be selected. Calculations show that the phase 

shifts of the order ‏‰θ ρπ  rad take place, which can be easily observed from 

measurements. Note that in the LIGO interferometer the measurement of 10ī18 m 

requires a phase shift measurement of 10ī9 rad [1]. 

It is highly desirable to have a compact laser interferometer for detecting grav-

itational waves [3]. Here, a small-sized tabletop laser interferometer with Fabry ð 

Perot resonators consisting of two spatially distributed ñmirrorsò for detecting 

gravitational waves is proposed (Fig. 2a). A method for detecting gravitational 

waves is proposed based on the measurement of the correlation function of the ra-

diation intensities of non-zero-order resonant modes from the two arms of the 

Mach ð Zehnder interferometer. The influence of light absorption in crystals on 

the limiting resolution of such resonators is studied. A higher sensitivity of the in-

terferometer to shorter-wave laser radiation is shown.  
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Fig. 2. (a) Optical scheme of Mach-Zehnder interferometer with periodical structures as reflecting mirrors. 1τ
laser, 2τbeam splitter, 3τmirror, 4τFabry-Perot resonator with periodical structures, 5τphotodetector; (b) 

transmittance as function of detuning ЎὯ 

 

The line width of the transmittance can reach the values of ‏Ὧ ρπ  cmï1 at 

a distance between the mirrors d = 1 m for the radiation wavelength 630 nm. This 

indicates that the spectral resolution is equal to ‏‗‗ ὯὯ‏ ρπϳϳ . 

Conclusion. Results may be useful in various fields, e. g. in gravitational wave 

experiments, high precision spectroscopy, and quantum information processing and 

metrology. 
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ɸʥʥʦʪʘʮʠʷ. ʇʦʢʘʟʘʥʦ, ʯʪʦ ʩʫʱʝʩʪʚʫʝʪ ʩʦʦʪʚʝʪʩʪʚʠʝ ʤʝʞʜʫ ʫʨʘʚʥʝʥʠʷʤʠ ʪʝʦʨʠʠ ʧʦ-

ʣʷ, ʪʘʢʠʤʠ ʢʘʢ ʫʨʘʚʥʝʥʠʷ ɼʠʨʘʢʘ, ʐʨʝʜʠʥʛʝʨʘ, ʄʘʢʩʚʝʣʣʘ, ʕʡʥʰʪʝʡʥʘ, ʠ ʟʘʤʢʥʫʪʳ-

ʤʠ ʚʥʝʰʥʠʤʠ ʬʦʨʤʘʤʠ ʦʧʨʝʜʝʣʝʥʥʦʡ ʩʪʝʧʝʥʠ. ʊʘʢʦʝ ʩʦʦʪʚʝʪʩʪʚʠʝ ʤʝʞʜʫ ʫʨʘʚʥʝʥʠ-

ʷʤʠ ʪʝʦʨʠʠ ʧʦʣʷ ʠ ʟʘʤʢʥʫʪʳʤʠ ʚʥʝʰʥʠʤʠ ʬʦʨʤʘʤʠ ʦʧʨʝʜʝʣʝʥʥʦʡ ʩʪʝʧʝʥʠ 

ʨʘʩʢʨʳʚʘʝʪ ʚʥʫʪʨʝʥʥʶʶ ʩʚʷʟʴ ʤʝʞʜʫ ʫʨʘʚʥʝʥʠʷʤʠ ʪʝʦʨʠʠ ʧʦʣʷ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʫʨʘʚʥʝʥʠʷ ʪʝʦʨʠʠ ʧʦʣʷ, ʢʦʩʦʩʠʤʤʝʪʨʠʯʥʳʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʝ 

ʬʦʨʤʳ, ʟʘʢʦʥʳ ʩʦʭʨʘʥʝʥʠʷ, ʬʫʥʢʮʠʦʥʘʣʳ, ʩʪʝʧʝʥʴ ʟʘʤʢʥʫʪʳʭ ʚʥʝʰʥʠʭ ʬʦʨʤ 

ɺʚʝʜʝʥʠʝ. ʂʘʢ ʠʟʚʝʩʪʥʦ, ʫʨʘʚʥʝʥʠʷ ʪʝʦʨʠʠ ʧʦʣʷ, ʦʧʠʩʳʚʘʶʱʠʝ ʬʠʟʠʯʝʩʢʠʝ 

ʧʦʣʷ, ʪʘʢʠʝ ʢʘʢ ʫʨʘʚʥʝʥʠʷ ɼʠʨʘʢʘ, ʐʨʝʜʠʥʛʝʨʘ, ʄʘʢʩʚʝʣʣʘ, ʕʡʥʰʪʝʡʥʘ, ʦʩ-

ʥʦʚʳʚʘʶʪʩʷ ʥʘ ʩʚʦʡʩʪʚʘʭ ʠʥʚʘʨʠʘʥʪʥʦʩʪʠ ʠ ʢʦʚʘʨʠʘʥʪʥʦʩʪʠ. ʆʢʘʟʳʚʘʝʪʩʷ, 

ʯʪʦ ʩʫʱʝʩʪʚʫʝʪ ʤʘʪʝʤʘʪʠʯʝʩʢʠʡ ʬʦʨʤʘʣʠʟʤ, ʢʦʪʦʨʳʡ ʦʙʣʘʜʘʝʪ ʵʪʠʤʠ ʩʚʦʡ-

ʩʪʚʘʤʠ. ʕʪʦ ʪʝʦʨʠʷ ʟʘʤʢʥʫʪʳʭ ʢʦʩʦʩʠʤʤʝʪʨʠʯʥʳʭ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʬʦʨʤ 

[1ï3]. ɿʘʤʢʥʫʪʳʝ ʚʥʝʰʥʠʝ ʬʦʨʤʳ, ʧʨʠʤʝʨʦʤ ʢʦʪʦʨʳʭ ʷʚʣʷʝʪʩʷ ʪʝʦʨʝʤʘ ʅʝ-

ʪʝʨ, ʷʚʣʷʶʪʩʷ ʜʠʬʬʝʨʝʥʮʠʘʣʘʤʠ, ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʠʥʚʘʨʠʘʥʪʘʤʠ, ʠ ʩʦʦʪʚʝʪ-

ʩʪʚʫʶʪ ʟʘʢʦʥʘʤ ʩʦʭʨʘʥʝʥʠʷ ʜʣʷ ʬʠʟʠʯʝʩʢʠʭ ʧʦʣʝʡ (ʥʘʣʠʯʠʝʤ ʩʦʭʨʘʥʷʶʱʠʭʩʷ 

ʚʝʣʠʯʠʥ ʠʣʠ ʩʪʨʫʢʪʫʨ), ʢʦʪʦʨʳʝ ʦʧʠʩʳʚʘʶʪʩʷ ʫʨʘʚʥʝʥʠʷʤʠ ʪʝʦʨʠʠ ʧʦʣʷ. ʇʨʠ 

ʵʪʦʤ ʜʫʘʣʴʥʳʝ ʬʦʨʤʳ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʟʘʤʢʥʫʪʳʤ ʥʝʪʦʯʥʳʤ (ʦʧʨʝʜʝʣʝʥ-

ʥʳʤ ʪʦʣʴʢʦ ʥʘ ʠʥʪʝʛʨʠʨʫʝʤʳʭ ʩʪʨʫʢʪʫʨʘʭ) ʚʥʝʰʥʠʤ ʬʦʨʤʘʤ, ʦʙʣʘʜʘʶʪ ʢʦʚʘ-

ʨʠʘʥʪʥʳʤʠ ʩʚʦʡʩʪʚʘʤʠ. ʕʪʦ ʫʢʘʟʳʚʘʝʪ ʥʘ ʩʦʦʪʚʝʪʩʪʚʠʝ ʤʝʞʜʫ ʫʨʘʚʥʝʥʠʷʤʠ 

ʪʝʦʨʠʠ ʧʦʣʷ ʠ ʟʘʤʢʥʫʪʳʤʠ ʚʥʝʰʥʠʤʠ ʬʦʨʤʘʤʠ ʦʧʨʝʜʝʣʝʥʥʦʡ ʩʪʝʧʝʥʠ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɹʳʣʦ ʧʨʦʚʝʜʝʥʦ ʠʩʩʣʝʜʦʚʘʥʠʝ 

ʫʨʘʚʥʝʥʠʡ ʪʝʦʨʠʠ ʧʦʣʷ ʩ ʧʦʤʦʱʴʶ ʟʘʤʢʥʫʪʳʭ ʚʥʝʰʥʠʭ ʢʦʩʦʩʠʤʤʝʪʨʠʯʥʳʭ 

ʬʦʨʤ, ʢʦʪʦʨʦʝ ʧʦʢʘʟʘʣʦ, ʯʪʦ ʩʫʱʝʩʪʚʫʝʪ ʩʦʦʪʚʝʪʩʪʚʠʝ ʤʝʞʜʫ ʫʨʘʚʥʝʥʠʷʤʠ 

ʪʝʦʨʠʠ ʧʦʣʷ ʠ ʟʘʤʢʥʫʪʳʤʠ ʚʥʝʰʥʠʤʠ ʢʦʩʦʩʠʤʤʝʪʨʠʯʥʳʤʠ ʬʦʨʤʘʤʠ ʦʧʨʝʜʝ-

ʣʝʥʥʦʡ ʩʪʝʧʝʥʠ. ʇʨʠ ʵʪʦʤ ʫʨʘʚʥʝʥʠʷʤ ɼʠʨʘʢʘ ʠ ʐʨʝʜʠʥʛʝʨʘ ʜʣʷ ʚʦʣʥʦʚʦʡ 

ʬʫʥʢʮʠʠ ʩʦʦʪʚʝʪʩʪʚʫʶʪ ʟʘʤʢʥʫʪʳʝ ʚʥʝʰʥʠʝ ʬʦʨʤʳ ʥʫʣʝʚʦʡ ʩʪʝʧʝʥʠ. ʋʨʘʚ-

ʥʝʥʠʶ ʐʨʝʜʠʥʛʝʨʘ ʜʣʷ ʬʫʥʢʮʠʦʥʘʣʘ ʩʦʩʪʦʷʥʠʷ ʩʦʦʪʚʝʪʩʪʚʫʶʪ ʟʘʤʢʥʫʪʳʝ 

ʚʥʝʰʥʠʝ ʬʦʨʤʳ ʧʝʨʚʦʡ ʩʪʝʧʝʥʠ. ɿʘʤʢʥʫʪʳʝ ʚʥʝʰʥʠʝ ʬʦʨʤʳ ʚʪʦʨʦʡ ʩʪʝʧʝʥʠ 

ʣʝʞʘʪ ʚ ʦʩʥʦʚʝ ʫʨʘʚʥʝʥʠʡ ʄʘʢʩʚʝʣʣʘ. ʋʨʘʚʥʝʥʠʝ ʕʡʥʰʪʝʡʥʘ ʜʣʷ ʛʨʘʚʠʪʘʮʠ-

ʦʥʥʦʛʦ ʧʦʣʷ [4] ʩʦʩʪʦʠʪ ʠʟ ʢʦʚʘʨʠʘʥʪʥʳʭ ʪʝʥʟʦʨʦʚ, ʢʦʪʦʨʳʤ ʩʦʦʪʚʝʪʩʪʚʫʶʪ 

ʟʘʤʢʥʫʪʳʝ ʚʥʝʰʥʠʝ ʬʦʨʤʳ ʚʪʦʨʦʡ ʩʪʝʧʝʥʠ. ʆʜʥʘʢʦ, ʢʦʚʘʨʠʘʥʪʥʳʝ ʪʝʥʟʦʨʳ 

ʫʨʘʚʥʝʥʠʷ ʕʡʥʰʪʝʡʥʘ ʧʦʣʫʯʝʥʳ ʠʟ ʢʦʚʘʨʠʘʥʪʥʳʭ ʪʝʥʟʦʨʦʚ, ʢʦʪʦʨʳʤ ʩʦʦʪ-

ʚʝʪʩʪʚʫʶʪ ʟʘʤʢʥʫʪʳʝ ʚʥʝʰʥʠʝ ʬʦʨʤʳ ʪʨʝʪʴʝʡ ʩʪʝʧʝʥʠ. ʊʘʢʦʝ ʩʦʦʪʚʝʪʩʪʚʠʝ 

ʤʝʞʜʫ ʫʨʘʚʥʝʥʠʷʤʠ ʪʝʦʨʠʠ ʧʦʣʷ ʠ ʟʘʤʢʥʫʪʳʤʠ ʚʥʝʰʥʠʤʠ ʬʦʨʤʘʤʠ ʦʧʨʝʜʝ-

ʣʝʥʥʦʡ ʩʪʝʧʝʥʠ ʨʘʩʢʨʳʚʘʝʪ ʚʥʫʪʨʝʥʥʶʶ ʩʚʷʟʴ ʤʝʞʜʫ ʫʨʘʚʥʝʥʠʷʤʠ ʪʝʦʨʠʠ 
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ʧʦʣʷ ʠ ʧʦʢʘʟʳʚʘʝʪ, ʯʪʦ ʩʪʝʧʝʥʴ ʟʘʤʢʥʫʪʳʭ ʚʥʝʰʥʠʭ ʬʦʨʤ ʤʦʞʝʪ ʙʳʪʴ ʧʘʨʘ-

ʤʝʪʨʦʤ, ʦʙʲʝʜʠʥʷʶʱʠʡ ʪʝʦʨʠʠ ʧʦʣʷ ʚ ʝʜʠʥʫʶ ʪʝʦʨʠʶ ʧʦʣʷ.  

ʄʦʞʥʦ ʦʪʤʝʪʠʪʴ ʝʱʝ ʦʜʥʦ ʦʙʱʝʝ ʩʚʦʡʩʪʚʦ ʫʨʘʚʥʝʥʠʡ ʪʝʦʨʠʠ ʧʦʣʷ. ʆʥʠ 

ʷʚʣʷʶʪʩʷ ʩʦʦʪʥʦʰʝʥʠʷʤʠ ʜʣʷ ʬʫʥʢʮʠʦʥʘʣʦʚ, ʪʘʢʠʭ ʢʘʢ ʚʦʣʥʦʚʘʷ ʬʫʥʢʮʠʷ, 

ʬʫʥʢʮʠʦʥʘʣ ʜʝʡʩʪʚʠʷ, ʪʝʥʟʦʨ ʕʡʥʰʪʝʡʥʘ. ɼʣʷ ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʦʛʦ ʧʦʣʷ ʪʘʢʠʤ 

ʬʫʥʢʮʠʦʥʘʣʦʤ ʷʚʣʷʝʪʩʷ ʚʝʢʪʦʨ ʇʦʡʪʠʥʛʘ [5]. 

ɿʘʢʣʶʯʝʥʠʝ. ɹʳʣʦ ʧʦʢʘʟʘʥʦ, ʯʪʦ ʫʨʘʚʥʝʥʠʷ ʪʝʦʨʠʠ ʧʦʣʷ ʙʘʟʠʨʫʶʪʩʷ ʥʘ 

ʩʚʦʡʩʪʚʘʭ ʟʘʤʢʥʫʪʳʭ ʚʥʝʰʥʠʭ ʬʦʨʤ, ʢʦʪʦʨʳʝ ʷʚʣʷʶʪʩʷ ʜʠʬʬʝʨʝʥʮʠʘʣʘʤʠ ʠ 

ʦʙʣʘʜʘʶʪ ʠʥʚʘʨʠʘʥʪʥʳʤʠ ʠ ʢʦʚʘʨʠʘʥʪʥʳʤʠ ʩʚʦʡʩʪʚʘʤʠ. ʇʨʠ ʵʪʦʤ ʫʨʘʚʥʝʥʠʷ 

ʪʝʦʨʠʠ ʧʦʣʷ, ʦʧʠʩʳʚʘʶʱʠʝ ʬʠʟʠʯʝʩʢʠʝ ʧʦʣʷ ʨʘʟʥʦʛʦ ʪʠʧʘ, ʩʚʷʟʘʥʳ ʩ ʟʘʤʢʥʫ-

ʪʳʤʠ ʚʥʝʰʥʠʤʠ ʬʦʨʤʘʤʠ ʦʧʨʝʜʝʣʝʥʥʦʡ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʡ, ʩʪʝʧʝʥʠ. ʕʪʦ 

ʨʘʩʢʨʳʚʘʝʪ ʚʥʫʪʨʝʥʥʶʶ ʩʚʷʟʴ ʫʨʘʚʥʝʥʠʡ ʪʝʦʨʠʠ ʧʦʣʷ, ʦʙʲʝʜʠʥʷʝʪ ʪʝʦʨʠʠ 

ʧʦʣʷ, ʠ ʤʦʞʝʪ ʩʣʫʞʠʪʴ ʧʦʜʭʦʜʦʤ ʢ ʝʜʠʥʦʡ ʪʝʦʨʠʠ ʧʦʣʷ. 
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Abstract. It has been demonstrated that a correspondence exists between field theory equa-

tions like Dirac, Schrºdinger, Maxwell, and Einstein equations, and closed exterior forms 

of a specific degree. This correspondence unveils an intrinsic connection among the field 

theory equations. 

Keywords: the field theory equations, skew-symmetric differential forms, conservation 

laws, functionals, degree of closed external forms 

Introduction.  As is known, the equations of field theory describing physical fields, 

such as the equations of Dirac, Schrºdinger, Maxwell, Einstein, are based on the 

properties of invariance and covariance. It turns out that there is a mathematical 
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formalism that has these properties. This is the theory of closed skew-symmetric 

differential forms [1, 2]. Closed external forms, an example of which is Noether's 

theorem, are differentials, and therefore invariants, and correspond to conservation 

laws for physical fields (the presence of conserved quantities or structures) that are 

described by the equations of field theory. At the same time, dual forms corre-

sponding to closed imprecise (defined only on integrable structures) external forms 

have covariant properties. This indicates a correspondence between the equations 

of field theory and closed external forms of a certain degree.  

Methods and materials; results. The study of field theory equations using 

closed external skew-symmetric forms was conducted, which showed that there is a 

correspondence between the equations of field theory and closed external skew-

symmetric forms of a certain degree. 

In this case, the Dirac and Schrºdinger equations for the wave function corre-

spond to closed external forms of degree zero. The Schrºdinger equation for the 

state functional corresponds to closed external forms of degree one. Closed exter-

nal forms of degree two are the basis of Maxwell's equations. The Einstein equa-

tion for the gravitational field [3] consists of covariant tensors, which correspond to 

closed external forms of degree two. However, the covariant tensors of the Einstein 

equation are obtained from covariant tensors, which correspond to closed external 

forms of degree three. 

Such a correspondence between the equations of field theory and closed exter-

nal forms of degree one reveals the internal connection between the equations of 

field theory and shows that the degree of closed external forms can be a parameter 

that unites field theories into a single field theory. Another general property of field 

theory equations can be noted. They are relations for functionals such as the wave 

function, the action functional, and the Einstein tensor. For the electromagnetic 

field, such a functional is the Poynting vector [4]. 

Conclusion. It has been shown that the equations of field theory are based on 

the properties of closed external forms, which are differentials and have invariant and 

covariant properties. At the same time, the equations of field theory describing phys-

ical fields of different types are associated with closed external forms of a certain, 

corresponding, degree. This reveals the internal connection of the equations of field 

theory, unites field theories, and can serve as an approach to unified field theory. 
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Abstract. The instantaneous frequency evolution of gravitational waves emitted by a coa-

lescing binary system can be retrieved using the Wigner-Ville time-frequency representa-

tion [1], via Weinstein uniform asymptotic expansion yielding a (delta-like) Airy function 

[2ï4]. The estimation bias can evaluated in closed form, and easily removed. The estimated 

instantaneous-frequency line and the related source chirp-mass estimate are robust against 

higher-order post-Newtonian corrections, non-ideal (non-Gaussian, non-stationary) noise 

features and (any) orbital eccentricity [5]. Numerical implementation and computational 

burden are discussed. A correlation-detector [6] based on Moyal formula [1] is analysed, 

and its performance-degradation under extreme (1-bit) data compression is evaluated.  

Keywords: coalescing binary systems, Gravitational wave detection, source parameters 

estimation, time-frequency representations 
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ɸʥʥʦʪʘʮʠʷ. ʇʨʝʜʩʪʘʚʣʝʥʦ ʦʧʠʩʘʥʠʝ ʦʩʥʦʚʥʳʭ ʟʘʜʘʯ ʚ ʦʙʣʘʩʪʠ ʘʩʪʨʦʬʠʟʠʢʠ ʠ ʬʫʥ-

ʜʘʤʝʥʪʘʣʴʥʦʡ ʛʨʘʚʠʪʘʮʠʠ, ʢʦʪʦʨʳʝ ʧʣʘʥʠʨʫʝʪʩʷ ʨʝʰʘʪʴ ʩ ʧʦʤʦʱʴʶ ʢʦʩʤʠʯʝʩʢʠʭ 

ʣʘʟʝʨʥʳʭ ʠʥʪʝʨʬʝʨʦʤʝʪʨʦʚ ʜʣʷ ʠʟʤʝʨʝʥʠʷ ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʚʦʣʥ ʚ ʤɻʮ ʜʠʘʧʘʟʦʥʝ 

ʯʘʩʪʦʪ, ʥʘʭʦʜʷʱʠʭʩʷ ʚ ʩʪʘʜʠʠ ʨʘʟʨʘʙʦʪʢʠ. ʂʦʥʢʨʝʪʥʳʝ ʧʨʠʤʝʨʳ ʜʘʥʳ ʜʣʷ ʯʫʚʩʪʚʠ-

ʪʝʣʴʥʦʩʪʠ ʧʨʦʝʢʪʘ TianQin (ʂʅʈ). 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʢʦʩʤʠʯʝʩʢʠʝ ʣʘʟʝʨʥʳʝ ʠʥʪʝʨʬʝʨʦʤʝʪʨʳ, ʛʨʘʚʠʪʘʮʠʦʥʥʳʝ ʚʦʣʥʳ, 

ʪʝʦʨʠʷ ʛʨʘʚʠʪʘʮʠʠ, ʢʦʩʤʦʣʦʛʠʷ 

ɺʚʝʜʝʥʠʝ. ʈʘʟʨʘʙʘʪʳʚʘʝʤʳʝ ʚ ʥʘʩʪʦʷʱʝʝ ʚʨʝʤʷ ʧʨʦʝʢʪʳ ʢʦʩʤʠʯʝʩʢʠʭ ʣʘʟʝʨ-

ʥʳʭ ʠʥʪʝʨʬʝʨʦʤʝʪʨʦʚ ʜʣʷ ʜʝʪʝʢʪʠʨʦʚʘʥʠʷ ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʚʦʣʥ (ɻɺ) ʚ ʤɻʮ 

ʜʠʘʧʘʟʦʥʝ ʯʘʩʪʦʪ ʚʢʣʶʯʘʶʪ ʢʦʥʬʠʛʫʨʘʮʠʶ ʠʟ 3 ʩʧʫʪʥʠʢʦʚ ʥʘ ʛʝʦʩʪʘʮʠʦʥʘʨʥʦʡ 

(TianQin) ʠʣʠ ʛʝʣʠʦʮʝʥʪʨʠʯʝʩʢʦʡ (LISA, Taiji, Decigo) ʦʨʙʠʪʝ. ʊʠʧʠʯʥʦʝ ʨʘʩ-

ʩʪʦʷʥʠʝ ʤʝʞʜʫ ʩʧʫʪʥʠʢʘʤʠ L = 103ī1,5Ĭ105ī106 ʢʤ. ʎʝʣʝʚʳʝ ʧʘʨʘʤʝʪʨʳ Tian-

Qin: ʰʫʤ ʠʟʤʝʨʝʥʠʷ ʧʦʣʦʞʝʥʠʷ S1/2
x = 10ī12 ʤ ɻʮī1/2, ʰʫʤ ʦʩʪʘʪʦʯʥʳʭ ʫʩʢʦʨʝʥʠʡ 

S1/2
a = 10ī15ʤ ʩ-2ɻʮī1/2 [1]. ʆʩʥʦʚʥʳʝ ʘʩʪʨʦʬʠʟʠʯʝʩʢʠʝ ʟʘʜʘʯʠ ð ʦʙʨʘʟʦʚʘʥʠʝ ʠ 

ʨʦʩʪ ʩʚʝʨʭʤʘʩʩʠʚʥʳʭ ʯʝʨʥʳʭ ʜʳʨ (ʉʄʏɼ), ʠʭ ʩʚʷʟʴ ʩ ʛʘʣʘʢʪʠʢʘʤʠ. ʌʫʥʜʘʤʝʥ-

ʪʘʣʴʥʘʷ ʬʠʟʠʢʘ: ʧʨʦʚʝʨʢʘ ʆʊʆ ʚ ʨʝʞʠʤʝ ʩʠʣʴʥʦʛʦ ʧʦʣʷ. ʂʦʩʤʦʣʦʛʠʷ: ʠʩʪʦʨʠʷ 

ʨʘʩʰʠʨʝʥʠʷ ɺʩʝʣʝʥʥʦʡ, ʠʟʤʝʨʝʥʠʝ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʧʘʨʘʤʝʪʨʦʚ. ɺʦʟʤʦʞʥʘʷ 

ʥʦʚʘʷ ʬʠʟʠʢʘ: ɻɺ ʦʪ ʬʘʟʦʚʳʭ ʧʝʨʝʭʦʜʦʚ 1 ʨʦʜʘ ʚ ʨʘʥʥʝʡ ɺʩʝʣʝʥʥʦʡ, ʧʨʦʚʝʨʢʘ 

ʨʘʩʰʠʨʝʥʠʡ ʆʊʆ ʠ ʧʦʠʩʢ ʥʦʚʳʭ ʬʫʥʜʘʤʝʥʪʘʣʴʥʳʭ ʧʦʣʝʡ [1]. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ. ʇʦʩʪʘʚʣʝʥʥʳʝ ʟʘʜʘʯʠ ʙʫʜʫʪ ʨʝʰʘʪʴʩʷ ʧʫʪʝʤ ʠʟ-

ʤʝʨʝʥʠʷ ɻɺ ʦʪ ɻʘʣʘʢʪʠʯʝʩʢʠʭ ʠʩʪʦʯʥʠʢʦʚ (ʫʣʴʪʨʘʪʝʩʥʳʝ ʜʚʦʡʥʳʝ ʩʠʩʪʝʤʳ: 

ʜʚʦʡʥʳʝ ʙʝʣʳʝ ʢʘʨʣʠʢʠ, ʩʠʩʪʝʤʳ ʪʠʧʘ AM CVn ʩ ʦʨʙʠʪʘʣʴʥʳʤ ʧʝʨʠʦʜʦʤ ʜʝ-

ʩʷʪʢʠ ʤʠʥʫʪ), ʦʪ ʩʣʠʚʘʶʱʠʭʩʷ ʜʚʦʡʥʳʝ ʏɼ ʟʚʝʟʜʥʳʭ ʤʘʩʩ ʜʦ ʢʨʘʩʥʳʭ ʩʤʝ-

ʱʝʥʠʡ z Ḑ 0, ʦʪ ʩʣʠʷʥʠʝ ʉʄʏɼ ʩ ʙʦʣʴʰʠʤ ʦʪʥʦʰʝʥʠʝʤ ʤʘʩʩ q Ḑ 10ī5ï10ī7, 

ʢʦʪʦʨʳʝ ʧʨʦʭʦʜʷʪ ʤʥʦʛʦ ʮʠʢʣʦʚ ʜʦ ʩʣʠʷʥʠʷ Ḑ 1/q, ʨʝʟʢʦ ʫʚʝʣʠʯʠʚʘʷ ʦʪʥʦʰʝ-

ʥʠʝ ʩʠʛʥʘʣʘ ʢ ʰʫʤʫ (ʛʦʨʠʟʦʥʪ ʨʝʛʠʩʪʨʘʮʠʠ ʜʦ z Ḑ 3). ɹʫʜʫʪ ʪʘʢʞʝ ʠʟʤʝʨʷʪʴʩʷ 

ʩʣʠʷʥʠʷ ʉʄʏɼ ʠ ʠʟʤʝʨʷʪʴʩʷ ʬʘʟʳ ɻɺ ʧʦʩʣʝʟʚʦʥʘ ʧʦʩʣʝ ʩʣʠʷʥʠʷ (ʜʦ z Ḑ 10). 

ʀʥʪʨʠʛʫʶʱʝʡ ʷʚʣʷʝʪʩʷ ʟʘʜʘʯʘ ʠʟʤʝʨʝʥʠʷ ʩʪʦʭʘʩʪʠʯʝʩʢʦʛʦ ʬʦʥʘ ɻɺ ʦʪ ʩʦʚʦ-

ʢʫʧʥʦʩʪʠ ʘʩʪʨʦʬʠʟʠʯʝʩʢʠʭ ʠʩʪʦʯʥʠʢʦʚ ʠ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʛʦ ɻɺ-ʬʦʥʘ.  

ɺ ʥʘʩʪʦʷʱʝʝ ʚʨʝʤʷ ʠʤʝʝʪʩʷ ʦʯʝʥʴ ʤʥʦʛʦ ʤʦʜʝʣʝʡ ʠ ʚʳʩʦʢʘ ʚʝʨʦʷʪʥʦʩʪʴ ʦʙʥʘ-

ʨʫʞʝʥʠʷ ʪʘʢʦʛʦ ʬʦʥʘ.  
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ɿʘʢʣʶʯʝʥʠʝ. ʈʘʟʨʘʙʘʪʳʚʘʝʤʳʝ ʩʝʛʦʜʥʷ ʢʦʩʤʠʯʝʩʢʠʝ ʣʘʟʝʨʥʳʝ ʠʥʪʝʨʬʝ-

ʨʦʤʝʪʨʳ (LISA, TianQin, Taiji, DECIGO) ʜʘʶʪ ʫʥʠʢʘʣʴʥʫʶ ʚʦʟʤʦʞʥʦʩʪʴ 

ʥʘʙʣʶʜʝʥʠʷ ʘʩʪʨʦʬʠʟʠʯʝʩʢʠʭ ɻɺ ʠʩʪʦʯʥʠʢʦʚ ʠ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ɻɺ ʬʦʥʦʚ  

ʚ ʤʠʣʣʠʛʝʨʮʦʚʦʤ ʜʠʘʧʘʟʦʥʝ ʯʘʩʪʦʪ. ʇʨʦʛʨʝʩʩ ʚ ʪʝʭʥʦʣʦʛʠʷʭ ʢʦʩʤʠʯʝʩʢʦʡ ʣʘ-

ʟʝʨʥʦʡ ʠʥʪʝʨʬʝʨʦʤʝʪʨʠʠ ʧʦʟʚʦʣʷʝʪ ʜʦʩʪʠʯʴ ʪʨʝʙʫʝʤʦʡ ʪʦʯʥʦʩʪʠ ʢ ʫʩʪʘʥʦʚ-

ʣʝʥʥʳʤ ʩʨʦʢʘʤ (ṃ 2034) [2]. ɹʦʣʴʰʦʝ ʦʪʥʦʰʝʥʠʝ ʩʠʛʥʘʣʘ ʢ ʰʫʤʫ ʜʣʷ ʘʩʪʨʦ-

ʬʠʟʠʯʝʩʢʠʭ ʠʩʪʦʯʥʠʢʦʚ ʚ ʤɻʮ ʜʠʘʧʘʟʦʥʝ ʧʦʟʚʦʣʷʝʪ ʧʨʦʚʝʨʷʪʴ ʥʝʣʠʥʝʡʥʳʝ 

ʵʬʬʝʢʪʳ ʆʊʆ ʠ ʝʝ ʨʘʩʰʠʨʝʥʠʡ, ʥʦʚʫʶ ʬʠʟʠʢʫ ʠ ʩʪʘʚʠʪʴ ʥʝʟʘʚʠʩʠʤʳʝ ʦʛʨʘ-

ʥʠʯʝʥʠʷ ʥʘ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʝ ʧʘʨʘʤʝʪʨʳ [3]. 

ʈʘʙʦʪʘ ʧʦʜʜʝʨʞʘʥʘ ʛʨʘʥʪʦʤ ʈʅʌ 23-42-00055. 
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Abstract. The description of the main problems in the field of astrophysics and fundamen-

tal gravitation, which are planned to be solved with the help of space laser interferometers 

for measuring gravitational waves in the mHz frequency range, which are under develop-

ment, is presented. Specific examples are given for the sensitivity of the TianQin project 

(PRC). 

Keywords: space laser interferometers, gravitational waves, theory of gravitation, cosmology 

Introduction . Space laser interferometers currently under development for the detec-

tion of gravitational waves (GW) in the mHz frequency range include a configuration 

of 3 satellites in geostationary (TianQin) or heliocentric (LISA, Taiji, DECIGO) or-

bit. Typical satellite spacing is L=103é1.5Ĭ105é106 km. Target parameters of 

TianQin: position measurement noise S1/2
x=10-12m Hz-1/2, residual acceleration noise 

S1/2
a=10ï15m sï2Hzï1/2 [1]. Main astrophysical problems ð formation and growth of 

supermassive black holes (SMBHs), their relation to galaxies. Fundamental physics: 

verification of GR in the strong field regime. Cosmology: history of the expansion of 

the Universe, measurement of cosmological parameters. Possible new physics: GW 

https://doi.org/10.1093/ptep/ptaa114
https://doi.org/10.48550/arXiv.2502.11328
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from phase transitions of the 1st kind in the early Universe, checking of GR exten-

sions and search for new fundamental fields [1]. 

Methods and Materials. The scientific tasks will be solved by measuring 

GWs from Galactic sources (ultrashort-period binary systems: double white 

dwarfs, AM CVn-type systems with orbital periods of tens of minutes), from merg-

ing binary BHs of stellar masses up to redshifts z Ḑ 0, from merging SMHDs with 

large mass ratios q Ḑ 10-5-10-7 that go through many cycles before merging Ḑ 1/q, 

dramatically increasing the signal-to-noise ratio (recording horizon up to z Ḑ 3). 

There will also be measurements of SMBH mergers and the post-merger GW ring-

down phases after the merger (up to z Ḑ 10). The task of measuring the stochastic 

GW background from astrophysical sources and the cosmological GW background 

is exciting. Currently, there are very many models available and the probability of 

detecting such a background is rather high. 

Conclusion. Space laser interferometers (LISA, TianQin, Taiji, DECIGO) be-

ing developed today provide a unique opportunity to observe astrophysical GW 

sources and cosmological GW backgrounds in the milliHertz frequency range. Ad-

vances in space laser interferometry technologies make it possible to achieve the 

required accuracy by the target date (ṃ 2034) [2]. The large signal-to-noise ratio 

for astrophysical sources in the mHz range allows us to test nonlinear GR effects 

and GR extensions, new physics, and to place independent constraints on cosmo-

logical parameters [3]. 

This work is supported by RSF grant 23-42-00055. 
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Abstract. In this paper, we have investigated the effects of Gauss-Bonnet (GB) extension 

on Einsteinôs gravity in 4-dimensions. Four different EoS such as SLy4, APR4, FPS and 

Togashi are considered. These EoS are used to model the massive neutron stars like PSR 

J2215+5135, PSR J1959+2048, PSR J1810+1744, PSR J0740+6620 and GW190814, 

which are in the neutron star-black hole (NS-BH) mass gap. We have calculated the mass 

and radius through the MīR curves for different values of the GB-coupling parameter for 

four different EoSs to examine the upper limit of masses that fall within the mass-gap. Our 

result shows that the positive branch of Ŭ is suitable for explaining the existence of massive 

neutron stars in the mass-gap. Bondiôs and static stability criteria have confirmed the stabil-

ity of these massive neutron stars. In fact, an increase in GB-coupling strength improves the 

stability of these massive neutron stars. Furthermore, the surface redshift of these massive 

neutron stars is below the maximum limit, i. e. Zs < 2. Finally, we have used the MīR 

curves with the observed masses to predict the radii of PSR J2215 + 5135, PSR J1959 + 

2048, PSR J1810 + 1754, PSR J0740 + 6620 and GW190814 in GR and 4D-EGB gravity. 

The predicted radii are in agreement with the constraints from the GW170817 event. Lastly, 

the maximum observed NS mass is fitted in the MīR curves implying that the range of Ŭ 

should be somewhere around 0 to 5 [km2]. 

Keywords: stars, neutron-stars, massive-black hole physics, analytical- equation of states 

Introduction.  Post Einstein general relativity (GR), there were lot of interest to 

explore the field of relativistic astrophysics. In 1931, Landau theorized the possi-

bilities of compact objects denser than white dwarfs with supra nuclear densities. 

Tolman [1] and Oppenheimer & Volkoff [2] developed the equation of hydrostatic 

equilibrium in the context of GR known as the TOV equations, which has been 

used to determine the maximum mass of compact objects. Unfortunately, deter 

mining the maximum masses of compact objects like neutron stars (NSs) are still  
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a mystery in modern astrophysics. In addition, the NS-BH mass gap (Ḑ 2ī5Mṩ) 

which is between the maximum mass of neutron stars and the least massive black 

holes (BH) is still unknown [3]. It has been argued that there are no compact ob-

jects between the mass gap. But recent observations have shown that the mass-gap 

as for compact objects as Ḑ 2.50ī2.67Mṩ [4]. We are in tending to investigate the 

mass-gap which can be done in two ways, such as extending GR or exploring more 

stiff equation of state (EoS) viz. Sly4, APR4, FPS and Togashi EoS.  

GR has effectively addressed many aspects of the universe, but it has limita-

tions, such as its inability to explain the NS-BH mass gap and its restriction to four 

dimensions. To address these shortcomings, we can modify the gravitational com-

ponent of the Einstein-Hilbert action, leading to the development of modified grav-

ity theories. We consider the gravitational part of the Einstein-Hilbert action with 

the generalization of Einsteinôs gravity to higher D dimensions, like Lovelock 

gravity [5, 6], which also can revert back to Einsteinôs theory in D = 4. In higher 

dimensions the Einstein-Gauss-Bonnet (EGB) gravity [7] can be formed by includ-

ing the Gauss-Bonnet term in the Einstein-Hilbert term. Though the GB term is 

topological in 4D, but can be redefined by a regularization technique by introduc-

ing quantum corrections to Einsteinôs gravity. In this theory, Lovelockôs theorem 

was bypassed, and as a result, the contribution of the GB term in gravitational dy-

namics becomes non-negligible, which enables 4D-EGB gravity. 

Methods and materials; results. It is necessary to solve the TOV equations to 

explore the connections between different physical quantities, such as the MīR 

curve. To numerically solve these equations, we apply the following initial condi-

tions at r =  0 in the TOV equations as p(0) = ὴ and m(0) = 0. As the pressure-

density relationship originates from the EoS, we can immediately move onto solv-

ing the TOV equations. For numerical integration, we utilized the Runge-Kutta 45 

(RK45) method available in the óscipy.integrateô package in Python. The neutron 

starôs surface can be determined by examining the pressure, and the hydrostatics 

equation indicates that the pressure decreases as the radius,r increases. We define 

the starôs surface at the point where the pressure, p(r) approaches zero, specifically 

at p(ὶ)å0, where ὶ denotes the radius of the star. For the mass of the star, we cal-

culate by using mass gradient equation. This equation accumulates the mass of the 

stars until it reaches ὶ. 

Conclusion. In this paper, we analyzed 4D-EGB gravity with realistic four 

EoSs namely SLy4, APR4, FPS and Togashi. By solving the modified TOV-

equation, we have generated the MīR curve for the SLy4 EoS while varying the 

GB-coupling parameter Ŭ. Further, we also compared the M īR curves for GR (a = 

= 0) and 4D-EGB (a = 5) for the 4-EoSs. From this, we have found that the posi-

tive branch of Ŭ is useful in constraining the radii of the recently observed massive 

neutron stars such as PSR J2215+5135, PSR J1959+2048, PSR J1810+1744, PSR 

J0740+6620, and GW19081, ensuring that the curve remains outside the unstable 

region. This analyses, implies that the 4D-EGB gravity allows more massive neu-

tron stars to exist compared to the GR counterpart with the same matter composi-
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tion/EoS. The stability of such massive neutron stars has been proven by the Bon-

diôs and static stability criteria while the modified TOV equation itself ensures the 

equilibrium condition. Further, it is also pointed out that the stability of compact 

star improves with increase in Ŭ values, implying that 4D-EGB gravity allows to 

exist more massive compact stars in the mass-gap. We also plotted ὤ ī M for the 

four EoSs and satisfy the ὤ Ṃ2 limit. It can also be noted that all four EoSs are 

stiff enough to hold massive and stable configurations when the central density is 

above 1014 g/cm3 where the adiabatic index is above 4/3.  

From the above analyses, we have used these realistic EoSs to constrain the 

radius and the range of Gauss Bonnet coupling strength from the upper mass limit 

which are below the unstable region. Constraining of the radii can be done from the 

error bars of the observed masses. Here, the radii are larger in 4D-EGB than in the 

GR counterpart. The Mâmax also increases for more GB-coupling strength in all 

EoSs. In all EoSs, the radius range of compact stars ranges from 10.63ī12.09 km. 

One of the most compact objects observed so far has been predicted in GW190814 

event, which is expected to be a merger of a very massive neutron star of mass 

2.5ī2.67Mṩ and a light black hole of mass 22.2ï24.3Mṩ. This massive neutron 

star in the NS-BH mass gap cannot be accommodated with respect to SLy4, FPS, 

APR4 and Togashi in the GR limit, however, in 4D-EGB it can exist with a radius 

of 10.63 km (SLy4), 11.46 km (APR4) and 11.66 km (Togashi) with Ŭ = 5. Fur-

thermore, from the more recent gravitational waves observation of NS-NS merger 

in GW170817 event, a stringent constraint on radius of has been found where a NS 

of mass 1.6Mṩ and 1.4Mṩ should have a radius larger than ρπȢφψȢ
Ȣ  km and 

ρρȢπ Ȣ
Ȣ km respectively. These stringent constraints are clearly satisfied in the 

MīR curves where a 1.6Mṩ NS have at least 10.5 km and for 1.4Mṩ at least 11 

km radius. Finally, we can use these M ī R curves to constrain the coupling 

strength a by observing the minimum and maximum values of Ŭ need to fit the ob-

served masses. It has been found that the massive NS in GW190814 i.e. 

2.5ī2.67Mṩ can be fitted with a = 5. Hence, the range of Ŭ should be approxi-

mately between 0 and 5 ËÍ (according to the maximum NS mass observed yet). 
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ɸʥʥʦʪʘʮʠʷ. ʉʦʚʨʝʤʝʥʥʘʷ ʢʦʩʤʦʣʦʛʠʷ ʩʪʘʣʢʠʚʘʝʪʩʷ ʩ ʙʦʣʴʰʠʤ ʯʠʩʣʦʤ ʥʝʨʝʰʝʥʥʳʭ 

ʚʦʧʨʦʩʦʚ. ʂ ʥʠʤ ʦʪʥʦʩʷʪʩʷ ʧʨʦʙʣʝʤʘ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʡ ʩʠʥʛʫʣʷʨʥʦʩʪʠ, ʦʪʩʫʪʩʪʚʠʝ 

ʦʙʲʷʩʥʝʥʠʡ ʧʨʠʨʦʜʳ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ ʠ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʭʦʨʦʰʦ ʨʘʟʚʠʪʳʭ ʛʘʣʘʢʪʠʢ  

ʚ ʧʝʨʚʳʝ ʥʝʩʢʦʣʴʢʦ ʩʦʪʝʥ ʤʠʣʣʠʦʥʦʚ ʣʝʪ ʧʦʩʣʝ ɹʦʣʴʰʦʛʦ ʚʟʨʳʚʘ ʠ ʮʝʣʳʡ ʨʷʜ ʜʨʫʛʠʭ 

ʚʦʧʨʦʩʦʚ. ɺ ʩʚʷʟʠ ʩ ʵʪʠʤ ʧʨʝʜʣʘʛʘʝʪʩʷ ʠʥʦʡ ʧʦʜʭʦʜ ʢ ʧʦʩʪʨʦʝʥʠʶ ʢʦʩʤʦʣʦʛʠʠ. ɺ ʥʝʤ 

ʠʩʩʣʝʜʫʝʪʩʷ ʦʙʦʙʱʝʥʠʝ ʦʙʱʝʡ ʪʝʦʨʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦʩʪʠ ʥʘ ʦʩʥʦʚʝ ʧʨʠʥʮʠʧʘ ɺʝʡʣʷ 

ʤʘʩʰʪʘʙʥʦʡ ʠʥʚʘʨʠʘʥʪʥʦʩʪʠ. ʕʪʦ ʦʙʦʙʱʝʥʠʝ ʧʦʟʚʦʣʷʝʪ ʧʨʠʡʪʠ ʢ ʥʝʩʪʘʥʜʘʨʪʥʦʤʫ 

ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʤʫ ʨʝʰʝʥʠʶ, ʚ ʢʦʪʦʨʦʤ ʦʪʩʫʪʩʪʚʫʝʪ ɹʦʣʴʰʦʡ ʚʟʨʳʚ. ɽʛʦ ʧʨʠʤʝʥʝʥʠʝ 

ʧʨʠʚʦʜʠʪ ʢ ʥʦʚʳʤ ʦʙʲʷʩʥʝʥʠʷʤ ʢʨʘʩʥʦʛʦ ʩʤʝʱʝʥʠʷ ʚ ʩʧʝʢʪʨʘʭ ʜʘʣʝʢʠʭ ʛʘʣʘʢʪʠʢ  

ʠ ʨʝʣʠʢʪʦʚʦʛʦ ʠʟʣʫʯʝʥʠʷ, ʘ ʪʘʢʞʝ ʥʦʚʦʤʫ ʚʟʛʣʷʜʫ ʥʘ ʧʨʠʨʦʜʫ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʧʨʠʥʮʠʧ ɺʝʡʣʷ ʤʘʩʰʪʘʙʥʦʡ ʠʥʚʘʨʠʘʥʪʥʦʩʪʠ, ʦʙʦʙʱʝʥʠʝ ʆʊʆ, 

ʚʝʡʣʝʚʩʢʠʝ ʧʦʪʝʥʮʠʘʣʳ, ʥʝʩʠʥʛʫʣʷʨʥʦʝ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʝ ʨʝʰʝʥʠʝ, ʪʝʤʥʘʷ ʤʘʪʝʨʠʷ 

ɺʚʝʜʝʥʠʝ. ɺ ʩʦʚʨʝʤʝʥʥʦʡ ʢʦʩʤʦʣʦʛʠʠ ʚʦʟʥʠʢʣʦ ʙʦʣʴʰʦʝ ʯʠʩʣʦ ʪʨʫʜʥʳʭ ʚʦ-

ʧʨʦʩʦʚ, ʥʘ ʢʦʪʦʨʳʝ ʦʪʩʫʪʩʪʚʫʶʪ ʩʢʦʣʴʢʦ-ʥʠʙʫʜʴ ʫʙʝʜʠʪʝʣʴʥʳʝ ʦʪʚʝʪʳ ʚ ʨʘʤ-

ʢʘʭ ʩʪʘʥʜʘʨʪʥʦʡ LCDM ʤʦʜʝʣʠ, ʦʩʥʦʚʘʥʥʦʡ ʥʘ ʵʡʥʰʪʝʡʥʦʚʩʢʦʡ ʛʨʘʚʠʪʘʮʠ-

ʦʥʥʦʡ ʪʝʦʨʠʠ. ʂ ʥʠʤ ʦʪʥʦʩʷʪʩʷ ʥʝʨʝʰʝʥʥʘʷ ʧʨʦʙʣʝʤʘ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʡ 

ʩʠʥʛʫʣʷʨʥʦʩʪʠ, ʪʘʡʥʘ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ, ʯʘʩʪʠʮʳ ʢʦʪʦʨʦʡ ʜʦ ʩʠʭ ʧʦʨ ʥʝ ʥʘʡʜʝ-

ʥʳ [1], ʦʙʥʘʨʫʞʝʥʠʝ ʢʦʩʤʠʯʝʩʢʠʤ ʪʝʣʝʩʢʦʧʦʤ ʠʤ. ɼʞʝʡʤʩʘ ʋʵʙʙʘ ʭʦʨʦʰʦ 

ʨʘʟʚʠʪʳʭ ʛʘʣʘʢʪʠʢ ʚ ʧʝʨʚʳʝ ʥʝʩʢʦʣʴʢʦ ʩʦʪʝʥ ʤʠʣʣʠʦʥʦʚ ʣʝʪ ʧʦʩʣʝ ɹʦʣʴʰʦʛʦ 

ʚʟʨʳʚʘ [2, 3], ʯʪʦ ʧʨʦʪʠʚʦʨʝʯʠʪ ʩʪʘʥʜʘʨʪʥʦʡ ʢʦʩʤʦʣʦʛʠʠ, ʠ ʤʥʦʛʦ ʜʨʫʛʠʭ 

ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʟʘʛʘʜʦʢ. ɼʣʷ ʚʳʭʦʜʘ ʠʟ ʚʦʟʥʠʢʰʝʛʦ ʢʨʠʟʠʩʘ ʧʨʝʜʣʘʛʘʝʪʩʷ 

ʥʦʚʘʷ ʢʦʩʤʦʣʦʛʠʷ, ʚ ʢʦʪʦʨʦʡ ʜʘʝʪʩʷ ʦʙʦʙʱʝʥʠʝ ʵʡʥʰʪʝʡʥʦʚʩʢʦʡ ʛʨʘʚʠʪʘʮʠ-

ʦʥʥʦʡ ʪʝʦʨʠʠ ʥʘ ʦʩʥʦʚʝ ʧʨʠʥʮʠʧʘ ɺʝʡʣʷ ʤʘʩʰʪʘʙʥʦʡ ʠʥʚʘʨʠʘʥʪʥʦʩʪʠ. ɼʣʷ 

ʨʝʘʣʠʟʘʮʠʠ ʜʘʥʥʦʛʦ ʧʨʠʥʮʠʧʘ ʛʨʘʚʠʪʘʮʠʦʥʥʦʝ ʧʦʣʝ ʜʦʧʦʣʥʷʝʪʩʷ ʧʦʣʝʤ ɺʝʡ-

ʣʷ ʩ ʯʝʪʳʨʴʤʷ ʧʦʪʝʥʮʠʘʣʘʤʠ [4]. ɺ ʦʪʣʠʯʠʝ ʦʪ ɺʝʡʣʷ, ʝʛʦ ʧʦʣʝ ʨʘʩʩʤʘʪʨʠʚʘ-

ʝʪʩʷ ʢʘʢ ʦʯʝʥʴ ʩʣʘʙʦʝ, ʦʙʫʩʣʦʚʣʝʥʥʦʝ ʚʣʠʷʥʠʝʤ ʬʠʟʠʯʝʩʢʦʛʦ ʚʘʢʫʫʤʘ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɺ ʥʘʰʠʭ ʨʘʙʦʪʘʭ [5, 6] ʠʩʩʣʝʜʦʚʘ-

ʣʠʩʴ ʛʨʘʚʠʪʘʮʠʦʥʥʳʝ ʫʨʘʚʥʝʥʠʷ, ʦʙʦʙʱʘʶʱʠʝ ʫʨʘʚʥʝʥʠʷ ʆʊʆ, ʚ ʢʦʪʦʨʳʭ 

ʩʠʤʚʦʣʳ ʂʨʠʩʪʦʬʬʝʣʷ ʨʠʤʘʥʦʚʦʡ ʛʝʦʤʝʪʨʠʠ ʟʘʤʝʥʷʣʠʩʴ ʩʚʷʟʥʦʩʪʴʶ ʛʝʦʤʝʪ-

ʨʠʠ ɺʝʡʣʷ, ʩʦʜʝʨʞʘʱʝʡ ʚʝʡʣʝʚʩʢʠʝ ʧʦʪʝʥʮʠʘʣʳ. ɺ ʨʘʤʢʘʭ ʜʘʥʥʦʛʦ ʠʩʩʣʝʜʦ-

ʚʘʥʠʷ ʙʳʣʦ ʧʦʣʫʯʝʥʦ ʥʦʚʦʝ ʥʝʩʪʘʮʠʦʥʘʨʥʦʝ ʠ ʥʝʩʠʥʛʫʣʷʨʥʦʝ ʢʦʩʤʦʣʦʛʠʯʝ-

ʩʢʦʝ ʨʝʰʝʥʠʝ. ɽʛʦ ʧʨʠʤʝʥʝʥʠʝ ʧʨʠʚʝʣʦ ʢ ʩʣʝʜʫʶʱʝʤʫ ʚʳʚʦʜʫ: ʧʨʠ 

ʧʦʣʦʞʠʪʝʣʴʥʦʤ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʤ ʚʨʝʤʝʥʠ, ʦʪʩʯʠʪʳʚʘʝʤʦʤ ʦʪ ʤʦʤʝʥʪʘ, ʢʦʛʜʘ 

ɺʩʝʣʝʥʥʘʷ ʙʳʣʘ ʛʦʨʷʯʝʡ ʠ ʠʤʝʣʘ ʤʘʢʩʠʤʘʣʴʥʫʶ ʪʝʤʧʝʨʘʪʫʨʫ, ʥʘ ʯʘʩʪʠʮʳ ʚʝ-
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ʱʝʩʪʚʘ ʜʝʡʩʪʚʫʝʪ ʦʯʝʥʴ ʤʘʣʘʷ ʪʦʨʤʦʟʷʱʘʷ ʩʠʣʘ ʚʩʣʝʜʩʪʚʠʝ ʚʣʠʷʥʠʷ ʩʣʘʙʦʛʦ 

ʧʦʣʷ ɺʝʡʣʷ. ʕʪʦ ʧʨʠʚʦʜʠʪ ʢ ʪʦʤʫ, ʯʪʦ ʬʦʪʦʥʳ, ʧʨʦʭʦʜʷ ʨʘʩʩʪʦʷʥʠʷ ʚ ʤʠʣʣʠ-

ʘʨʜʳ ʩʚʝʪʦʚʳʭ ʣʝʪ, ʧʦʩʪʝʧʝʥʥʦ ʪʝʨʷʶʪ ʵʥʝʨʛʠʶ. ɺ ʨʝʟʫʣʴʪʘʪʝ ʚʦʟʥʠʢʘʝʪ ʥʦ-

ʚʦʝ ʦʙʲʷʩʥʝʥʠʝ ʢʨʘʩʥʦʛʦ ʩʤʝʱʝʥʠʷ ʚ ʩʧʝʢʪʨʘʭ ʜʘʣʝʢʠʭ ʛʘʣʘʢʪʠʢ ð ʢʘʢ ʩʣʝʜ-

ʩʪʚʠʝ ʜʝʡʩʪʚʠʷ ʩʣʘʙʦʛʦ ʧʦʣʷ ɺʝʡʣʷ, ʦʙʫʩʣʦʚʣʝʥʥʦʛʦ ʚʣʠʷʥʠʝʤ ʬʠʟʠʯʝʩʢʦʛʦ 

ʚʘʢʫʫʤʘ. ʇʨʠ ʵʪʦʤ ʨʝʣʠʢʪʦʚʦʝ ʠʟʣʫʯʝʥʠʝ ʠʥʪʝʨʧʨʝʪʠʨʫʝʪʩʷ ʥʝ ʢʘʢ ʨʝʟʫʣʴʪʘʪ 

ɹʦʣʴʰʦʛʦ ʚʟʨʳʚʘ, ʘ ʢʘʢ ʠʟʣʫʯʝʥʠʝ ʧʦʣʷ ɺʝʡʣʷ. ʇʨʠʤʝʥʷʷ ʟʘʢʦʥ ʉʪʝʬʘʥʘ ð 

ɹʦʣʴʮʤʘʥʘ, ʩʚʷʟʳʚʘʶʱʠʡ ʧʣʦʪʥʦʩʪʴ ʵʥʝʨʛʠʠ ʨʝʣʠʢʪʦʚʦʛʦ ʠʟʣʫʯʝʥʠʷ ʩ ʪʝʤʧʝ-

ʨʘʪʫʨʦʡ ʠ ʠʩʧʦʣʴʟʫʷ ʜʣʷ ʥʝʝ ʟʥʘʯʝʥʠʝ 2,73 K ʚ ʥʘʩʪʦʷʱʫʶ ʵʧʦʭʫ, ʦʧʨʝʜʝʣʷʝʤ 

ʦʪʚʝʯʘʶʱʝʝ ʝʡ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʝ ʚʨʝʤʷ. ʆʥʦ, ʢʘʢ ʦʢʘʟʘʣʦʩʴ, ʥʘ ʧʦʨʷʜʦʢ 

ʙʦʣʴʰʝ ʚʨʝʤʝʥʠ 13,8 ʤʣʨʜ ʣʝʪ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʛʦ ʩʪʘʥʜʘʨʪʥʦʡ ʢʦʩʤʦʣʦʛʠʠ. 

ʋʯʠʪʳʚʘʷ ʵʪʦ ʦʙʩʪʦʷʪʝʣʴʩʪʚʦ, ʧʨʠʭʦʜʠʤ ʢ ʩʣʝʜʫʶʱʝʡ ʠʥʪʝʨʧʨʝʪʘʮʠʠ ʧʨʠʨʦ-

ʜʳ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ, ʢʦʪʦʨʦʡ ʚ ʧʷʪʴ ʨʘʟ ʙʦʣʴʰʝ ʚʠʜʠʤʦʡ ʤʘʪʝʨʠʠ: ʦʥʘ ʧʨʝʜ-

ʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʤʥʦʞʝʩʪʚʦ ʧʦʪʫʭʰʠʭ ʟʚʝʟʜ. ʅʫʞʥʦ ʦʪʤʝʪʠʪʴ, ʯʪʦ ʪʘʢʦʝ ʧʨʦ-

ʩʪʦʝ ʦʙʲʷʩʥʝʥʠʝ ʙʳʣʦ ʥʝʚʦʟʤʦʞʥʦ ʚ ʨʘʤʢʘʭ ʩʪʘʥʜʘʨʪʥʦʡ ʢʦʩʤʦʣʦʛʠʠ, ʪʘʢ ʢʘʢ 

ʟʘ ʚʨʝʤʷ 13,8 ʤʣʨʜ ʣʝʪ ʥʝ ʤʦʛʣʦ ʦʙʨʘʟʦʚʘʪʴʩʷ ʩʪʦʣʴʢʦ ʧʦʪʫʭʰʠʭ ʟʚʝʟʜ. ʇʦʜ-

ʪʚʝʨʞʜʝʥʠʝʤ ʪʦʛʦ, ʯʪʦ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʝ ʚʨʝʤʷ ʚ ʥʦʚʦʡ ʢʦʩʤʦʣʦʛʠʠ ʥʘ ʧʦʨʷ-

ʜʦʢ ʙʦʣʴʰʝ 13,8 ʤʣʨʜ ʣʝʪ, ʷʚʠʣʩʷ ʨʘʩʯʝʪ ʚ ʝʝ ʨʘʤʢʘʭ ʤʘʩʩʦʚʦʡ ʜʦʣʠ ʛʝʣʠʷ  

ʚ ʥʘʰʝʡ ʛʘʣʘʢʪʠʢʝ, ʦʢʘʟʘʚʰʠʡʩʷ ʧʨʠʙʣʠʟʠʪʝʣʴʥʦ ʨʘʚʥʦʡ 0,28, ʚ ʩʦʛʣʘʩʠʠ  

ʩ ʥʘʙʣʶʜʘʪʝʣʴʥʳʤʠ ʜʘʥʥʳʤʠ. 

ɿʘʢʣʶʯʝʥʠʝ. ɺʚʠʜʫ ʙʦʣʴʰʠʭ ʪʨʫʜʥʦʩʪʝʡ, ʩ ʢʦʪʦʨʳʤʠ ʩʪʘʣʢʠʚʘʝʪʩʷ ʩʪʘʥ-

ʜʘʨʪʥʘʷ LCDM ʢʦʩʤʦʣʦʛʠʷ, ʙʳʣʦ ʧʨʝʜʣʦʞʝʥʦ ʦʙʦʙʱʝʥʠʝ ʆʊʆ ʥʘ ʦʩʥʦʚʝ 

ʧʨʠʥʮʠʧʘ ɺʝʡʣʷ ʤʘʩʰʪʘʙʥʦʡ ʠʥʚʘʨʠʘʥʪʥʦʩʪʠ. ɺ ʥʝʤ ʵʡʥʰʪʝʡʥʦʚʩʢʦʝ ʛʨʘʚʠʪʘ-

ʮʠʦʥʥʦʝ ʧʦʣʝ ʜʦʧʦʣʥʷʣʦʩʴ ʧʦʣʝʤ ɺʝʡʣʷ, ʢʦʪʦʨʦʝ ʨʘʩʩʤʘʪʨʠʚʘʣʦʩʴ ʢʘʢ ʦʯʝʥʴ 

ʩʣʘʙʦʝ, ʦʙʫʩʣʦʚʣʝʥʥʦʝ ʚʣʠʷʥʠʝʤ ʬʠʟʠʯʝʩʢʦʛʦ ʚʘʢʫʫʤʘ. ʀʩʩʣʝʜʦʚʘʥʠʝ ʜʘʥʥʦʛʦ 

ʦʙʦʙʱʝʥʠʷ ʧʨʠʚʝʣʦ ʢ ʥʦʚʦʤʫ ʥʝʩʠʥʛʫʣʷʨʥʦʤʫ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʤʫ ʨʝʰʝʥʠʶ. 

ɽʛʦ ʧʨʠʤʝʥʝʥʠʝ ʧʦʟʚʦʣʠʣʦ ʜʘʪʴ ʥʦʚʦʝ ʦʙʲʷʩʥʝʥʠʝ ʢʨʘʩʥʦʛʦ ʩʤʝʱʝʥʠʷ ʚ ʩʧʝʢ-

ʪʨʘʭ ʜʘʣʝʢʠʭ ʛʘʣʘʢʪʠʢ, ʢʘʢ ʦʙʫʩʣʦʚʣʝʥʥʦʛʦ ʚʣʠʷʥʠʝʤ ʩʣʘʙʦʛʦ ʧʦʣʷ ɺʝʡʣʷ,  

ʘ ʪʘʢʞʝ ʧʨʝʜʣʦʞʠʪʴ ʢʣʶʯ ʢ ʧʦʥʠʤʘʥʠʶ ʩʫʱʥʦʩʪʠ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ. 
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Abstract. Modern cosmology faces a large number of unsolved questions. These include the 

problem of cosmological singularity, the lack of explanations for the nature of dark matter and 

the existence of well-developed galaxies in the first few hundred million years after the Big 

Bang, and a number of other questions. In this regard, a different approach to constructing 

cosmology is proposed. It examines a generalization of the general theory of relativity based 

on Weylôs principle of scale invariance. This generalization allows one to arrive at a non-

standard cosmological solution in which the Big Bang is absent. Its application leads to new 

explanations for the redshift in the spectra of distant galaxies and cosmic microwave back-

ground radiation, as well as a new view of the nature of dark matter. 

Keywords: Weylôs principle of scale invariance, generalization of General Relativity, 

Weylôs potentials, nonsingular cosmological solution, dark matter 

Introduction.  In modern cosmology, a large number of difficult questions have 

arisen that have no convincing answers within the standard LCDM model based on 

Einstein's gravitational theory. They include the unsolved problem of cosmological 

singularity, the mystery of dark matter, whose particles have not yet been found 

[1], the discovery by the James Webb Space Telescope of well-developed galaxies 

in the first few hundred million years after the Big Bang [2, 3], which contradicts 

standard cosmology, and many other cosmological mysteries. To overcome the 

emerging crisis, a new cosmology is proposed that generalizes Einstein's gravita-

tional theory based on Weylôs principle of scale invariance. To implement this 

principle, the gravitational field is supplemented by a Weyl field with four poten-

tials [4]. Unlike Weyl, his field is considered to be very weak, due to the influence 

of the physical vacuum. 

Methods and materials; results. In our works [5, 6], we investigated the 

cosmological solution of gravitational equations generalizing the equations of gen-

eral relativity, in which the Christoffel symbols of Riemannian geometry are re-

placed by the connection of Weylôs geometry containing Weylôs potentials. In this 

study, a new nonstationary and nonsingular cosmological solution was obtained. Its 

application led to the following conclusion: At positive cosmological time, meas-

ured from the moment when the Universe was hot and had a maximum tempera-

ture, the particles of matter are subject to a very small decelerating force due to the 

influence of the weak Weyl field. This leads to the fact that photons, traveling dis-

tances of billions of light years, gradually lose energy. As a result, a new explana-

tion arises for the redshift in the spectra of distant galaxies ð as a consequence of 

the action of the weak Weyl field, caused by the influence of the physical vacuum. 

In this case, the cosmic microwave background radiation is interpreted not as a re-

sult of the Big Bang, but as radiation from the Weyl field. Applying the Stefan-
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Boltzmann law, which relates the energy density of the cosmic microwave back-

ground radiation to temperature and using its value of 2.73 K at the present epoch, 

we determine the corresponding cosmological time. It turned out to be an order of 

magnitude longer than the time of 13.8 billion years consistent with standard cos-

mology. Taking this circumstance into account, we come to the following interpre-

tation of the nature of dark matter, which is five times larger than visible matter: it 

is a multitude of extinct stars. It should be noted that such a simple explanation was 

impossible within the framework of standard cosmology, since so many extinct 

stars could not have formed in 13.8 billion years. The fact that the cosmological 

time in the new cosmology is an order of magnitude longer than 13.8 billion years 

was confirmed by the calculation within its framework of the mass fraction of heli-

um in our galaxy, which turned out to be approximately equal to 0.28, in agreement 

with observational data. 

Conclusion. In view of the great difficulties encountered by the standard 

LCDM cosmology, a generalization of General Relativity based on the Weyl prin-

ciple of scale invariance was proposed. In it, the Einstein gravitational field was 

supplemented by a Weyl field, which was considered as very weak, due to the in-

fluence of the physical vacuum. The study of this generalization led to a new 

nonsingular cosmological solution. Its application made it possible to give a new 

explanation for the redshift in the spectra of distant galaxies, as due to the influence 

of the weak Weyl field, and also to offer a key to understanding the nature of dark 

matter. 
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Abstract. In this paper, we study quasinormal modes and absorption cross sections for the 

(3+1)- dimensional Bardeen black hole surrounded by perfect fluid dark matter. Hence, this 

paper will focus on the massive scalar field perturbations and massless Dirac field perturba-

tions. To compute the quasinormal modes by using the semi-analytical WKB method and 

the Pºschl ð Teller method. We show our results, in figures, and we confirm that all the 

modes are found to be stable against both (massive) scalar and Dirac perturbations. The 

absorption cross section is also computed. 

Keywords: black holes, perfect fluid dark matter, QNMs, cross section, WKB method, 

Pºschl ð Teller method, perturbations 

Introduction.  Quasinormal modes (QNMs) of a black hole are the characteristic 

oscillations that arise when the spacetime is perturbed. These oscillations are de-

scribed by solutions to wave equations in the black hole background, with bounda-

ry conditions enforcing purely ingoing waves at the horizon and outgoing waves at 

infinity. Their frequencies are complex, where the real part represents the oscilla-

tion frequency and the imaginary part determines the damping rate due to gravita-

tional wave emission. QNMs form the resonant ñfingerprintò of a black hole and 

play a key role in the dynamics of mergers and relaxation processes. 

Computing quasinormal modes is crucial for several reasons. In gravitational 

wave astrophysics, QNMs dominate the ringdown phase following black hole mer-

gers, allowing us to infer their parameters and test general relativity. Additionally, 

in quantum gravity and the context of the AdS/CFT correspondence, QNMs are 

linked to the relaxation time of thermal quantum states. Methods such as continued 

fraction expansions or semiclassical approximations provide highly accurate QNM 

spectra, offering powerful tools to probe modified gravity theories. 

The cross section is a fundamental quantity in scattering theory and describes the 

effective probability that an incoming wave interacts with an object, such as a black 

hole. In the context of wave scattering, the cross section determines how much ener-

gy is absorbed, reflected, or refracted by the black hole. In particular, the absorption 

cross section and the effective scattering cross section are directly related to phenom-

ena such as gravitational lensing and superradiance, playing a key role in the indirect 

detection of black holes and the testing of quantum gravitational effects. 
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In this work we have computed the QNMs of black holes in the presence of 

perfect fluid dark matter using two complementary methods, the first being the 

well-known WKB approximations and the second being the Pºschl ð Teller fitting 

method. Ss for the absorption cross section, we used the 3rd order WKB approach 

to compute reflection, transmission coefficients and partial absorption cross sec-

tions. 

Methods and materials; results. The WKB method is a semiclassical tech-

nique widely used to calculate quasinormal modes of black holes when the effec-

tive potential has a well-defined barrier with a single maximum. In this approach, 

the wave equation is treated as a Schrºdinger-like equation, and its solutions are 

approximated in terms of oscillatory and exponential exponentials in classically 

allowed and forbidden regions, respectively. To determine the QNM frequencies, a 

connection condition is imposed between these regions, leading to a quantization 

condition based on derivatives of the potential at its peak. Improved methods, such 

as the Schutz-Will approach or higher-order WKB expansions, have provided in-

creasingly precise QNM frequencies for different types of black hole perturbations. 

Depending on the order, the WKB method provides a good approximation to the 

corresponding QNMs of black holes. We then used this method to make progress, 

investigating different approximation orders. 

Alternatively, the Pºschl ð Teller potential is an exactly solvable model used 

to obtain approximate analytical solutions for black hole quasinormal modes. This 

potential takes the form 

ὠὼ ὠÓÅÃÈ‌ὼȟ 

where ὠ and ‌ are adjustable parameters that mimic the behavior of the actual ef-

fective potential near its maximum. The advantage of this model is that its solu-

tions are known, leading to an analytical expression for QNM frequencies, provid-

ing insight into their dependence on system parameters. While it does not exactly 

describe the spectrum of a real black hole, it serves as a useful estimate and a con-

sistency check for numerical methods and semiclassical approximations like WKB. 

Finally, the absorption cross section is calculated using the 3rd order WKB 

approach. An analysis of the reflection and transmission coefficients as well as the 

partial absorption cross sections is performed. 

Conclusion. Our results show that for this black hole solution, both the mas-

sive scalar perturbation and the Dirac perturbations maintain the stability of the 

black hole. In other words, our figures and tables confirm the stability, and then we 

conclude that this background is stable against both types of perturbation. 
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ɸʥʥʦʪʘʮʠʷ. ʈʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʤʦʜʝʣʴ ʩʦʚʤʝʩʪʥʦʛʦ ʩʣʫʯʘʡʥʦʛʦ ʙʣʫʞʜʘʥʠʷ ʜʚʫʭ ʘʛʝʥ-

ʪʦʚ ʥʘ ʙʝʩʢʦʥʝʯʥʦʡ ʧʣʦʩʢʦʩʪʠ [1]. ɸʛʝʥʪʳ ʥʝ ʦʙʣʘʜʘʶʪ ʩʨʝʜʩʪʚʘʤʠ ʚʟʘʠʤʥʦʡ ʢʣʘʩʩʠ-

ʯʝʩʢʦʡ ʢʦʤʤʫʥʠʢʘʮʠʠ ʠ ʦʙʱʠʤʠ ʚʥʝʰʥʠʤʠ ʦʨʠʝʥʪʠʨʘʤʠ, ʥʦ ʠʤʝʶʪ ʜʦʩʪʫʧ ʢ ʨʝʩʫʨʩʫ 

ʧʨʝʜʚʘʨʠʪʝʣʴʥʦ ʨʘʩʧʨʝʜʝʣʝʥʥʦʡ ʢʚʘʥʪʦʚʦʡ ʩʧʫʪʘʥʥʦʩʪʠ, ʢʦʪʦʨʳʡ ʠʩʧʦʣʴʟʫʝʪʩʷ  

ʚ ʩʦʦʪʚʝʪʩʪʚʠʠ ʩ ʟʘʨʘʥʝʝ ʩʦʛʣʘʩʦʚʘʥʥʳʤ ʧʨʦʪʦʢʦʣʦʤ. ɺ ʟʘʚʠʩʠʤʦʩʪʠ ʦʪ ʜʝʪʘʣʝʡ ʧʨʦ-

ʪʦʢʦʣʘ ʤʝʞʜʫ ʜʚʫʤʷ ʘʛʝʥʪʘʤʠ ʚʦʟʥʠʢʘʝʪ ʵʬʬʝʢʪʠʚʥʘʷ ʩʠʣʘ ʧʨʠʪʷʞʝʥʠʷ ʠʣʠ ʦʪʪʘʣʢʠ-

ʚʘʥʠʷ. ɺʦʟʥʠʢʥʦʚʝʥʠʝ ʵʪʦʡ ʩʠʣʳ ʠʟ ʢʚʘʥʪʦʚʦʡ ʩʧʫʪʘʥʥʦʩʪʠ ʠʥʪʝʨʧʨʝʪʠʨʫʝʪʩʷ ʚ ʪʝʨ-

ʤʠʥʘʭ ʵʬʬʝʢʪʠʚʥʦʡ ʩʬʝʨʠʯʝʩʢʦʡ ʠʣʠ ʛʠʧʝʨʙʦʣʠʯʝʩʢʦʡ ʛʝʦʤʝʪʨʠʠ ʜʣʷ ʧʨʠʪʷʞʝʥʠʷ 

ʠʣʠ ʦʪʪʘʣʢʠʚʘʥʠʷ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʥʝʣʦʢʘʣʴʥʳʝ ʢʚʘʥʪʦʚʘʷ ʢʦʨʨʝʣʷʮʠʠ, ʩʧʫʪʘʥʥʦʩʪʴ, ʵʬʬʝʢʪʠʚʥʘʷ 

ʛʝʦʤʝʪʨʠʷ 

ɺʚʝʜʝʥʠʝ. ʌʝʥʦʤʝʥ ʩʧʫʪʘʥʥʦʩʪʠ ð ʩʧʝʮʠʬʠʯʝʩʢʠʭ ʢʦʨʨʝʣʷʮʠʡ ʤʝʞʜʫ ʬʨʘʛ-

ʤʝʥʪʘʤʠ ʢʚʘʥʪʦʚʦʡ ʩʠʩʪʝʤʳ ʚ ʟʥʘʯʠʪʝʣʴʥʦʡ ʩʪʝʧʝʥʠ ʦʧʨʝʜʝʣʷʝʪ ʩʫʪʴ ʠ ʧʘʬʦʩ 

ʪ. ʥ. ɺʪʦʨʦʡ ʢʚʘʥʪʦʚʦʡ ʨʝʚʦʣʶʮʠʠ. ʉʧʫʪʘʥʥʦʩʪʴ ʧʦʨʦʞʜʘʝʪ ʢʚʘʥʪʦʚʫʶ ʥʝʣʦ-

ʢʘʣʴʥʦʩʪʴ, ʠʩʧʦʣʴʟʫʝʪʩʷ ʚ ʧʨʦʪʦʢʦʣʘʭ ʢʚʘʥʪʦʚʳʭ ʤʝʪʦʜʦʚ ʦʙʨʘʙʦʪʢʠ ʠ ʟʘʱʠ-

ʪʳ ʠʥʬʦʨʤʘʮʠʠ, ʚ ʢʚʘʥʪʦʚʳʭ ʩʧʦʩʦʙʘʭ ʧʦʣʫʯʝʥʠʷ ʠʟʦʙʨʘʞʝʥʠʡ, ʚ ʢʚʘʥʪʦʚʦʡ 

ʤʝʪʨʦʣʦʛʠʠ. 

ʇʨʝʜʤʝʪʦʤ ʥʘʩʪʦʷʱʝʡ ʨʘʙʦʪʳ ʷʚʣʷʝʪʩʷ ʩʮʝʥʘʨʠʡ ʫʯʘʩʪʠʷ ʩʧʫʪʘʥʥʦʩʪʠ  

ʚ ʧʨʦʮʝʩʩʝ ʩʣʫʯʘʡʥʦʛʦ ʙʣʫʞʜʘʥʠʷ ʜʚʫʭ ʘʛʝʥʪʦʚ ɸ ʠ ɺ ʥʘ ʙʝʩʢʦʥʝʯʥʦʡ ʧʣʦʩʢʦʩʪʠ. 

ʂ ʩʣʫʯʘʡʥʦʩʪʠ ʥʝʟʘʚʠʩʠʤʦʛʦ ʚʳʙʦʨʘ ʘʛʝʥʪʘʤʠ ʥʘʧʨʘʚʣʝʥʠʡ nA ʠ nB ʢʘʞʜʦʛʦ ʩʣʝ-

ʜʫʶʱʝʛʦ ʩʦʚʤʝʩʪʥʦʛʦ ʰʘʛʘ ʧʦ ʧʨʝʜʚʘʨʠʪʝʣʴʥʦʤʫ ʩʦʛʣʘʩʦʚʘʥʠʶ ʜʦʙʘʚʣʷʶʪʩʷ 

ʟʥʘʢʠ ůA ʠ ůB = Ñ1, ʦʧʨʝʜʝʣʷʶʱʠʝ ʜʣʷ ʘʛʝʥʪʘ ɸ ʰʘʛ ʚ ʥʘʧʨʘʚʣʝʥʠʠ ůAnA, ʘ ʜʣʷ  

ɺ ð ʚ ʥʘʧʨʘʚʣʝʥʠʠ ůɺnɺ (ʠʣʠ -ůɺnɺ ). ɿʥʘʢʠ ʦʧʨʝʜʝʣʷʶʪʩʷ ʠʩʭʦʜʘʤʠ ʜʚʫʭ ʦʪ-

ʜʝʣʴʥʳʭ ʠʟʤʝʨʝʥʠʡ ʧʨʦʚʦʜʠʤʳʭ ʘʛʝʥʪʘʤʠ ʥʘʜ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦ ʨʘʟʥʝʩʝʥʥʳʤʠ 

ʯʘʩʪʷʤʠ ʝʜʠʥʦʡ ʩʧʫʪʘʥʥʦʡ ʢʚʘʥʪʦʚʦʡ ʩʠʩʪʝʤʳ. ɺ ʟʘʚʠʩʠʤʦʩʪʠ ʦʪ ʜʝʪʘʣʝʡ ʩʦʛʣʘ-

ʩʦʚʘʥʥʦʛʦ ʩʮʝʥʘʨʠʷ ʦʙʥʘʨʫʞʠʚʘʝʪʩʷ ʣʠʙʦ ʵʬʬʝʢʪʠʚʥʦʝ ʧʨʠʪʷʞʝʥʠʝ ʣʠʙʦ ʵʬʬʝʢ-

ʪʠʚʥʦʝ ʦʪʪʘʣʢʠʚʘʥʠʝ ʘʛʝʥʪʦʚ ʧʨʠ ʠʭ ʩʣʫʯʘʡʥʦʤ ʙʣʫʞʜʘʥʠʠ. ɺ ʧʝʨʚʦʤ ʩʣʫʯʘʝ 

ʧʦʚʳʰʘʝʪʩʷ ʚʝʨʦʷʪʥʦʩʪʴ ʠʭ ʚʩʪʨʝʯʠ, ʚʦ ʚʪʦʨʦʤ ʧʦʥʠʞʘʝʪʩʷ. ʕʪʠ ʷʚʣʝʥʠʷ ʧʦʨʦʞ-

ʜʘʶʪʩʷ ʩʧʫʪʘʥʥʦʩʪʴʶ ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʠʤʝʶʪ ʯʠʩʪʦ ʢʚʘʥʪʦʚʫʶ ʧʨʠʨʦʜʫ. ʇʦʢʘ-

ʟʘʥʦ, ʦʜʥʘʢʦ, ʯʪʦ ʦʥʠ ʜʦʧʫʩʢʘʶʪ ʛʝʦʤʝʪʨʠʯʝʩʢʫʶ ʠʥʪʝʨʧʨʝʪʘʮʠʶ. 
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ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɺʳʚʝʜʝʥʳ ʠ ʯʠʩʣʝʥʥʦ ʨʝʰʝʥʳ 

ʫʨʘʚʥʝʥʠʷ, ʧʨʘʚʘʷ ʯʘʩʪʴ ʢʦʪʦʨʳʭ ʚʦʩʧʨʦʠʟʚʦʜʠʪ ʜʝʪʘʣʠ ʢʚʘʥʪʦʚʦʛʦ ʧʨʦʪʦʢʦ-

ʣʘ ʩʦʚʤʝʩʪʥʦʛʦ ʜʝʡʩʪʚʠʷ ʘʛʝʥʪʦʚ, ʘ ʣʝʚʘʷ ʧʦʩʪʨʦʝʥʘ ʠʟ ʤʦʜʝʣʠ ʧʨʝʜʧʦʣʘʛʘʝ-

ʤʦʡ ʵʬʬʝʢʪʠʚʥʦʡ ʛʝʦʤʝʪʨʠʠ ʜʚʫʤʝʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ ʧʦʣʦʞʠʪʝʣʴʥʦʡ ʠʣʠ 

ʦʪʨʠʮʘʪʝʣʴʥʦʡ ʢʨʠʚʠʟʥʳ, ʟʘʤʝʥʷʶʱʝʡ ʛʝʦʤʝʪʨʠʶ ʦʙʳʯʥʦʡ ʧʣʦʩʢʦʩʪʠ. ʋʨʘʚ-

ʥʝʥʠʷ ʨʝʰʝʥʳ ʯʠʩʣʝʥʥʦ. ʇʦʣʫʯʝʥʘ ʩʚʷʟʴ ʠʩʭʦʜʥʦʛʦ ʨʘʩʩʪʦʷʥʠʷ ʤʝʞʜʫ ʘʛʝʥ-

ʪʘʤʠ ʩ ʨʘʜʠʫʩʦʤ ʢʨʠʚʠʟʥʳ ʚ ʵʬʬʝʢʪʠʚʥʦʡ ʩʬʝʨʠʯʝʩʢʦʡ ʠʣʠ ʛʠʧʝʨʙʦʣʠʯʝʩʢʦʡ 

ʛʝʦʤʝʪʨʠʠ. ʕʪʦʪ ʨʘʜʠʫʩ ʤʝʥʷʝʪʩʷ ʩ ʢʘʞʜʳʤ ʩʣʝʜʫʶʱʠʤ ʰʘʛʦʤ ʘʛʝʥʪʦʚ. 

ɿʘʢʣʶʯʝʥʠʝ. ʄʦʞʥʦ ʢʦʥʩʪʘʪʠʨʦʚʘʪʴ ʦʙʥʘʨʫʞʝʥʠʝ ʥʦʚʦʛʦ ʧʨʦʷʚʣʝʥʠʷ 

ʪ.ʥ. ʢʚʘʥʪʦʚʦʡ ʥʝʣʦʢʘʣʴʥʦʩʪʠ, ʪʝʩʥʦ ʩʚʷʟʘʥʥʦʛʦ ʩ ʛʝʦʤʝʪʨʠʟʘʮʠʝʡ ʵʬʬʝʢʪʠʚ-

ʥʳʭ ʩʠʣ ʧʨʠʪʷʞʝʥʠʷ ʠ ʦʪʪʘʣʢʠʚʘʥʠʷ ʤʝʞʜʫ ʘʛʝʥʪʘʤʠ. 

˿͙ͨͫͦ͟ ͙ ͫͭͦ;͙͍ͤͦ͟ 
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Quasi-gravitation rather than pseudo-telepathy: Geometric model of quantum 
navigation during (anti-)search on a plane 

Rostom Aiham1, 2 aiham.rostom@gmail.com 

Tomilin Vladimir Alexandrovich1 342tomilin@mail.ru 
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Abstract. A model of joint random walk of two agents on an infinite plane is considered 

[1]. The agents possess no means of mutual classical communication and no common ex-

ternal reference points, but have access to previously shared quantum entanglement re-

source which is used according to a pre-arranged protocol. Depending on the details of the 

protocol, an effective force of attraction or repulsion emerges between the two agents. The 

emergence of this force from quantum entanglement is interpreted in terms of effective 

spherical or hyperbolic geometries for attraction or repulsion, respectively. 

Keywords: non-local quantum correlations, entanglement, effective geometry 

Introduction. The phenomenon of entanglement ð specific correlations between 

fragments of a quantum system ð largely determines the essence and pathos of the 

so-called Second Quantum Revolution. Entanglement generates quantum non-

locality, is used in protocols of quantum methods of information processing and 

protection, in quantum methods of obtaining images, in quantum metrology. 

The subject of this paper is a scenario of entanglement participation in the pro-

cess of random walk of two agents on an infinite plane. To the randomness of in-

dependent choice of directions nA and nB by agents of each next joint step by pre-

liminary agreement are added signs ůA and ůB = Ñ1, determining for agent A a step 

in the direction ůAnA, and for B ð in the direction ůɺnɺ (or ïůɺnɺ). The signs are 

determined by the outcomes of two separate measurements carried out by agents on 

spatially separated parts of a single entangled quantum system. Depending on the 

details of the agreed scenario, either effective attraction or effective repulsion of 

agents is observed during their random walk. In the first case, the probability of 

their meeting increases, in the second it decreases. These phenomena are generated 

by entanglement and, therefore, have a purely quantum nature. It is shown, howev-

er, that they allow a geometric interpretation. 

Methods. Equations are derived and numerically solved, the right part of 

which reproduces the details of the quantum protocol of joint action of agents, and 

the left part is constructed from a model of the assumed effective geometry of a 

two-dimensional space of positive or negative curvature, replacing the geometry of 

a conventional plane. The equations are solved numerically. A relationship is ob-

tained between the initial distance between agents and the radius of curvature in an 
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effective spherical or hyperbolic geometry. This radius changes with each subse-

quent step of the agents. 

Conclusion. It is possible to state the discovery of a new manifestation of the 

so-called quantum non-locality, closely related to the geometrization of effective 

forces of attraction and repulsion between agents. 
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Abstract. Quantum Gravity indicates the possibility of a quasi-stable 20 microgram parti-

cle, produced from black hole evaporation. I discuss the detection possibility and its possi-

ble role as dark matter.  
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Sandwich Model of Extra Dimensions 
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Abstract. This research investigates the distribution of fields on a two-brane model, which 

offers solutions to the electroweak hierarchy problem, the restoration of Starobinsky infla-

tion, and the small cosmological constant. The study demonstrates that fields known split 

into two independent effective fields localized on adjacent branes during the Universe's 

evolution. Conditions for this field bifurcation are explored. Crucially, gauge fields remain 

uniformly distributed over the extra dimensions, preserving charge universality. The model 

proposes that the observed brane (brane-1) is ñfine-tunedò for complex structure formation, 

while the adjacent brane (brane-2) hosts much heavier particles, precluding complex struc-

tures. Interaction between branes via photons and gravitons offers potential explanations for 

dark matter (located on brane-2) and ultra-high-energy cosmic rays, with the high mass of 

brane-2 electrons contributing to the Compton scattering cross-section, making them dark 

matter candidates and a source of ultra-high-energy protons. This ñSandwich model of extra 

dimensionsò is a promising framework warranting further investigation, potentially explain-

ing phenomena like the positron anomaly and small neutrino masses. 
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ɸʥʥʦʪʘʮʠʷ. ʇʨʝʜʩʪʘʚʣʝʥʳ ʨʝʟʫʣʴʪʘʪʳ ʧʨʝʮʠʟʠʦʥʥʦʛʦ ʠʟʤʝʨʝʥʠʷ ʛʨʘʚʠʪʘʮʠʦʥʥʦʛʦ 

ʩʤʝʱʝʥʠʷ ʯʘʩʪʦʪʳ ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʳʭ ʩʠʛʥʘʣʦʚ ʚ ʤʠʩʩʠʠ ʢʦʩʤʠʯʝʩʢʦʛʦ ʨʘʜʠʦʪʝʣʝ-

ʩʢʦʧʘ çʈʘʜʠʦɸʩʪʨʦʥè. ʇʨʝʜʣʦʞʝʥʘ ʤʝʪʦʜʠʢʘ ʢʦʤʧʝʥʩʘʮʠʠ ʵʬʬʝʢʪʘ ɼʦʧʣʝʨʘ ʧʝʨʚʦʛʦ 

ʧʦʨʷʜʢʘ ʠ ʫʯʝʪʘ ʦʩʪʘʪʦʯʥʳʭ ʚʦʟʤʫʱʘʶʱʠʭ ʬʘʢʪʦʨʦʚ, ʪʘʢʠʭ ʢʘʢ ʧʨʠʣʠʚʥʳʝ ʧʦʪʝʥʮʠ-

ʘʣʳ ʃʫʥʳ ʠ ʉʦʣʥʮʘ, ʥʝʩʬʝʨʠʯʥʦʩʪʴ ɿʝʤʣʠ ʠ ʘʪʤʦʩʬʝʨʥʳʝ ʵʬʬʝʢʪʳ. ʇʦʢʘʟʘʥʦ, ʯʪʦ 

ʧʘʨʘʤʝʪʨ ʥʘʨʫʰʝʥʠʷ (ʦʪʢʣʦʥʝʥʠʝ ʦʪ ʬʦʨʤʫʣʳ çʨʝʜʰʠʬʪè ʚ ʦʙʱʝʡ ʪʝʦʨʠʠ ʦʪʥʦʩʠ-

ʪʝʣʴʥʦʩʪʠ) ʩʦʩʪʘʚʠʣ 1,57 Ñ 3,96 Ö 10ī5, ʯʪʦ ʧʦʜʪʚʝʨʞʜʘʝʪ ʧʨʝʜʩʢʘʟʘʥʠʷ ʆʊʆ ʩ ʚʳʩʦʢʦʡ 

ʪʦʯʥʦʩʪʴʶ. ʉʜʝʣʘʥ ʚʳʚʦʜ ʦ ʟʥʘʯʠʤʦʩʪʠ ʪʘʢʠʭ ʠʟʤʝʨʝʥʠʡ ʜʣʷ ʧʨʦʚʝʨʢʠ ʧʨʠʥʮʠʧʘ ʵʢ-

ʚʠʚʘʣʝʥʪʥʦʩʪʠ ʕʡʥʰʪʝʡʥʘ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʛʨʘʚʠʪʘʮʠʦʥʥʦʝ ʩʤʝʱʝʥʠʝ ʯʘʩʪʦʪʳ, ʆʊʆ, ʧʨʠʥʮʠʧ ʵʢʚʠʚʘʣʝʥʪʥʦ-

ʩʪʠ, çʈʘʜʠʦɸʩʪʨʦʥè, ʧʨʝʮʠʟʠʦʥʥʳʝ ʠʟʤʝʨʝʥʠʷ çʨʝʜʰʠʬʪè 

ɺʚʝʜʝʥʠʝ. ɻʨʘʚʠʪʘʮʠʦʥʥʦʝ ʩʤʝʱʝʥʠʝ ʯʘʩʪʦʪʳ ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʳʭ ʩʠʛʥʘʣʦʚ 

ʷʚʣʷʝʪʩʷ ʦʜʥʠʤ ʠʟ ʢʣʶʯʝʚʳʭ ʵʬʬʝʢʪʦʚ ʵʢʩʧʝʨʠʤʝʥʪʘʣʴʥʳʭ ʦʩʥʦʚʘʥʠʡ 

ʦʙʱʝʡ ʪʝʦʨʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦʩʪʠ (ʆʊʆ) ʠ ʚʘʞʥʳʤ ʘʩʧʝʢʪʦʤ ʧʨʠʥʮʠʧʘ 

ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ ʕʡʥʰʪʝʡʥʘ. ɿʥʘʯʠʤʦʩʪʴ ʨʘʙʦʪʳ ʟʘʢʣʶʯʘʝʪʩʷ ʚ ʧʦʚʳʰʝʥʥʦʡ 

ʪʦʯʥʦʩʪʠ ʠʟʤʝʨʝʥʠʡ ʵʪʦʛʦ ʵʬʬʝʢʪʘ, ʯʪʦ ʧʦʟʚʦʣʷʝʪ ʪʝʩʪʠʨʦʚʘʪʴ ʆʊʆ ʥʘ ʬʦʥʝ 

ʘʣʴʪʝʨʥʘʪʠʚʥʳʝ ʪʝʦʨʠʠ ʛʨʘʚʠʪʘʮʠʠ. ɺ ʤʠʩʩʠʠ çʈʘʜʠʦɸʩʪʨʦʥè ʠʩʧʦʣʴʟʦʚʘ-

ʣʠʩʴ ʚʦʜʦʨʦʜʥʳʝ ʩʪʘʥʜʘʨʪʳ ʯʘʩʪʦʪʳ ʩʦ ʩʪʘʙʠʣʴʥʦʩʪʴʶ (æf/f = 10ī14) ʧʨʠ 

ʚʨʝʤʝʥʠ ʫʩʨʝʜʥʝʥʠʷ ŰḐ102 ʩ, ʯʪʦ ʦʙʝʩʧʝʯʠʣʦ ʚʳʩʦʢʫʶ ʪʦʯʥʦʩʪʴ ʠʟʤʝ-

ʨʝʥʠʡ. 

ʄʘʪʝʨʠʘʣʳ ʠ ʤʝʪʦʜʳ; ʨʝʟʫʣʴʪʘʪʳ. ʕʢʩʧʝʨʠʤʝʥʪ ʧʨʦʚʦʜʠʣʩʷ ʥʘ ʢʦʩʤʠ-

ʯʝʩʢʦʤ ʘʧʧʘʨʘʪʝ çʉʧʝʢʪʨ-ʈè ʜʚʠʛʘʚʰʝʤʩʷ ʧʦ ʚʳʪʷʥʫʪʦʡ ʦʨʙʠʪʝ ʩ ʘʧʦʛʝʝʤ 

Ḑ350 000 ʢʤ. ɼʣʷ ʢʦʤʧʝʥʩʘʮʠʠ ʵʬʬʝʢʪʘ ɼʦʧʣʝʨʘ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ ʧʨʠʤʝʥʷ-
ʣʘʩʴ ʩʭʝʤʘ ʩ ʯʝʨʝʜʦʚʘʥʠʝʤ ʨʝʞʠʤʦʚ ʩʠʥʭʨʦʥʠʟʘʮʠʠ ʢʦʤʤʫʥʠʢʘʮʠʦʥʥʳʭ ʩʠʛ-

ʥʘʣʦʚ ʩ ʦʧʦʨʦʡ ʥʘ ʙʦʨʪʦʚʦʡ ʩʪʘʥʜʘʨʪ (ʦʜʥʦʧʫʪʝʚʦʡ ʨʝʞʠʤ) ʠ ʩ ʦʧʦʨʦʡ  

ʥʘ ʥʘʟʝʤʥʳʡ ʙʦʨʪʦʚʦʡ ʩʪʘʥʜʘʨʪ (ʜʚʫʭʧʫʪʝʚʦʡ ʨʝʞʠʤ). ʆʩʥʦʚʥʦʝ ʫʨʘʚʥʝʥʠʝ 

ʠʟʤʝʨʷʝʤʦʛʦ ʩʠʛʥʘʣʘ ʚʢʣʶʯʘʣʦ ʢʘʢ ʛʨʘʚʠʪʘʮʠʦʥʥʳʡ ʩʜʚʠʛ, ʪʘʢ ʠ ʧʦʧʨʘʚʢʠ 
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ʚʦʟʤʫʱʘʶʱʠʭ ʵʬʬʝʢʪʦʚ: ʨʝʣʷʪʠʚʠʩʪʩʢʦʛʦ ɼʦʧʣʝʨʘ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ, ʧʨʠʣʠʚ-

ʥʳʭ ʧʦʪʝʥʮʠʘʣʦʚ ʠ ʘʪʤʦʩʬʝʨʥʳʭ ʰʫʤʦʚ ʤʝʨʮʘʥʠʷ. ʆʙʨʘʙʦʪʢʘ ʜʘʥʥʳʭ ʚʳ-

ʧʦʣʥʷʣʘʩʴ ʩ ʠʩʧʦʣʴʟʦʚʘʥʠʝʤ ʧʨʠʥʮʠʧʘ ʤʘʢʩʠʤʘʣʴʥʦʛʦ ʧʨʘʚʜʦʧʦʜʦʙʠʷ, ʯʪʦ 

ʧʦʟʚʦʣʠʣʦ ʤʠʥʠʤʠʟʠʨʦʚʘʪʴ ʩʠʩʪʝʤʘʪʠʯʝʩʢʠʝ ʦʰʠʙʢʠ. ʀʟ ʩʦʨʦʢʘ ʛʨʘʚʠʪʘʮʠ-

ʦʥʥʳʭ ʩʝʘʥʩʦʚ ʧʦ ʪʝʭʥʠʯʝʩʢʠʤ ʧʨʠʯʠʥʘʤ ʙʳʣʠ ʦʪʦʙʨʘʥʳ 14,ʢʦʪʦʨʳʝ ʧʦʢʘʟʘ-

ʣʠ, ʯʪʦ ʧʘʨʘʤʝʪʨ ʥʘʨʫʰʝʥʠʷ Ů ʩʦʩʪʘʚʠʣ 1,57 Ö 10ī5 ʩ ʦʰʠʙʢʦʡ Ñ3,96 Ö 10ī5, ʯʪʦ 

ʩʦʛʣʘʩʫʝʪʩʷ ʩ ʧʨʝʜʩʢʘʟʘʥʠʷʤʠ ʆʊʆ. 

ɿʘʢʣʶʯʝʥʠʝ. ʇʨʦʚʝʜʝʥʥʳʝ ʠʟʤʝʨʝʥʠʷ ʧʦʜʪʚʝʨʜʠʣʠ ʧʨʝʜʩʢʘʟʘʥʠʷ ʦʙʱʝʡ 

ʪʝʦʨʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦʩʪʠ ʩ ʪʦʯʥʦʩʪʴʶ, ʧʨʝʚʳʰʘʶʱʝʡ ʨʝʟʫʣʴʪʘʪʳ ʧʨʝʜʳʜʫ-

ʱʠʭ ʵʢʩʧʝʨʠʤʝʥʪʦʚ, ʪʘʢʠʭ ʢʘʢ GP-A ʠ Galileo. ʇʦʣʫʯʝʥʥʳʝ ʜʘʥʥʳʝ ʚʘʞʥʳ 

ʜʣʷ ʜʘʣʴʥʝʡʰʠʭ ʠʩʩʣʝʜʦʚʘʥʠʡ ʚ ʦʙʣʘʩʪʠ ʬʫʥʜʘʤʝʥʪʘʣʴʥʦʡ ʬʠʟʠʢʠ, ʚʢʣʶʯʘʷ 

ʧʨʦʚʝʨʢʫ ʧʨʠʥʮʠʧʘ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ ʠ ʧʦʠʩʢ çʥʦʚʦʡ ʬʠʟʠʢʠè. ʈʝʟʫʣʴʪʘʪʳ 

ʪʘʢʞʝ ʤʦʛʫʪ ʙʳʪʴ ʧʨʠʤʝʥʝʥʳ ʚ ʥʘʚʠʛʘʮʠʦʥʥʳʭ ʩʠʩʪʝʤʘʭ ʜʣʷ ʫʯʝʪʘ ʨʝʣʷʪʠ-

ʚʠʩʪʩʢʠʭ ʵʬʬʝʢʪʦʚ ʧʨʠ ʨʘʩʯʝʪʝ ʪʨʘʝʢʪʦʨʠʡ ʢʦʩʤʠʯʝʩʢʠʭ ʘʧʧʘʨʘʪʦʚ. 
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Abstract. In this manuscript, we have considered the Finsler-Modified Randers Cosmolog-

ical Model (FMRCM) with cosmological constant  for generalized Finsler-Randers space-

time, to investigate the solutions of this model in Lyra theory of cosmology under different 

variations of energy conditions. Further, we have analyzed the role of cosmological con-

stant  in various framework, exploring its impact on both accelerating and decelerating 

phases of cosmic expansion with graphical and geometrical impact. 

Keywords: Cosmological constant , Finsler-Modified Cosmological Model, Generalized 

Finsler-Randers Cosmological Model (FMRCM), Curvature Parameter of Universe, Lyra 

Theory 

Introduction.  The accelerating expansion of the universe refers to the phe-

nomenon in which galaxies are observed to be receding from us at an increasing 

rate over time, indicating that the expansion is not only ongoing but speeding up. 

One of the major unresolved challenges in modern cosmology is determining the 

precise value of the cosmological constant  [1]. In general, by extending the Rie-

mannian metric structure, one can construct a Finslerian geometric framework on a 

manifold, laying the foundation for more generalized theories of gravitation. Fins-

ler geometry has seen rapid progress in its applications to fundamental theories of 

relativity, especially in general relativity, astrophysics, and cosmology. Several 

authors [1ï7] and [8] have investigated Bianchi-type cosmological models under 

various physical conditions, incorporating a time-dependent gauge function ‍ with-

in the framework of Lyra geometry for perfect fluid distributions. G. Lyra proposed 

a modification to Riemannian geometry by introducing a gauge function into an 

otherwise structureless manifold. More recently, D.D. Pawar et al. [7] explored 

magnetized dark energy cosmological models with a time-dependent cosmological 

term in Lyra geometry, specifically focusing on a magnetized dark energy Bianchi 

type ὠὍ space-time. Their work examines scenarios involving both uniform and 

time-varying displacement fields within the Lyra manifold. 

Methods and materials; results. In this context, Stavrinos et. al. [5] showed 

that the field equations derived from Finsler ð Randers geometry yield a Hubble 

parameter that includes an additional geometric term. This term could potentially 

be interpreted as a source of dark energy. 
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In this research paper, we explore a Friedmann-like Robertson ð Walker 

model and the role of the cosmological constant ȿ within the framework of gener-

alized Finsler ð Randers cosmology. Our study focuses on examining both the 

accelerating and decelerating phases of cosmic expansion in Lyra geometry with 

graphical and geometrical impact. 

Conclusion. In this research paper, we have proposed a cosmological model 

that explores various energy conditions in terms of the cosmological constant. We 

have considered the cosmological constant in two distinct framework accelerating 

and decelerating phases of the universe. Within these contexts, we have derived 

several theoretical solutions, including de Sitter solutions and power-law solutions, 

incorporating the cosmological constant under different scenarios. Both the geo-

metrical and graphical impacts of these solutions are thoroughly analyzed. 
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1 ˶ ˮ́Σ ˻ˮ̒ˮΣ ˨ͯ͋ͤ͊Σ ˾͙ͦͫͫΎ 

2 ˮ ̅ˮ́Σ ˾̂˨˹Σ ˸͍ͦͫ͊͟Σ ˾͙ͦͫͫΎ 

ɸʥʥʦʪʘʮʠʷ. ɺ ʜʘʥʥʦʡ ʨʘʙʦʪʝ ʤʳ ʠʩʩʣʝʜʫʝʤ ʨʦʣʴ ʥʝʣʠʥʝʡʥʦʛʦ ʩʧʠʥʦʨʥʦʛʦ ʧʦʣʷ  

ʚ ʵʚʦʣʶʮʠʠ ɺʩʝʣʝʥʥʦʡ ʚ ʨʘʤʢʘʭ ʣʦʢʘʣʴʥʦ-ʚʨʘʱʘʪʝʣʴʥʦ-ʩʠʤʤʝʪʨʠʯʥʦʡ ʢʦʩʤʦʣʦʛʠʯʝ-

ʩʢʦʡ ʤʦʜʝʣʠ ɹʴʷʥʢʠ I ʪʠʧʘ (LRSBI) ʩ ʛʝʦʤʝʪʨʠʝʡ ʃʠʨʳ. ʇʨʝʜʳʜʫʱʠʝ ʠʩʩʣʝʜʦʚʘʥʠʷ,  

ʚ ʢʦʪʦʨʳʭ ʠʟʫʯʘʣʦʩʴ ʥʝʣʠʥʝʡʥʦʝ ʩʧʠʥʦʨʥʦʝ ʧʦʣʝ ʚ ʨʘʟʣʠʯʥʳʭ ʘʥʠʟʦʪʨʦʧʥʳʭ ʠ ʠʟʦ-

ʪʨʦʧʥʦ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʤʦʜʝʣʷʭ, ʧʦʢʘʟʘʣʠ, ʯʪʦ ʥʘʣʠʯʠʝ ʥʝʪʨʠʚʠʘʣʴʥʳʭ, ʥʝʜʠʘʛʦ-

ʥʘʣʴʥʳʭ ʢʦʤʧʦʥʝʥʪʦʚ ʪʝʥʟʦʨʘ ʵʥʝʨʛʠʠ-ʠʤʧʫʣʴʩʘ ʩʧʠʥʦʨʥʦʛʦ ʧʦʣʷ ʥʘʢʣʘʜʳʚʘʝʪ ʩʝʨʴ-

ʝʟʥʳʝ ʦʛʨʘʥʠʯʝʥʠʷ ʢʘʢ ʥʘ ʛʝʦʤʝʪʨʠʶ ʧʨʦʩʪʨʘʥʩʪʚʘ-ʚʨʝʤʝʥʠ, ʪʘʢ ʠ ʥʘ ʩʘʤʦ ʩʧʠʥʦʨʥʦʝ 

ʧʦʣʝ. ɺ ʥʘʰʝʤ ʪʝʢʫʱʝʤ ʠʩʩʣʝʜʦʚʘʥʠʠ ʤʳ ʦʙʥʘʨʫʞʠʣʠ, ʯʪʦ, ʭʦʪʷ ʵʪʠ ʦʛʨʘʥʠʯʝʥʠʷ ʚʩʝ 

ʝʱʝ ʜʝʡʩʪʚʫʶʪ, ʚʚʝʜʝʥʠʝ ʛʝʦʤʝʪʨʠʠ ʃʠʨʳ ʩʫʱʝʩʪʚʝʥʥʦ ʚʣʠʷʝʪ ʥʘ ʵʚʦʣʶʮʠʶ ɺʩʝʣʝʥ-

ʥʦʡ. ʕʪʦ ʚʣʠʷʥʠʝ ʦʙʫʩʣʦʚʣʝʥʦ ʪʝʤ ʬʘʢʪʦʤ, ʯʪʦ ʠʥʚʘʨʠʘʥʪʳ ʩʧʠʥʦʨʥʦʛʦ ʧʦʣʷ ʟʘʚʠʩʷʪ 

ʦʪ ʧʘʨʘʤʝʪʨʘ ʛʝʦʤʝʪʨʠʠ ʃʠʨʳ.  

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʩʧʠʥʦʨʥʦʝ ʧʦʣʝ, ʛʝʦʤʝʪʨʠʷ ʃʠʨʳ, ʪʝʥʟʦʨ ʵʥʝʨʛʠʠ-ʠʤʧʫʣʴʩʘ, ʤʦ-

ʜʝʣʠ ɹʠʘʥʢʠ 

ɺʚʝʜʝʥʠʝ. ʀʩʪʦʨʠʷ ʥʘʫʢʠ ʦʪʤʝʯʝʥʘ ʧʦʩʪʦʷʥʥʳʤʠ ʠʟʤʝʥʝʥʠʷʤʠ ʠ ʩʦʚʝʨʰʝʥ-

ʩʪʚʦʚʘʥʠʝʤ. ɼʘʞʝ ʪʝʦʨʠʷ ʛʨʘʚʠʪʘʮʠʠ ʕʡʥʰʪʝʡʥʘ ʨʘʟʚʠʚʘʣʘʩʴ ʩ ʪʝʯʝʥʠʝʤ 

ʚʨʝʤʝʥʠ. ʆʜʥʦʡ ʠʟ ʤʥʦʛʠʭ ʤʦʜʠʬʠʢʘʮʠʡ ʪʝʦʨʠʠ ʛʨʘʚʠʪʘʮʠʠ ʙʳʣʦ ʚʚʝʜʝʥʠʝ 

ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʡ ʧʦʩʪʦʷʥʥʦʡ. ʕʪʘ ʵʚʦʣʶʮʠʷ ʦʪʨʘʞʘʝʪ ʧʨʦʜʦʣʞʘʶʱʠʡʩʷ ʧʦ-

ʠʩʢ ʙʦʣʝʝ ʩʦʚʝʨʰʝʥʥʳʭ ʪʝʦʨʠʡ, ʢʦʪʦʨʳʝ ʤʦʛʫʪ ʫʛʣʫʙʠʪʴ ʥʘʰʝ ʧʦʥʠʤʘʥʠʝ 

ʝʩʪʝʩʪʚʝʥʥʦʛʦ ʧʦʨʷʜʢʘ ʚʝʱʝʡ. ɺʩʢʦʨʝ ʧʦʩʣʝ ʥʦʚʘʪʦʨʩʢʦʡ ʨʘʙʦʪʳ ʕʡʥʰʪʝʡʥʘ 

ɺʝʡʣʴ ʧʦʧʳʪʘʣʩʷ ʦʙʲʝʜʠʥʠʪʴ ʛʨʘʚʠʪʘʮʠʶ ʠ ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʦʝ ʧʦʣʝ, ʦʙʦʙʱʠʚ 

ʨʠʤʘʥʦʚʫ ʛʝʦʤʝʪʨʠʶ [1]. ʆʜʥʘʢʦ ʪʝʦʨʠʷ ɺʝʡʣʷ ʥʝ ʧʦʣʫʯʠʣʘ ʰʠʨʦʢʦʛʦ ʧʨʠ-

ʟʥʘʥʠʷ, ʧʦʩʢʦʣʴʢʫ ʧʨʦʪʠʚʦʨʝʯʠʣʘ ʥʝʩʢʦʣʴʢʠʤ ʭʦʨʦʰʦ ʟʘʨʝʢʦʤʝʥʜʦʚʘʚʰʠʤ 

ʩʝʙʷ ʨʝʟʫʣʴʪʘʪʘʤ ʥʘʙʣʶʜʝʥʠʡ. 

ɺ 1951 ʛʦʜʫ ʃʠʨʘ ʧʨʝʜʣʦʞʠʣ ʤʦʜʠʬʠʢʘʮʠʶ ʨʠʤʘʥʦʚʦʡ ʛʝʦʤʝʪʨʠʠ, ʢʦʪʦ-

ʨʘʷ ʦʯʝʥʴ ʥʘʧʦʤʠʥʘʝʪ ʪʝʦʨʠʶ ɺʝʡʣʷ [2]. ʆʜʥʘʢʦ, ʚ ʦʪʣʠʯʠʝ ʦʪ ʛʝʦʤʝʪʨʠʠ 

ɺʝʡʣʷ, ʧʦʜʭʦʜ ʃʠʨʳ ʧʦʜʜʝʨʞʠʚʘʝʪ ʩʚʷʟʴ, ʩʦʭʨʘʥʷʶʱʫʶ ʤʝʪʨʠʢʫ, ʘʥʘʣʦʛʠʯ-

ʥʫʶ ʨʠʤʘʥʦʚʦʡ ʛʝʦʤʝʪʨʠʠ. ʇʨʠ ʵʪʦʤ ʦʥ ʚʚʝʣ ʢʘʣʠʙʨʦʚʦʯʥʫʶ ʬʫʥʢʮʠʶ ʚ ʙʝʩ-

ʩʪʨʫʢʪʫʨʥʦʝ ʤʥʦʛʦʦʙʨʘʟʠʝ. ʕʪʘ ʪʝʦʨʠʷ ʧʦʣʫʯʠʣʘ ʜʘʣʴʥʝʡʰʝʝ ʨʘʟʚʠʪʠʝ ʚ ʨʘ-

ʙʦʪʘʭ [3ï6]. ɺ ʧʦʩʣʝʜʥʠʝ ʛʦʜʳ ʛʝʦʤʝʪʨʠʷ ʃʠʨʳ ʥʘʰʣʘ ʰʠʨʦʢʦʝ ʧʨʠʤʝʥʝʥʠʝ  

ʚ ʢʦʩʤʦʣʦʛʠʠ [7ï10]. 
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ɺ ʧʦʩʣʝʜʥʠʝ ʛʦʜʳ ʩʧʠʥʦʨʥʦʝ ʧʦʣʝ ʧʨʠʚʣʝʢʣʦ ʟʥʘʯʠʪʝʣʴʥʦʝ ʚʥʠʤʘʥʠʝ  

ʚ ʢʦʩʤʦʣʦʛʠʠ ʙʣʘʛʦʜʘʨʷ ʩʚʦʝʡ ʩʧʦʩʦʙʥʦʩʪʠ ʤʦʜʝʣʠʨʦʚʘʪʴ ʨʘʟʣʠʯʥʳʝ ʠʩʭʦʜ-

ʥʳʝ ʧʦʣʷ, ʪʘʢʠʝ ʢʘʢ ʠʜʝʘʣʴʥʳʝ ʞʠʜʢʦʩʪʠ ʠ ʪʝʤʥʘʷ ʵʥʝʨʛʠʷ [11ï16]. ʅʝʩʢʦʣʴ-

ʢʦ ʠʩʩʣʝʜʦʚʘʥʠʡ ʧʦʢʘʟʘʣʠ, ʯʪʦ ʩʧʠʥʦʨʥʦʝ ʧʦʣʝ ʦʯʝʥʴ ʯʫʚʩʪʚʠʪʝʣʴʥʦ ʢ ʛʨʘʚʠ-

ʪʘʮʠʦʥʥʳʤ ʵʬʬʝʢʪʘʤ, ʧʨʠ ʵʪʦʤ ʥʝʪʨʠʚʠʘʣʴʥʳʝ, ʥʝʜʠʘʛʦʥʘʣʴʥʳʝ ʢʦʤʧʦʥʝʥʪʳ 

ʝʛʦ ʪʝʥʟʦʨʘ ʵʥʝʨʛʠʠ-ʠʤʧʫʣʴʩʘ (ʊʕʀ) ʥʘʢʣʘʜʳʚʘʶʪ ʩʝʨʴʝʟʥʳʝ ʦʛʨʘʥʠʯʝʥʠʷ 

ʢʘʢ ʥʘ ʛʝʦʤʝʪʨʠʶ ʧʨʦʩʪʨʘʥʩʪʚʘ-ʚʨʝʤʝʥʠ, ʪʘʢ ʠ ʥʘ ʥʝʣʠʥʝʡʥʦʩʪʴ ʩʘʤʦʛʦ ʩʧʠ-

ʥʦʨʥʦʛʦ ʧʦʣʷ [17]. ʉʧʠʥʦʨʥʦʝ ʧʦʣʝ ʚ ʛʝʦʤʝʪʨʠʠ ʃʠʨʳ ʪʘʢʞʝ ʠʟʫʯʘʣʦʩʴ ʚ ʨʘ-

ʙʦʪʝ [18]. ʆʩʥʦʚʥʘʷ ʮʝʣʴ ʵʪʦʛʦ ʠʩʩʣʝʜʦʚʘʥʠʷ ð ʚʳʷʩʥʠʪʴ, ʤʦʞʝʪ ʣʠ ʚʚʝʜʝʥʠʝ 

ʛʝʦʤʝʪʨʠʠ ʃʠʨʳ ʚ ʩʠʩʪʝʤʫ ʦʙʣʝʛʯʠʪʴ ʦʛʨʘʥʠʯʝʥʠʷ, ʦʙʳʯʥʦ ʚʦʟʥʠʢʘʶʱʠʝ ʧʨʠ 

ʩʪʘʥʜʘʨʪʥʦʡ ʦʙʨʘʙʦʪʢʝ ʩʧʠʥʦʨʥʳʭ ʧʦʣʝʡ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ʆʩʥʦʚʥʳʤʠ ʤʝʪʦʜʘʤʠ, ʠʩʧʦʣʴʟʦ-

ʚʘʥʥʳʤʠ ʚ ʜʘʥʥʦʡ ʨʘʙʦʪʝ, ʷʚʣʷʶʪʩʷ ʤʝʪʦʜʳ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʡ ʛʝʦʤʝʪʨʠʠ, 

ʪʝʥʟʦʨʥʦʛʦ ʘʥʘʣʠʟʘ, ʘʥʘʣʠʪʠʯʝʩʢʠʝ ʠ ʯʠʩʣʝʥʥʳʝ ʨʝʰʝʥʠʷ ʥʝʣʠʥʝʡʥʳʭ ʜʠʬ-

ʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ. ʇʨʠ ʵʪʦʤ ʜʣʷ ʯʠʩʣʝʥʥʦʛʦ ʘʥʘʣʠʟʘ ʠʩʧʦʣʴʟʫʝʪʩʷ 

Maple.  

ɺʚʝʜʝʥʠʝ ʛʝʦʤʝʪʨʠʠ ʃʠʨʳ ʠʟʤʝʥʷʝʪ ʩʧʠʥʦʨʥʦ-ʘʬʬʠʥʥʳʝ ʩʚʷʟʥʦʩʪʠ.  

ʅʘ ʦʩʥʦʚʝ ʵʪʦʡ ʩʪʨʫʢʪʫʨʳ ʧʦʣʫʯʝʥʳ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʩʧʠʥʦʨʥʦ-ʘʬʬʠʥʥʳʝ 

ʩʚʷʟʥʦʩʪʠ. ʆʙʥʘʨʫʞʝʥʦ, ʯʪʦ, ʭʦʪʷ ʢʦʤʧʦʥʝʥʪʳ ʪʝʥʟʦʨʘ ʵʥʝʨʛʠʠ-ʠʤʧʫʣʴʩʘ 

ʩʧʠʥʦʨʥʦʛʦ ʧʦʣʷ ʦʩʪʘʶʪʩʷ ʚʥʝʰʥʝ ʥʝʠʟʤʝʥʥʳʤʠ, ʠʥʚʘʨʠʘʥʪʳ ʩʧʠʥʦʨʥʦʛʦ 

ʧʦʣʷ ʧʨʝʪʝʨʧʝʚʘʶʪ ʟʥʘʯʠʪʝʣʴʥʳʝ ʠʟʤʝʥʝʥʠʷ. ʉʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʫʨʘʚʥʝʥʠʷ 

ʕʡʥʰʪʝʡʥʘ ʨʝʰʝʥʳ, ʘ ʤʝʪʨʠʯʝʩʢʠʝ ʬʫʥʢʮʠʠ ʚʳʨʘʞʝʥʳ ʚ ʪʝʨʤʠʥʘʭ ʤʘʩʰʪʘʙʘ 

ʦʙʲʝʤʘ. ʈʝʟʫʣʴʪʘʪʳ ʧʨʝʜʩʪʘʚʣʝʥʳ ʚ ʛʨʘʬʠʯʝʩʢʦʤ ʚʠʜʝ.  

ɿʘʢʣʶʯʝʥʠʝ. ɺ ʨʘʤʢʘʭ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʡ ʤʦʜʝʣʠ ʣʦʢʘʣʴʥʦ ʚʨʘʱʘʪʝʣʴʥʦ-

ʩʠʤʤʝʪʨʠʯʥʦʡ ɹʠʘʥʢʠ-I ʤʳ ʠʩʩʣʝʜʫʝʤ ʨʦʣʴ ʛʝʦʤʝʪʨʠʠ ʃʠʨʳ ʚ ʵʚʦʣʶʮʠʠ 

ɺʩʝʣʝʥʥʦʡ, ʢʦʛʜʘ ʦʥʘ ʥʘʧʦʣʥʷʝʪʩʷ ʪʝʤʥʦʡ ʵʥʝʨʛʠʝʡ, ʤʦʜʝʣʠʨʫʝʤʦʡ ʩʧʠʥʦʨ-

ʥʳʤ ʧʦʣʝʤ. ʅʘʰ ʘʥʘʣʠʟ ʧʦʢʘʟʳʚʘʝʪ, ʯʪʦ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʫʨʘʚʥʝʥʠʷ ʕʡʥ-

ʰʪʝʡʥʘ ʩʦʭʨʘʥʷʶʪ ʪʫ ʞʝ ʬʦʨʤʫ, ʯʪʦ ʠ ʧʨʠ ʦʪʩʫʪʩʪʚʠʠ ʛʝʦʤʝʪʨʠʠ ʃʠʨʳ. ʆʜ-

ʥʘʢʦ, ʟʘʚʠʩʠʤʦʩʪʴ ʠʥʚʘʨʠʘʥʪʦʚ ʩʧʠʥʦʨʥʦʛʦ ʧʦʣʷ ʦʪ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ 

ʧʘʨʘʤʝʪʨʦʚ ʃʠʨʳ ʚʣʠʷʝʪ ʥʘ ʢʦʥʝʯʥʳʝ ʨʝʟʫʣʴʪʘʪʳ. ʉʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʫʨʘʚʥʝ-

ʥʠʷ ʨʝʰʘʶʪʩʷ ʯʠʩʣʝʥʥʦ, ʘ ʨʝʰʝʥʠʷ ʧʨʝʜʩʪʘʚʣʝʥʳ ʛʨʘʬʠʯʝʩʢʠ.  
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Abstract. In this study, we examine the role of a nonlinear spinor field in the evolution of 

the Universe within the framework of a Locally Rotationally Symmetric Bianchi type-I 

(LRSBI) cosmological model with Lyraôs geometry. Previous research has explored the 

nonlinear spinor field in various anisotropic and isotropic cosmological models, revealing 

that the presence of nontrivial, non-diagonal components of the spinor field's energy-

momentum tensor imposes severe restrictions on both the space-time geometry and the 

spinor field itself. In our current study, we find that while these restrictions still apply, the 

introduction of Lyraôs geometry significantly influences the evolution of the Universe. This 

influence arises from the fact that the invariants of the spinor field are dependent on the 

Lyra geometry parameter. 
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Introduction.  The history of science is marked by constant change and refinement. 

Even Einstein's theory of gravity evolved over time. One of many modifications in 

theory of gravity was the introduction of the cosmological constant. This evolution 

reflects the ongoing search for better theories that can deepen our understanding of 

the natural order. Shortly after Einstein's groundbreaking work, Weyl sought to 

unify gravity and the electromagnetic field by generalizing Riemannian geometry 

[1]. However, Weyl's theory was not widely accepted, as it contradicted several 

well-established observational results. 

In 1951, Lyra proposed a modification of Riemannian geometry that closely 

resembles Weyl's theory [2]. Unlike Weyl geometry, however, Lyra's approach 

maintains a metric-preserving connection, similar to that of Riemannian geometry. 

In doing so, he introduced a gauge function into the otherwise structureless mani-

fold. This theory was further developed by many authors [3ï6]. In recent years, 

Lyra's geometry has found extensive applications in cosmology [7ï10]. 

In recent years, the spinor field has gained significant attention in cosmology 

due to its ability to model a variety of source fields, such as perfect fluids and dark 

energy [11ï16]. Several studies have shown that the spinor field is highly sensitive 

to gravitational effects, with the nontrivial, non-diagonal components of its energy-

momentum tensor (EMT) imposing severe constraints on both the space-time ge-

ometry and the nonlinearity of the spinor field itself [17]. The spinor field within 

Lyra's geometry has also been explored in [18]. The primary aim of this study is to 

investigate whether the introduction of Lyra's geometry into the system can allevi-

ate the restrictions typically found in the standard treatment of spinor fields. 

Methods and materials; results. The main methods used in this work are 

methods of differential geometry, tensor analysis, analytical and numerical solu-

tions of nonlinear differential equations, as well as data analysis for comparing 

theoretical results and observational data. In this case, Maple is used for numerical 

analysis.  

The introduction of Lyraôs geometry modifies the spinor affine connections. 

Based on this framework, the corresponding spinor affine connections are derived. 

It is found that while the components of the spinor fieldôs energy-momentum ten-

sor remain externally unchanged, the spinor field invariants undergo significant 

modifications. The corresponding Einstein equations are solved, and the metric 

functions are expressed in terms of the volume scale. The results are presented in 

graphical form. 

Conclusion. Within the framework of a LRS Bianchi type-I cosmological 

model, we investigate the role of Lyra's geometry in the evolution of the Universe 

when it is filled with dark energy modeled by a spinor field. Our analysis reveals 

that the corresponding Einstein equations retain the same form as in the absence of 

Lyraôs geometry. However, the dependence of spinor field invariants on the Lyra 
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geometry parameter influences the final results. The relevant equations are solved 

numerically, with the solutions presented graphically. 
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f(Q, Lm) gravity: A new modified gravity 
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Abstract. In this talk, I will discuss the Ὢὗ  symmetric teleparallel gravity by introducing 

an arbitrary coupling between the non-metricity Q and matter Lagrangian ὒ  in the La-

grangian density f of the theory, which thus leads to the Ὢὗȟὒ  theory. This generalisa-

tion encompasses Coincident General Relativity (CGR), and the Symmetric Teleparallel 

Equivalent to GR (STEGR). Using the metric formalism, we derive the field equation of the 

theory, which generalizes the field equations of Ὢὗ  gravity. From the study of the covari-

ant divergence of the field equations, it follows that the presence of the geometry-matter 

coupling leads to the non-conservation of the matter energy-momentum tensor. The cosmo-

logical implications of the theory are investigated in the case of a flat, homogeneous, and 

isotropic Friedmann-Lemaitre-Robertson-Walker geometry. As a first step in this di- rec-

tion, we obtain the modified Friedmann equations for the Ὢὗȟὒ  gravity in a general 

form. Specific cosmological models are investigated for several choices of Ὢὗȟὒ , in-

cluding Ὢὗȟὒ ‌ὗ ςὒ ‍, and Ὢὗȟὒ ‌ὗ ςὒ , respectively. 

Comparative analyses with the standard ȿ CDM paradigm are carried out, and the observa-

tional implications of the models are investigated in detail. 

Keywords: Ὢὗȟὒ  gravity, cosmology, observational constraints, dark energy 
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Artificial intelligence for teleparallel tilted cosmology 
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Abstract. Artificial intelligence (AI) helps the researcher to study the hidden layer of the 

dark energy. AI observation for distant type Ia supernovae (SNIa) provides the nature of the 

accelerating universe. AI can be used for SNeIa and cosmic microwave background radia-

tion (CMB) data manipulation. In the tilted cosmology, the fluid velocity is not orthogonal 

to the group of orbits. AI in Teleparallel tilted cosmological yield better data analysis for 

Wilkinson microwave anisotropy probe (WMAP) 

Keywords: artificial intelligence, tilted model, teleparallel gravity, CMB, WMAP 

Introduction.  Methods based on artificial intelligence (AI) and machine learning 

(ML) has a large cosmological applications. Machine learning is starting to see in-

creased adoption across different subfields of and for various applications within 

cosmology [1]. Time Domain and Multi-messenger Astrophysics in the time do-

main, machine learning techniques have a key role to play in the era of wide-field 

surveys across the electromagnetic and gravitational wave spectrum. Of these sur-

veys, the Vera C. Rubin Observatoryôs Legacy Survey of Space and Time (LSST) 

will produce Ḑ10 million alerts from time-domain phenomena every nightðhigher 

than can conceivably be inspected visually by the entire astronomical time-domain 

community in a lifetime. Very Large Array (ngVLA), CMBS4, the LIGO-VIRGO-

Kagra Collaboration and numerous other data-intensive experiments over the next 

decade. Each of these provide us a different, multi-messenger window into the var-

iable sky and the cosmos. The order-of-magnitude increase in alerts with LSST 

will dramatically increase the stress on available spectroscopic resources. In a cos-

mological context, Type Ia supernovae are especially important for measurements 

of the Hubble constant at a unique rung of the distance ladder. ML techniques are 

essential to classify these events in real time analysis [1]. Several authors studied 

tilted cosmological models [2ï12]. 

Methods and materials; results. We derived the Teleparallel gravity field 

equations for tilted LRS Bianchi type ïI cosmological model in section 1. We ob-

tained the consequences of the field equations in section 2. We solved the field 

equations for two different cases and obtained explicit exact solutions by using AI 

Computation 3. We mentioned AI simulations of the physical and geometrical 

properties of the solutions in section 4.  

Conclusion. In this paper, we have investigated tilted Bianchi type ð I cos-

mological model in teleparallel gravity. By using AI computation, we find that the 

pressure, energy density, tilt angle, heat conduction vector of the fluid distribution, 
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the scalar expansion are constants at the initial time and gradually decreases with 

respect to time. The AI simulation shows that the spatial volume of the universe are 

constants at time t=0 and gradually increase with respect to time. 
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ɸʥʥʦʪʘʮʠʷ. ʇʨʝʜʣʦʞʝʥ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʡ ʩʮʝʥʘʨʠʡ ʩ ʚʨʘʱʝʥʠʝʤ ʪʝʤʥʦʡ ʵʥʝʨʛʠʠ ʩ 

ʛʠʙʨʠʜʥʦʡ ʠʥʬʣʷʮʠʝʡ ʜʣʷ ʤʝʪʨʠʢʠ ʪʠʧʘ II ʧʦ ɹʴʷʥʢʠ. ʅʘ ʵʪʘʧʝ ʧʝʨʚʦʡ ʠʥʬʣʷʮʠʠ ʨʘʩ-

ʩʤʦʪʨʝʥ ʨʘʩʧʘʜ ʜʚʦʡʥʦʛʦ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ ʩ ʧʝʨʝʭʦʜʦʤ ʚ ʫʣʴʪʨʘʨʝʣʷʪʠʚʠʩʪʩʢʫʶ ʩʪʘ-

ʜʠʶ ʨʘʟʚʠʪʠʷ ʚʩʝʣʝʥʥʦʡ. ʀʩʩʣʝʜʦʚʘʥʘ ʵʚʦʣʶʮʠʷ ʚʨʘʱʝʥʠʷ ʪʝʤʥʦʡ ʵʥʝʨʛʠʠ, ʤʦʜʝʣʠ-

ʨʫʝʤʦʡ ʘʥʠʟʦʪʨʦʧʥʦʡ ʞʠʜʢʦʩʪʴʶ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʛʠʙʨʠʜʥʘʷ ʠʥʬʣʷʮʠʷ, ʪʝʤʥʘʷ ʵʥʝʨʛʠʷ, ʚʨʘʱʝʥʠʝ, ʢʦʩʤʦʣʦʛʠʯʝʩʢʘʷ 

ʤʦʜʝʣʴ, ʩʢʘʣʷʨʥʳʝ ʧʦʣʷ 

ɺʚʝʜʝʥʠʝ. ɺ ʩʚʦʠʭ ʨʘʙʦʪʘʭ ʤʳ ʨʘʩʩʤʘʪʨʠʚʘʝʤ ʦʩʦʙʳʡ ʪʠʧ ʘʥʠʟʦʪʨʦʧʠʠ ʚ 4-

ʧʨʦʩʪʨʘʥʩʪʚʝ, ʦʙʫʩʣʦʚʣʝʥʥʳʡ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʤ ʚʨʘʱʝʥʠʝʤ. ʆʪʤʝʪʠʤ, ʯʪʦ ʚ 

ʩʦʚʨʝʤʝʥʥʦʡ ʢʦʩʤʦʣʦʛʠʠ ʚʝʩʴʤʘ ʘʢʪʫʘʣʴʥʦ ʠʩʩʣʝʜʦʚʘʥʠʝ ʪʝʤʥʦʡ ʵʥʝʨʛʠʠ, ʘ 

ʪʘʢʞʝ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ. ʋʢʘʞʝʤ, ʯʪʦ ʚ ʙʦʣʴʰʠʥʩʪʚʝ ʨʘʙʦʪ ʪʝʤʥʘʷ ʵʥʝʨʛʠʷ ʥʝ 

ʚʨʘʱʘʝʪʩʷ. ʅʦ ʠʩʩʣʝʜʦʚʘʥʠʝ ʝʝ ʚʦʟʤʦʞʥʦʛʦ ʚʨʘʱʝʥʠʷ ʷʚʣʷʝʪʩʷ ʘʢʪʫʘʣʴʥʦʡ 

ʪʝʤʦʡ. ɺ ʥʘʩʪʦʷʱʝʡ ʨʘʙʦʪʝ ʤʳ ʙʦʣʝʝ ʦʙʩʪʦʷʪʝʣʴʥʦ, ʯʝʤ ʚ [1], ʨʘʩʩʤʘʪʨʠʚʘʝʤ 

ʧʨʦʮʝʩʩ ʛʠʙʨʠʜʥʦʡ ʠʥʬʣʷʮʠʠ ʚ ʨʘʤʢʘʭ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʛʦ ʩʮʝʥʘʨʠʷ ʩ ʚʨʘʱʝ-

ʥʠʝʤ ʜʣʷ ʤʝʪʨʠʢʠ ʪʠʧʘ II ʧʦ ɹʴʷʥʢʠ. ʇʨʠ ʵʪʦʤ ʠʩʩʣʝʜʦʚʘʥʘ ʵʚʦʣʶʮʠʷ ʚʨʘʱʝ-

ʥʠʷ ʪʝʤʥʦʡ ʵʥʝʨʛʠʠ, ʤʦʜʝʣʠʨʫʝʤʦʡ ʘʥʠʟʦʪʨʦʧʥʦʡ ʞʠʜʢʦʩʪʴʶ. 

ʆʪʤʝʪʠʤ, ʯʪʦ ʠʩʩʣʝʜʦʚʘʥʠʝ ʨʘʟʣʠʯʥʳʭ ʪʠʧʦʚ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʡ ʠʥʬʣʷʮʠʠ 

ʘʢʪʫʘʣʴʥʦ ʜʣʷ ʦʙʲʷʩʥʝʥʠʷ ʫʜʠʚʠʪʝʣʴʥʳʭ ʦʪʢʨʳʪʠʡ, ʩʚʷʟʘʥʥʳʭ ʩ ʥʘʙʣʶʜʝʥʠʷ-

ʤʠ, ʧʨʦʜʝʣʘʥʥʳʤʠ ʥʘ ʥʦʚʝʡʰʝʤ ʢʦʩʤʠʯʝʩʢʦʤ ʪʝʣʝʩʢʦʧʝ ɼʞʝʡʤʩ ʋʵʙʙ (JWST). 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɹʳʣʦ ʥʘʡʜʝʥʦ ʨʝʰʝʥʠʝ ʩʠʩʪʝʤʳ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʕʡʥʰʪʝʡʥʘ ʜʣʷ ʤʝʪʨʠʢʠ II ʪʠʧʘ ʧʦ ɹʴʷʥʢʠ, ʛʜʝ 

ʚ ʢʘʯʝʩʪʚʝ ʠʩʪʦʯʥʠʢʦʚ ʛʨʘʚʠʪʘʮʠʠ ʚʳʙʨʘʥʳ ʘʥʠʟʦʪʨʦʧʥʘʷ ʞʠʜʢʦʩʪʴ ʠ ʜʚʘ 

ʩʢʘʣʷʨʥʳʭ ʧʦʣʷ. ʉʦʚʤʝʩʪʥʦ ʩ ʩʠʩʪʝʤʦʡ ʫʨʘʚʥʝʥʠʡ ʕʡʥʰʪʝʡʥʘ ʨʝʰʝʥʳ ʜʚʘ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʷ ʜʚʠʞʝʥʠʷ ʩʢʘʣʷʨʥʳʭ ʧʦʣʝʡ.  

ɹʳʣʠ ʥʘʡʜʝʥʳ ʤʘʩʰʪʘʙʥʳʡ ʬʘʢʪʦʨ, ʢʦʤʧʦʥʝʥʪʳ ʘʥʠʟʦʪʨʦʧʥʦʛʦ ʜʘʚʣʝ-

ʥʠʷ, ʧʣʦʪʥʦʩʪʴ ʵʥʝʨʛʠʠ ʘʥʠʟʦʪʨʦʧʥʦʡ ʞʠʜʢʦʩʪʠ ʠ ʫʨʘʚʥʝʥʠʝ ʩʦʩʪʦʷʥʠʷ. ɹʳʣʦ 

ʧʨʦʚʝʜʝʥʦ ʦʧʠʩʘʥʠʷ ʛʠʙʨʠʜʥʦʡ ʠʥʬʣʷʮʠʠ ʠ ʥʘʡʜʝʥʳ ʫʩʣʦʚʠʷ ʤʝʜʣʝʥʥʦʛʦ 

ʩʢʘʪʳʚʘʥʠʷ. ɼʘʣʝʝ ʧʨʦʚʝʜʝʥʘ çʩʢʣʝʡʢʘè ʵʪʘʧʘ ʨʘʥʥʝʡ ʠʥʬʣʷʮʠʠ ɺʩʝʣʝʥʥʦʡ ʠ 

ʵʪʘʧʘ ʜʦʤʠʥʠʨʦʚʘʥʠʷ ʫʣʴʪʨʘʨʝʣʷʪʠʚʠʩʪʩʢʦʡ ʞʠʜʢʦʩʪʠ. ʌʨʠʜʤʘʥʦʚʩʢʠʝ ʵʪʘ-

ʧʳ ʵʚʦʣʶʮʠʠ ɺʩʝʣʝʥʥʦʡ ʙʳʣʠ ʠʩʩʣʝʜʦʚʘʥʳ ʨʘʥʝʝ ʚ ʥʘʰʝʡ ʨʘʙʦʪʝ [2]. 

ɿʘʢʣʶʯʝʥʠʝ. ʅʘ ʢʘʯʝʩʪʚʝʥʥʦʤ ʫʨʦʚʥʝ ʙʫʜʝʤ ʩʯʠʪʘʪʴ, ʯʪʦ ʜʦ ʧʝʨʚʦʡ ʠʥ-

ʬʣʷʮʠʠ ʚ ʥʘʰʝʡ ʤʦʜʝʣʠ ʩ ʤʝʪʨʠʢʦʡ II ʧʦ ɹʴʷʥʢʠ ʚ ʥʝʡ ʧʨʠʩʫʪʩʪʚʫʶʪ: ʚʨʘʱʘ-
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ʶʱʘʷʩʷ ʘʥʠʟʦʪʨʦʧʥʘʷ ʞʠʜʢʦʩʪʴ (ʙʫʜʫʱʘʷ ʪʝʤʥʘʷ ʵʥʝʨʛʠʷ) ʠ ʝʱʝ ʥʝʩʢʦʣʴʢʦ 

ʠʩʪʦʯʥʠʢʦʚ ʪʷʛʦʪʝʥʠʷ, ʠ ʧʨʠ ʵʪʦʤ ʚʨʘʱʝʥʠʝ ʘʥʠʟʦʪʨʦʧʥʦʡ ʞʠʜʢʦʩʪʠ ͯ‫ ρȾὙ 

ʥʘ ʚʩʝʡ ʵʚʦʣʶʮʠʠ ʥʘʰʝʡ ʤʦʜʝʣʠ ɺʩʝʣʝʥʥʦʡ. ɹʫʜʝʤ ʧʨʠ ʵʪʦʤ ʧʦʣʘʛʘʪʴ, ʯʪʦ 

ʘʥʠʟʦʪʨʦʧʥʘʷ ʞʠʜʢʦʩʪʴ ʥʝ ʧʝʨʝʜʘʝʪ ʚʨʘʱʝʥʠʝ ʜʨʫʛʠʤ ʚʠʜʘʤ ʤʘʪʝʨʠʠ ʠ ʥʘ 

ʬʨʠʜʤʘʥʦʚʩʢʠʭ ʵʪʘʧʘʭ ð ʨʦʞʜʝʥʥʳʤ ʯʘʩʪʠʮʘʤ ʤʘʪʝʨʠʠ. ʊʦʛʜʘ ʧʨʠ ʤʦʜʝʣʠ-

ʨʦʚʘʥʠʠ ʥʘʰʠʤ ʩʮʝʥʘʨʠʝʤ (ʩ ʫʯʝʪʦʤ ʨʝʟʫʣʴʪʘʪʦʚ [2]) ʚʩʝʡ ʵʚʦʣʶʮʠʠ ɺʩʝʣʝʥ-

ʥʦʡ, ʩʯʠʪʘʷ, ʯʪʦ ʤʘʩʰʪʘʙʥʳʡ ʬʘʢʪʦʨ ʚʩʝʣʝʥʥʦʡ ʵʚʦʣʶʮʠʦʥʠʨʫʝʪ ʧʨʠ ʨʘʟʜʫ-

ʚʘʥʠʠ ʠ ʧʦʩʣʝʜʫʶʱʝʤ ʨʘʩʰʠʨʝʥʠʠ ʦʪ ʧʣʘʥʢʦʚʩʢʦʛʦ ʟʥʘʯʝʥʠʷ Ὑ ρπ ʩʤ ʜʦ 

ʩʦʚʨʝʤʝʥʥʦʛʦ ʨʘʟʤʝʨʘ ʥʘʙʣʶʜʘʝʤʦʡ ɺʩʝʣʝʥʥʦʡ Ὑ ρπ ʩʤ ʠ ʧʦʣʘʛʘʷ ʧʨʠ 

ʵʪʦʤ, ʯʪʦ ʚ ʧʣʘʥʢʦʚʩʢʫʶ ʵʧʦʭʫ ʩʢʦʨʦʩʪʴ ʚʨʘʱʝʥʠʷ ʪʝʤʥʦʡ ʵʥʝʨʛʠʠ ‫ ρπ 

1/c, ʤʦʞʥʦ ʩʯʠʪʘʪʴ ʯʪʦ ʚ ʩʦʚʨʝʤʝʥʥʫʶ ʵʧʦʭʫ ʩʢʦʨʦʩʪʴ ʚʨʘʱʝʥʠʷ ʘʥʠʟʦʪʨʦʧ-

ʥʦʡ ʞʠʜʢʦʩʪʠ (ʪʝʤʥʦʡ ʵʥʝʨʛʠʠ) ʧʦʨʷʜʢʘ ‫ ρπ 1/ʛʦʜ, ʯʪʦ ʩʦʚʧʘʜʘʝʪ ʩʦ 

ʟʥʘʯʝʥʠʝʤ ʫʛʣʦʚʦʡ ʩʢʦʨʦʩʪʠ ʚʨʘʱʝʥʠʷ ɺʩʝʣʝʥʥʦʡ, ʧʨʠʥʷʪʦʡ ʚ ʨʘʙʦʪʝ [3]. 
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Abstract. A cosmological scenario with the rotation of dark energy with hybrid inflation 

for the Bianchi type II metric is proposed. At the stage of the first inflation, the decay of the 

double scalar field with the transition to the ultrarelativistic stage of the development of the 

universe is considered. The evolution of the rotation of dark energy simulated by an aniso-

tropic fluid is investigated. 

Keywords: hybrid inflation, dark energy, rotation, cosmological model, scalar fields 

Introduction.  In our works, we consider a special type of anisotropy in 4-space 

due to cosmological rotation. Note that in modern cosmology, the study of dark 

energy, as well as dark matter, is very relevant. Let's point out that in most works, 

dark energy does not rotate. But the study of its possible rotation is an urgent topic. 
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In this paper, we consider the process of hybrid inflation in more detail than in 

[1] within the framework of the cosmological scenario with rotation for the Bianchi 

type II metric. In this case, the evolution of the rotation of dark energy modeled by 

an anisotropic liquid is investigated. 

It should be noted that the study of various types of cosmological inflation is 

relevant to explain the amazing discoveries related to observations made on the 

latest James Webb Space Telescope (JWST). 

Methods and materials; results. A solution to Einstein's system of differen-

tial equations was found for the Bianchi type II metric, where an anisotropic fluid 

and two scalar fields were chosen as sources of gravity. Together with Einstein's 

system of equations, two differential equations of scalar field motion have been 

solved. 

The scale factor, the components of anisotropic pressure, the energy density of 

the anisotropic fluid, and the equation of state were found. Descriptions of hybrid 

inflation were carried out and conditions for a slow rolldown were found. Next, the 

stage of early inflation of the Universe and the stage of dominance of ultrarelativ-

istic fluid were "glued". Friedmann's stages of the evolution of the Universe were 

studied earlier in our work [2]. 

Conclusion.At the qualitative level, we will assume that before the first infla-

tion in our model with Bianchi metric II, it contains: a rotating anisotropic fluid 

(future dark energy) and several other sources of gravity, and at the same time the 

rotation of the anisotropic fluid ͯ‫ ρȾὙ  throughout the evolution of our model of 

the Universe. At the same time, we will assume that the anisotropic fluid does not 

transfer rotation to other types of matter at the Friedmann stages, i.e. the born par-

ticles of matter. Then, when simulating the entire evolution of the Universe in our 

scenario (taking into account the results of [2]), assuming that the scale factor of 

the Universe evolves during inflation and subsequent expansion from the Planck 

value of Ὑ ρπ cm to the present size of the observable Universe Ὑ ρπ 

cm, and assuming that in the Planck epoch the rotation rate of dark energy ‫  
ρπ 1/s, we can assume that that in the modern era, the rotation rate of an ani-

sotropic fluid (dark energy) is of the order ‫ ρπ 1/year, which coincides with 

the value of the angular rotation velocity of the Universe adopted in the paper [3]. 
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Abstract. In recent years, modifications to General Relativity (GR) have been explored to 

address cosmological observations, particularly in the context of late-time cosmic accelera-

tion. Among these, modifications based on the Teleparallel Equivalent of General Relativi-

ty (TEGR), particularly f(T) gravity, have gained significant attention. In this work, we 

investigate the scalar perturbations in f(T) gravity, focusing on how these perturbations 

modify the Poisson and lensing equations and how they impact cosmological observables. 

By incorporating observational data from cosmic chromatometers, Big Bang nucleosynthe-

sis, the DESI BAO survey, and Type Ia Supernovae (SNe Ia), we derive constraints on the 

parameters of the f(T) power-law model. Our results suggest that f(T) gravity can effective-

ly alleviate some of the tensions observed in the standard ȿCDM model, including the 

Hubble constant (H0) discrepancy. Furthermore, the evolution of the supernova luminosity 

and its dependence on the gravitational constant are considered to refine the measurement 

of cosmological parameters. The modelôs ability to address the H0 tension is critically ex-

amined, and we find that f(T) gravity offers a viable alternative to the standard model. The 

work concludes by comparing the fits of the f(T) gravity model to the ȿCDM model using 

various information criteria, revealing key insights into the viability of modified gravity in 

contemporary cosmology. 
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ɸʥʥʦʪʘʮʠʷ. ɺ ʨʘʙʦʪʝ ʧʨʠʚʦʜʷʪʩʷ ʥʝʢʦʪʦʨʳʝ ʤʝʪʦʜʳ ʠ ʧʨʝʜʚʘʨʠʪʝʣʴʥʳʝ ʨʝʟʫʣʴʪʘʪʳ 

ʥʘʙʣʶʜʘʪʝʣʴʥʦʛʦ ʧʦʠʩʢʘ ʧʨʦʭʦʜʠʤʳʭ ʢʨʦʪʦʚʳʭ ʥʦʨ (ʂʅ). ʆʩʥʦʚʥʘʷ ʨʘʩʩʤʘʪʨʠʚʘʝʤʘʷ 

ʤʦʜʝʣʴʥʘʷ ʩʠʩʪʝʤʘ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʧʨʦʭʦʜʠʤʫʶ ʂʅ ʧʨʦʩʪʝʡʰʝʛʦ ʪʠʧʘ (ʩʰʠʚʢʘ 

ʜʚʫʭ ʧʨʦʩʪʨʘʥʩʪʚ ʐʚʘʨʮʰʠʣʴʜʘ), ʦʙʲʝʢʪ ɸ ʧʦ ʜʨʫʛʫʶ, ʥʝʥʘʙʣʶʜʘʝʤʫʶ, ʩʪʦʨʦʥʫ 

ʛʦʨʣʦʚʠʥʳ ʂʅ ʠ ʦʙʲʝʢʪ ɹ ʥʘ ʥʘʙʣʶʜʘʝʤʦʡ ʩʪʦʨʦʥʝ. ɺ ʢʘʯʝʩʪʚʝ ʢʘʥʜʠʜʘʪʦʚ ʚ ʂʅ ʧʨʠ-

ʥʠʤʘʝʪʩʷ ʨʷʜ ʨʝʘʣʴʥʳʭ ʦʙʲʝʢʪʦʚ, ʚ ʥʘʩʪʦʷʱʝʝ ʚʨʝʤʷ ʦʪʦʞʜʝʩʪʚʣʝʥʥʳʭ ʢʘʢ ʯʝʨʥʳʝ 

ʜʳʨʳ (ʏɼ), ʈʘʩʩʤʘʪʨʠʚʘʶʪʩʷ ʏɼ ʟʚʝʟʜʥʳʭ ʤʘʩʩ ʚ ʜʚʦʡʥʳʭ ʩʠʩʪʝʤʘʭ, ʘ ʪʘʢʞʝ ʩʚʝʨʭ-

ʤʘʩʩʠʚʥʘʷ ʏɼ ʚ ʮʝʥʪʨʝ ʥʘʰʝʡ ɻʘʣʘʢʪʠʢʠ. ɺ ʢʘʯʝʩʪʚʝ ʦʙʲʝʢʪʦʚ ɸ ʠ ɹ ʚʳʩʪʫʧʘʶʪ ʟʚʝʟ-

ʜʳ ʨʘʟʣʠʯʥʳʭ ʢʣʘʩʩʦʚ. ʆʩʥʦʚʥʘʷ ʪʝʦʨʝʪʠʯʝʩʢʘʷ ʧʨʝʜʧʦʩʳʣʢʘ ʦʩʥʦʚʘʥʘ ʥʘ ʧʦʠʩʢʘʭ 

ʜʦʧʦʣʥʠʪʝʣʴʥʦʛʦ ʚʦʟʤʫʱʘʶʱʝʛʦ ʫʩʢʦʨʝʥʠʷ, ʝʛʦ ʭʘʨʘʢʪʝʨʥʦʛʦ ʩʠʩʪʝʤʘʪʠʯʝʩʢʦʛʦ ʚʣʠ-

ʷʥʠʷ ʥʘ ʥʘʙʣʶʜʘʝʤʳʝ ʜʚʠʞʝʥʠʷ ʦʙʲʝʢʪʦʚ ʚ ʦʢʨʝʩʪʥʦʩʪʷʭ ʧʨʝʜʧʦʣʘʛʘʝʤʳʭ ʢʘʥʜʠʜʘ-

ʪʦʚ ʚ ʂʅ. ɼʣʷ ʧʨʦʚʝʨʢʠ ʤʦʜʝʣʠ ʠʩʧʦʣʴʟʫʶʪʩʷ ʜʘʥʥʳʝ ʢʦʩʤʠʯʝʩʢʦʡ ʦʙʩʝʨʚʘʪʦʨʠʠ 

GAIA. ʉ ʮʝʣʴʶ ʧʨʦʚʝʨʢʠ ʤʦʜʝʣʠ ʩʦʩʪʘʚʣʝʥ ʢʘʪʘʣʦʛ ʥʘʠʙʦʣʝʝ ʧʝʨʩʧʝʢʪʠʚʥʳʭ ʜʚʦʡ-

ʥʳʭ ʦʙʲʝʢʪʦʚ. ɼʣʷ ʥʝʢʦʪʦʨʳʭ ʨʝʘʣʴʥʳʭ ʩʠʩʪʝʤ ʦʮʝʥʠʚʘʶʪʩʷ ʚʦʟʤʫʱʘʶʱʠʝ ʜʦʧʦʣʥʠ-

ʪʝʣʴʥʳʝ ʫʩʢʦʨʝʥʠʷ ʠ ʚʳʟʚʘʥʥʳʝ ʠʤʠ ʭʘʨʘʢʪʝʨʥʳʝ ʧʝʨʠʦʜʠʯʥʦʩʪʠ ʩʢʦʨʦʩʪʝʡ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʧʨʦʭʦʜʠʤʳʝ ʢʨʦʪʦʚʳʝ ʥʦʨʳ, ʛʨʘʚʠʪʘʮʠʦʥʥʳʝ ʚʦʟʤʫʱʝʥʠʷ, ʢʦʩʤʠ-

ʯʝʩʢʘʷ ʦʙʩʝʨʚʘʪʦʨʠʷ GAIA 

ɺʚʝʜʝʥʠʝ. ʂʨʦʪʦʚʳʝ ʥʦʨʳ (ʂʅ) ʧʨʝʜʩʪʘʚʣʷʶʪ ʩʦʙʦʡ ʩʪʨʫʢʪʫʨʳ ʧʨʦʩʪʨʘʥ-

ʩʪʚʘ-ʚʨʝʤʝʥʠ ʥʝʪʨʠʚʠʘʣʴʥʦʡ ʪʦʧʦʣʦʛʠʠ. ʂʅ ʙʳʣʠ ʚʧʝʨʚʳʝ ʧʨʝʜʣʦʞʝʥʳ 

ʕʡʥʰʪʝʡʥʦʤ ʠ ʈʦʟʝʥʦʤ [1] ʢʘʢ çʤʦʩʪ ʕʡʥʰʪʝʡʥʘ ð ʈʦʟʝʥʘè. ʂʅ ʷʚʣʷʶʪʩʷ 

ʨʝʰʝʥʠʷʤʠ ʢʣʘʩʩʠʯʝʩʢʦʡ ʆʊʆ ʥʘʨʷʜʫ ʩ ʯʝʨʥʳʤʠ ʜʳʨʘʤʠ (ʏɼ). ɺ ʩʠʣʫ ʤʥʦ-

ʛʦʢʨʘʪʥʦʛʦ ʫʚʝʨʝʥʥʦʛʦ ʦʙʥʘʨʫʞʝʥʠʷ ʏɼ ʩ ʧʦʤʦʱʴʶ ʢʘʢ ʥʘʙʣʶʜʝʥʠʡ ʦʙʲʝʢ-

ʪʦʚ ʚ ʠʭ ʦʢʨʝʩʪʥʦʩʪʷʭ, ʪʘʢ ʠ ʩ ʧʦʤʦʱʴʶ ʥʦʚʳʭ ʤʝʪʦʜʦʚ ʛʨʘʚʠʪʘʮʠʦʥʥʦ-

ʚʦʣʥʦʚʦʡ ʘʩʪʨʦʥʦʤʠʠ, ʧʦʠʩʢ ʠ ʦʪʦʞʜʝʩʪʚʣʝʥʠʝ ʂʅ ʩʪʘʥʦʚʠʪʩʷ ʘʢʪʫʘʣʴʥʦʡ 

ʟʘʜʘʯʝʡ. ʂʅ ʠ ʏɼ ʦʙʣʘʜʘʶʪ ʭʘʨʘʢʪʝʨʥʳʤʠ ʘʩʪʨʦʬʠʟʠʯʝʩʢʠʤʠ ʩʚʦʡʩʪʚʘʤʠ, 

ʢʦʪʦʨʳʝ ʥʘ ʪʝʢʫʱʝʤ ʫʨʦʚʥʝ ʤʦʜʝʣʝʡ ʠ ʥʘʙʣʶʜʘʪʝʣʴʥʳʭ ʪʦʯʥʦʩʪʝʡ ʥʝʚʦʟ-

ʤʦʞʥʦ ʩ ʜʦʩʪʦʚʝʨʥʦʩʪʴʶ ʨʘʟʣʠʯʠʪʴ. ʆʜʥʘʢʦ ʪʘʢʦʝ ʩʚʦʡʩʪʚʦ ʂʅ ʢʘʢ ʧʨʦʭʦʜʠ-

ʤʦʩʪʴ, ʩʚʦʡʩʪʚʝʥʥʦʝ ʰʠʨʦʢʦʤʫ ʪʝʦʨʝʪʠʯʝʩʢʦʤʫ ʢʣʘʩʩʫ ʪʘʢʠʭ ʦʙʲʝʢʪʦʚ, ʤʦʞʝʪ 

ʧʦʟʚʦʣʠʪʴ ʧʦʣʫʯʠʪʴ ʘʩʪʨʦʬʠʟʠʯʝʩʢʠʝ ʩʚʦʡʩʪʚʘ, ʭʘʨʘʢʪʝʨʥʳʝ ʪʦʣʴʢʦ ʜʣʷ ʂʅ. 

ʇʨʦʭʦʜʠʤʦʩʪʴ ʂʅ ʤʦʞʥʦ ʦʙʝʩʧʝʯʠʚʘʪʴ ʢʘʢ ʩ ʧʦʤʦʱʴʶ ʦʙʳʯʥʦʛʦ ʚʝʱʝʩʪʚʘ 

[2], ʪʘʢ ʠ ʩ ʧʦʤʦʱʴʶ ʵʢʟʦʪʠʯʝʩʢʦʡ ʤʘʪʝʨʠʠ. ʊʨʘʜʠʮʠʦʥʥʦ ʚʚʦʜʠʤʘʷ ʵʢʟʦʪʠ-

ʯʝʩʢʘʷ ʤʘʪʝʨʠʷ ʜʣʷ ʩʪʘʙʠʣʠʟʘʮʠʠ ʛʦʨʣʦʚʠʥʳ ʥʘʭʦʜʠʪ ʧʦʜʪʚʝʨʞʜʝʥʠʷ ʚ ʥʝ-
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ʜʘʚʥʠʭ ʠʩʩʣʝʜʦʚʘʥʠʷʭ Dark Energy Spectroscopic Instrument (DESI) [3], ʩʦ-

ʛʣʘʩʥʦ ʢʦʪʦʨʳʤ ʚ ʙʦʣʝʝ ʨʘʥʥʝʡ ɺʩʝʣʝʥʥʦʡ ʠʤʝʣʦ ʤʝʩʪʦ ʜʦʤʠʥʠʨʦʚʘʥʠʝ ʵʢʟʦ-

ʪʠʯʝʩʢʦʛʦ ʚʠʜʘ ʪʝʤʥʦʡ ʵʥʝʨʛʠʠ ð ʬʘʥʪʦʤʥʦʡ ʵʥʝʨʛʠʠ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʧʨʦ-

ʭʦʜʠʤʳʝ ʂʅ ʧʦʣʫʯʘʶʪ ʜʦʧʦʣʥʠʪʝʣʴʥʳʡ ʢʦʩʚʝʥʥʳʡ ʩʪʘʪʫʩ ʨʝʘʣʠʩʪʠʯʥʳʭ 

ʦʙʲʝʢʪʦʚ. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ʈʘʩʩʤʘʪʨʠʚʘʶʪʩʷ ʤʝʪʦʜʳ ʚʦʟʤʦʞ-

ʥʦʛʦ ʦʙʥʘʨʫʞʝʥʠʷ ʧʨʦʭʦʜʠʤʳʭ ʂʅ, ʦʩʥʦʚʘʥʥʳʝ ʥʘ ʛʨʘʚʠʪʘʮʠʦʥʥʦʤ ʚʣʠʷʥʠʠ 

ʚʦʟʤʫʱʘʶʱʝʛʦ ʦʙʲʝʢʪʘ (ʟʚʝʟʜʘ, ʦʙʲʝʢʪ ɸ) ʧʦ ʪʫʪ ʩʪʦʨʦʥʫ ʩʪʘʙʠʣʴʥʦʡ ʛʦʨʣʦ-

ʚʠʥʳ ʂʅ ʥʘ ʜʚʠʞʝʥʠʷ ʥʘʙʣʶʜʘʝʤʦʛʦ ʦʙʲʝʢʪʘ (ʟʚʝʟʜʘ, ʦʙʲʝʢʪ ɹ). ɼʣʷ ʧʨʦʩʪʦ-

ʪʳ ʂʅ ʠʤʝʝʪ ʪʦʧʦʣʦʛʠʯʝʩʢʫʶ ʩʪʨʫʢʪʫʨʫ ʜʚʫʭ ʩʰʠʚʦʢ ʧʨʦʩʪʨʘʥʩʪʚ 

ʐʚʘʨʮʰʠʣʴʜʘ. ʅʝ ʩʤʦʪʨʷ ʥʘ ʪʦ, ʯʪʦ ʧʨʦʩʪʝʡʰʠʝ ʂʅ ʐʚʘʨʮʰʠʣʴʜʘ ʥʝ ʤʦʛʫʪ 

ʙʳʪʴ ʧʨʦʭʦʜʠʤʳʤʠ, ʤʳ ʧʨʠʥʠʤʘʝʤ ʪʘʢʦʝ ʧʨʠʙʣʠʞʝʥʠʝ ʙʝʟ ʫʯʝʪʘ ʤʝʪʨʠʢʠ 

ʚʙʣʠʟʠ ʛʦʨʣʦʚʠʥʳ ʚ ʩʠʣʫ ʪʦʛʦ, ʯʪʦ ʠʩʭʦʜʷ ʠʟ ʨʘʩʩʤʦʪʨʝʥʠʷ ʨʝʘʣʴʥʳʭ ʘʩʪʨʦ-

ʬʠʟʠʯʝʩʢʠʭ ʩʠʩʪʝʤ ʦʙʲʝʢʪ ɹ ʥʘʭʦʜʠʪʩʷ ʥʘ ʟʥʘʯʠʪʝʣʴʥʦʤ ʫʜʘʣʝʥʠʠ ʦʪ ʂʅ  

ʠ ʘʩʠʤʧʪʦʪʠʯʝʩʢʦʝ ʧʨʠʙʣʠʞʝʥʠʝ ʐʚʘʨʮʰʠʣʴʜʘ ʤʦʞʝʪ ʙʳʪʴ ʧʨʠʤʝʥʠʤʳʤ.  

ɺ ʜʘʣʴʥʝʡʰʝʤ ʧʣʘʥʠʨʫʝʪʩʷ ʫʯʝʪ ʙʦʣʝʝ ʪʦʥʢʠʭ ʵʬʬʝʢʪʦʚ, ʟʘʚʠʩʷʱʠʭ ʦʪ ʚʠʜʘ 

ʢʦʥʢʨʝʪʥʦʡ ʤʝʪʨʠʠ ʠ ʝʝ ʧʘʨʘʤʝʪʨʦʚ ʜʣʷ ʧʨʦʭʦʜʠʤʦʡ ʂʅ ʩʦ ʩʪʘʙʠʣʴʥʦʡ ʛʦʨ-

ʣʦʚʠʥʦʡ. ʀʩʩʣʝʜʫʶʪʩʷ ʜʚʝ ʨʘʟʣʠʯʥʳʝ ʩʠʩʪʝʤʳ, ʩʦʜʝʨʞʘʱʠʝ ʢʘʥʜʠʜʘʪʘ ʚ ʂʅ.  

ɺ ʢʘʯʝʩʪʚʝ ʢʘʥʜʠʜʘʪʦʚ ʚ ʂʅ ʨʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʩʚʝʨʭʤʘʩʩʠʚʥʘʷ ʯʝʨʥʘʷ ʜʳʨʘ 

(ʏɼ) Sgr A* ʚ ʮʝʥʪʨʝ ɻʘʣʘʢʪʠʢʠ ʠ ʨʷʜ ʟʚʝʟʜ (ʦʙʲʝʢʪʳ ɹ), ʦʙʨʘʱʘʶʱʠʭʩʷ ʧʦ 

ʵʣʣʠʧʪʠʯʝʩʢʠʤ ʦʨʙʠʪʘʤ ʚʦʢʨʫʛ ʥʝʝ. ɺ ʨʦʣʠ ʦʙʲʝʢʪʦʚ ɹ ʚʳʩʪʫʧʘʶʪ ʩʣʝʜʫʶʱʠʝ 

ʟʚʝʟʜʳ: S2, S21, S23, S4711, S4, S62. ɺ ʨʦʣʠ ʦʙʲʝʢʪʘ ɸ ʧʦ ʜʨʫʛʫʶ ʩʪʦʨʦʥʫ ʦʪ 

ʛʦʨʣʦʚʠʥʳ ʂʅ ʚʳʩʪʫʧʘʶʪ ʤʦʜʝʣʴʥʳʝ ʟʚʝʟʜʳ ʥʘ ʵʣʣʠʧʪʠʯʝʩʢʠʭ ʦʨʙʠʪʘʭ. 

ʈʘʩʩʤʘʪʨʠʚʘʶʪʩʷ ʢʘʥʜʠʜʘʪʳ ʚ ʂʅ ʚ ʚʠʜʝ ʏɼ ʟʚʝʟʜʥʳʭ ʤʘʩʩ. ɺ ʨʦʣʠ ʦʙʲ-

ʝʢʪʘ ɹ ʚʳʩʪʫʧʘʶʪ ʥʝʡʪʨʦʥʥʳʝ ʟʚʝʟʜʳ, ʟʚʝʟʜʳ ʢʣʘʩʩʘ ʆ (VFTS-243) ʠʣʠ ʢʣʘʩʩʘ 

B, ʚ ʪ.ʯ. ʦʙʲʝʢʪʳ GAIA. ɺ ʨʦʣʠ ʦʙʲʝʢʪʘ ɸ ʧʦ ʜʨʫʛʫʶ ʩʪʦʨʦʥʫ ʦʪ ʛʦʨʣʦʚʠʥʳ 

ʂʅ ʘʥʘʣʦʛʠʯʥʦ ʧ.1 ʚʳʩʪʫʧʘʶʪ ʤʦʜʝʣʴʥʳʝ ʟʚʝʟʜʳ ʥʘ ʵʣʣʠʧʪʠʯʝʩʢʠʭ ʦʨʙʠʪʘʭ. 

ɺ ʨʘʙʦʪʝ ʘʚʪʦʨʦʚ [4] ʠʩʩʣʝʜʦʚʘʣʦʩʴ ʜʦʧʦʣʥʠʪʝʣʴʥʦʝ ʚʦʟʤʫʱʘʶʱʝʝ ʫʩʢʦ-

ʨʝʥʠʝ, ʩʦʟʜʘʚʘʝʤʦʝ ʦʙʲʝʢʪʦʤ ɸ ʜʣʷ ʦʙʲʝʢʪʘ ɹ, ʢʦʪʦʨʦʝ ʟʘʚʠʩʠʪ ʦʪ ʧʘʨʘʤʝʪʨʦʚ 

ʨʘʩʩʤʘʪʨʠʚʘʝʤʳʭ ʩʠʩʪʝʤ: ʤʘʩʩʳ ʢʘʥʜʠʜʘʪʘ ʚ ʂʅ, ʨʘʜʠʫʩʘ ʝʝ ʛʦʨʣʦʚʠʥʳ, ʨʘ-

ʜʠʘʣʴʥʦʛʦ ʫʜʘʣʝʥʠʷ ʥʘʙʣʶʜʘʝʤʦʛʦ ʦʙʲʝʢʪʘ ʦʪ ʛʦʨʣʦʚʠʥʳ, ʘ ʦʪ ʪʘʢʞʝ ʧʝʨʠ-

ʮʝʥʪʨʠʯʝʩʢʦʛʦ ʠ ʘʧʦʮʝʥʪʨʠʯʝʩʢʦʛʦ ʨʘʩʩʪʦʷʥʠʡ ʚʦʟʤʫʱʘʶʱʝʛʦ ʦʙʲʝʢʪʘ ɸ.  

ɺ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʡ ʤʦʜʝʣʠ ʩʫʱʝʩʪʚʝʥʥʳʤ ʧʨʝʠʤʫʱʝʩʪʚʦʤ ʷʚʣʷʝʪʩʷ ʥʝʟʘʚʠ-

ʩʠʤʦʩʪʴ ʵʬʬʝʢʪʘ ʦʪ ʢʦʥʢʨʝʪʥʦʛʦ ʚʳʙʦʨʘ ʤʝʪʨʠʢʠ ʧʨʦʭʦʜʠʤʦʡ ʂʅ. ɹʳʣʦ ʧʦ-

ʢʘʟʘʥʦ [4], ʯʪʦ ʚʝʣʠʯʠʥʘ ʚʦʟʤʫʱʘʶʱʝʛʦ ʫʩʢʦʨʝʥʠʷ, ʦʮʝʥʝʥʥʘʷ ʜʣʷ ʨʝʘʣʴʥʳʭ 

ʦʙʲʝʢʪʦʚ, ʚʘʨʴʠʨʫʝʪʩʷ ʦʪ 10ï4 ʜʦ 10ï2 ʩʤ/ʩ2, ʯʪʦ ʚ ʙʫʜʫʱʝʤ ʧʨʠ ʫʚʝʣʠʯʝʥʠʠ 

ʪʦʯʥʦʩʪʠ ʥʘʙʣʶʜʝʥʠʡ ʧʦʟʚʦʣʠʪ ʚʳʷʚʠʪʴ ʠʩʢʦʤʳʡ ʵʬʬʝʢʪ.  

ɺ ʜʘʥʥʦʡ ʨʘʙʦʪʝ ʧʨʠʚʦʜʷʪʩʷ ʥʦʚʳʝ ʨʝʟʫʣʴʪʘʪʳ ʢʘʩʘʪʝʣʴʥʦ ʚʦʟʤʦʞʥʳʭ 

ʩʧʦʩʦʙʦʚ ʚʳʷʚʣʝʥʠʷ ʭʘʨʘʢʪʝʨʥʳʭ ʧʝʨʠʦʜʠʯʥʦʡ ʜʚʠʞʝʥʠʡ ʦʙʲʝʢʪʦʚ ɹ ʧʨʠ 

ʚʣʠʷʥʠʠ ʥʘ ʥʠʭ ʦʙʲʝʢʪʦʚ ɸ. ʈʘʩʩʤʘʪʨʠʚʘʶʪʩʷ ʩʠʩʪʝʤʳ S2, GAIA BH1, GAIA 

BH3. ʇʦʢʘʟʘʥʦ, ʯʪʦ ʚʳʜʝʣʝʥʠʝ ʵʬʬʝʢʪʘ ʚʦʟʤʫʱʘʶʱʝʛʦ ʫʩʢʦʨʝʥʠʷ ʥʘ ʦʩʥʦʚʘ-

ʥʠʠ ʥʘʙʣʶʜʝʥʠʡ ʣʫʯʝʚʦʡ ʩʢʦʨʦʩʪʠ ʦʙʲʝʢʪʘ ɹ ʠ ʝʝ ʩʨʘʚʥʝʥʠʷ ʩ ʦʞʠʜʘʝʤʦʡ 

ʢʝʧʣʝʨʦʚʩʢʦʡ ʪʨʝʙʫʝʪ ʜʣʠʪʝʣʴʥʳʭ ʥʘʙʣʶʜʝʥʠʡ (ʦʪ 10 ʣʝʪ), ʦʜʥʘʢʦ ʤʦʞʝʪ 
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ʙʳʪʴ ʫʣʫʯʰʝʥʦ ʧʫʪʝʤ ʠʩʧʦʣʴʟʦʚʘʥʠʷ ʬʠʣʴʪʨʦʚ ʠʟ ʠʩʢʦʤʦʛʦ ʩʠʛʥʘʣʘ ʠʟʚʝʩʪ-

ʥʦʛʦ ʧʨʦʬʠʣʷ. ʊʘʢʞʝ ʦʪʤʝʪʠʤ, ʯʪʦ ʜʣʷ ʟʚʝʟʜ ʚ ʛʘʣʘʢʪʠʯʝʩʢʦʤ ʮʝʥʪʨʝ ʵʬʬʝʢʪ 

ʚʦʟʤʫʱʘʶʱʝʛʦ ʫʩʢʦʨʝʥʠʷ ʧʨʝʦʙʣʘʜʘʝʪ ʥʘʜ ʦʩʥʦʚʥʳʤʠ ʢʦʥʢʫʨʠʨʫʶʱʠʤʠ 

ʵʬʬʝʢʪʘʤʠ (ʚʦʟʤʫʱʝʥʠʝʤ ʦʪ ʦʢʨʫʞʘʶʱʠʭ ʟʚʝʟʜ ʠ ʦʪ ʛʘʣʦ ʪʝʤʥʦʡ ʤʘʪʝʨʠʠ), ʘ 

ʪʦʯʥʦʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ ʫʩʢʦʨʝʥʠʷ ʟʚʝʟʜʳ ʚ ʧʝʨʠʮʝʥʪʨʝ ʦʨʙʠʪʳ ʜʚʦʡʥʦʡ ʩʠ-

ʩʪʝʤʳ ʧʦ ʜʘʥʥʳʤ GAIA, ʦʮʝʥʝʥʥʘʷ ʢʘʢ ʬʫʥʢʮʠʷ ʦʰʠʙʦʢ ʥʘʙʣʶʜʝʥʠʷ ʧʘʨʘ-

ʤʝʪʨʦʚ ʜʚʦʡʥʦʡ ʩʠʩʪʝʤʳ (ʤʘʩʩ ʢʘʞʜʦʡ ʢʦʤʧʦʥʝʥʪʳ, ʵʢʩʮʝʥʪʨʠʩʠʪʝʪʘ ʦʨʙʠʪʳ, 

ʧʝʨʠʦʜʘ), ʫʞʝ ʩʦʧʦʩʪʘʚʠʤʘ ʩ ʧʨʝʜʩʢʘʟʳʚʘʝʤʦʡ ʤʦʜʝʣʴʶ ʨʘʩʯʝʪʥʦʡ ʚʝʣʠʯʠʥʦʡ 

ʠʩʢʦʤʦʛʦ ʵʬʬʝʢʪʘ.  

ʉ ʮʝʣʴʶ ʩʠʩʪʝʤʘʪʠʯʝʩʢʦʛʦ ʘʥʘʣʠʟʘ ʫʢʘʟʘʥʥʳʭ ʵʬʬʝʢʪʦʚ ʧʦʩʪʨʦʝʥ ʢʘʪʘ-

ʣʦʛʘ ʧʘʨ çʏɼ ʟʚʝʟʜʥʦʡ ʤʘʩʩʳ ð ʟʚʝʟʜʘè. ɿʚʝʟʜʳ (ʦʙʲʝʢʪʳ ɹ) ʩʣʝʜʫʝʪ ʦʪʙʠ-

ʨʘʪʴ ʧʦ ʧʨʠʥʮʠʧʫ ʦʧʨʝʜʝʣʷʝʤʳʭ ʩ ʥʘʠʤʝʥʴʰʠʤʠ ʦʰʠʙʢʘʤʠ ʚʝʣʠʯʠʥ ʩʢʦʨʦʩʪʠ 

ʠ ʫʩʢʦʨʝʥʠʷ, ʘ ʪʘʢʞʝ ʥʝ ʧʦʜʚʝʨʞʝʥʥʳʭ ʟʥʘʯʠʪʝʣʴʥʳʤ ʘʢʢʨʝʮʠʦʥʥʳʤ ʵʬʬʝʢ-

ʪʘʤ, ʢʦʪʦʨʳʝ ʥʝ ʫʯʠʪʳʚʘʶʪʩʷ ʚ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʡ ʤʦʜʝʣʠ. 

ɿʘʢʣʶʯʝʥʠʝ. ɺ ʜʘʥʥʦʡ ʨʘʙʦʪʝ ʧʨʦʜʦʣʞʝʥʳ ʧʦʠʩʢʠ ʥʘʙʣʶʜʘʪʝʣʴʥʳʭ 

ʧʨʦʷʚʣʝʥʠʡ ʧʨʦʭʦʜʠʤʳʭ ʂʅ ʩʦ ʩʪʘʙʠʣʴʥʳʤʠ ʛʦʨʣʦʚʠʥʘʤʠ [4], ʘ ʠʤʝʥʥʦ, ʠʩ-

ʩʣʝʜʦʚʘʥʠʷ ʚʣʠʷʥʠʷ ʚʦʟʤʫʱʘʶʱʝʛʦ ʫʩʢʦʨʝʥʠʷ ʦʙʲʝʢʪʘ ɸ (ʨʘʩʧʦʣʦʞʝʥʥʦʛʦ 

ʧʦ ʜʨʫʛʫʶ ʩʪʦʨʦʥʫ ʛʦʨʣʦʚʠʥʳ) ʥʘ ʠʟʚʝʩʪʥʳʝ ʥʘʙʣʶʜʘʝʤʳʝ ʦʙʲʝʢʪʳ ɹ (ʟʚʝʟʜʳ 

ʚʦʢʨʫʛ ʮʝʥʪʨʘ ɻʘʣʘʢʪʠʢʠ; ʟʚʝʟʜʳ ʚ ʩʠʩʪʝʤʘʭ, ʩʦʜʝʨʞʘʱʠʭ ʚʪʦʨʳʤ ʢʦʤʧʦʥʝʥ-

ʪʦʤ ʏɾ ʟʚʝʟʜʥʦʡ ʤʘʩʩʳ). ʇʦ ʩʦʩʪʦʷʥʠʶ ʥʘ 2024 ʛ. ʪʦʯʥʦʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ 

ʫʩʢʦʨʝʥʠʷ ʟʚʝʟʜʳ ʚ ʧʝʨʠʮʝʥʪʨʝ ʦʨʙʠʪʳ ʜʚʦʡʥʦʡ ʩʠʩʪʝʤʳ ʚ ʘʩʪʨʦʤʝʪʨʠʯʝʩʢʦʤ 

ʧʨʦʝʢʪʝ GAIA  ʩʦʧʦʩʪʘʚʠʤʘ ʩ ʧʨʝʜʩʢʘʟʳʚʘʝʤʦʡ ʤʦʜʝʣʴʶ ʨʘʩʩʯʝʪʥʦʡ ʚʝʣʠʯʠ-

ʥʦʡ ʠʩʢʦʤʦʛʦ ʵʬʬʝʢʪʘ, ʦʪ 10ï4 ʜʦ 10ï2 ʩʤ/ʩ2. ʇʨʠ ʨʘʩʩʤʦʪʨʝʥʠʠ ʩʠʥʪʝʪʠʯʝʩʢʠʭ 

ʩʠʩʪʝʤ, ʩʦʩʪʦʷʱʠʭ ʠʟ ʧʨʦʭʦʜʠʤʦʡ ʂʅ, ʦʙʲʝʢʪʘ ɸ ʠ ʥʝʡʪʨʦʥʥʦʡ ʟʚʝʟʜʳ ʚ ʢʘ-

ʯʝʩʪʚʝ ʦʙʲʝʢʪʘ ɹ ʥʘ ʩʪʦʨʦʥʝ ʥʘʙʣʶʜʘʪʝʣʷ ʧʨʠ ʩʧʝʮʠʘʣʴʥʦʤ ʧʦʜʙʦʨʝ ʤʘʩʩ  

ʠ ʧʘʨʘʤʝʪʨʦʚ ʦʨʙʠʪ ʵʬʬʝʢʪ ʚʦʟʤʫʱʘʶʱʝʛʦ ʫʩʢʦʨʝʥʠʷ ʜʦʩʪʠʛʘʝʪ ʚʝʣʠʯʠʥ ʧʦ-

ʨʷʜʢʘ 1.5 ʩʤ/ʩ2, ʯʪʦ ʜʝʣʘʝʪ ʠʩʩʣʝʜʫʝʤʳʡ ʛʨʘʚʠʪʘʮʠʦʥʥʳʡ ʵʬʬʝʢʪ ʢʨʠʪʠʯʝʩʢʠ 

ʟʥʘʯʠʤʳʤ ʜʣʷ ʧʦʠʩʢʘ ʧʨʦʭʦʜʠʤʳʭ ʂʅ ʚ ʥʘʰʝʡ ʚ ʥʘʰʝʡ ɻʘʣʘʢʪʠʢʝ. 

ɼʘʣʴʥʝʡʰʘʷ ʩʪʨʘʪʝʛʠʷ ʧʦʠʩʢʘ ʥʝʪʨʠʚʠʘʣʴʥʳʭ ʩʪʨʫʢʪʫʨ ʚʦ ɺʩʝʣʝʥʥʦʡ  

ʩ ʥʝʦʙʭʦʜʠʤʦʩʪʴʶ ʜʦʣʞʥʘ ʚʢʣʶʯʘʪʴ ʩʣʝʜʫʶʱʠʝ ʵʪʘʧʳ. 

ʀʩʩʣʝʜʦʚʘʥʠʝ ʜʠʥʘʤʠʯʝʩʢʠʭ ʵʬʬʝʢʪʦʚ ʚ ʦʪʦʙʨʘʥʥʳʭ ʘʩʪʨʦʬʠʟʠʯʝʩʢʠʭ 

ʩʠʩʪʝʤʘʭ, ʘ ʠʤʝʥʥʦ: ʨʷʜ ʦʙʲʝʢʪʦʚ ʚ ʰʠʨʦʢʠʭ ʜʚʦʡʥʳʭ ʩʠʩʪʝʤʘʭ ʠʟ ʜʘʥʥʳʭ 

ʤʠʩʩʠʠ Gaia (2024), ʩʦʜʝʨʞʘʱʠʭ ʪʝʤʥʳʝ ʦʙʲʝʢʪʳ. ɺ ʨʘʤʢʘʭ ʵʪʦʡ ʟʘʜʘʯʠ ʧʣʘ-

ʥʠʨʫʝʪʩʷ ʦʨʛʘʥʠʟʘʮʠʷ ʥʘʙʣʶʜʘʪʝʣʴʥʦʡ ʧʨʦʛʨʘʤʤʳ ʥʘ ʪʝʣʝʩʢʦʧʝ ɹʊɸ ʉɸʆ 

ʈɸʅ, ʢʘʢ ʚ ʦʧʪʠʯʝʩʢʦʤ ʜʠʘʧʘʟʦʥʝ, ʪʘʢ ʠ ʚ ʨʝʞʠʤʝ ʩʧʝʢʪʨʦʩʢʦʧʠʯʝʩʢʠʭ ʠʟʤʝ-

ʨʝʥʠʡ. ʀʟ ʚʳʜʝʣʝʥʥʳʭ ʦʙʲʝʢʪʦʚ ʩʠʩʪʝʤʳ Gaia DR3 4318465066420528000 

(0.59 ʢʧʢ) ʠ Gaia DR3 4373465352415301632 (0.48 ʢʧʢ) ʜʦʩʪʫʧʥʳ ʜʣʷ ʥʘʙʣʶ-

ʜʝʥʠʡ ʚ ʫʩʣʦʚʠʷʭ ɹʊɸ ʠ ʧʨʝʜʩʪʘʚʣʷʶʪ ʩʦʙʦʡ ʧʝʨʩʧʝʢʪʠʚʥʳʝ ʢʘʥʜʠʜʘʪʳ ʜʣʷ 

ʩʦʩʪʘʚʣʝʥʠʷ ʟʘʷʚʢʠ, ʦʨʛʘʥʠʟʘʮʠʠ, ʧʨʦʚʝʜʝʥʠʷ ʥʘʙʣʶʜʘʪʝʣʴʥʦʡ ʧʨʦʛʨʘʤʤʳ ʠ 

ʦʙʨʘʙʦʪʢʠ ʨʝʟʫʣʴʪʘʪʦʚ. 

ʈʘʩʯʝʪ ʠ ʤʦʜʝʣʠʨʦʚʘʥʠʝ ʩʪʦʭʘʩʪʠʯʝʩʢʠʭ ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʧʦʣʝʡ ʩ ʮʝʣʴʶ 

ʫʯʝʪʘ ʠʭ ʚʣʠʷʥʠʷ ʥʘ ʛʨʘʚʠʪʘʮʠʦʥʥʳʝ ʚʦʟʤʫʱʝʥʠʷ, ʢʦʪʦʨʳʝ ʦʙʲʝʢʪ ɸ ʙʫʜʝʪ 

ʦʢʘʟʳʚʘʪʴ ʥʘ ʦʙʲʝʢʪ ɹ.  
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Abstract. The paper presents some methods and preliminary results of the observational 

search for traversable wormholes (WHs). The basic model system under consideration is a 

traversable WH of the simplest type (a stitching of two Schwarzschild spaces), object A on 

the other, unobservable, side of the WH neck and object B on the observable side. A num-

ber of real objects, currently identified as black holes (BHs), are taken as candidates for 

WH. BHs of stellar masses in double systems are considered, as well as a supermassive BH 

in the center of the Galaxy. The objects A and B are stars of different classes. The main 

theoretical model is based on the search for an additional perturbing acceleration and its 

characteristic systematic influence on the observed motions of objects in the vicinity of the 

supposed candidates for WH. Data from the GAIA space observatory are used to test the 

model. In order to verify the model, a catalog of the most promising double objects is com-

piled. For some real systems, the perturbing additional accelerations and the characteristic 

velocity periodicities caused by them are estimated. 

Keywords: traversable WH, gravitational disturbances, GAIA space observatory 

Introduction.  Wormhole (WH) is space-time structure of nontrivial topology. 

WHs were first proposed by Einstein and Rosen [1] as an ñEinstein ð Rosen 

bridgeò. WHs are solutions of classical GR along with black holes (BHs). Due to 

the repeated confident detection of BHs by means of both observations of objects 

in their neighborhoods and new methods of gravitational-wave astronomy, the 

search and identification of WHs becomes an urgent task. BHs and WHs have 

characteristic astrophysical properties that cannot be reliably distinguished at the 

current level of models and observational accuracies. However, such a property of 

BHs as traversability, which is characteristic of a wide theoretical class of such ob-

jects, may allow us to obtain astrophysical properties characteristic only of WHs. 

The traversability of the WHs can be ensured both by means of ordinary matter [2] 

and exotic matter. Traditionally, the introduction of exotic matter to stabilize the 
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throat is confirmed by recent studies of the Dark Energy Spectroscopic Instrument 

(DESI) [3], according to which the earlier Universe was dominated by an exotic 

form of dark energy, phantom energy. Thus, passable WHs receive the indirect sta-

tus of realistic objects. 

Methods and materials; results. We consider methods of possible detection 

of traversable WHs based on the gravitational influence of a perturbing object (star, 

object A) on the here side of the stable neck of the WH on the motions of the ob-

served object (star, object B). For simplicity, the WH has a topological structure of 

two stitches of Schwarzschild spaces. Despite the fact that the simplest Schwarz-

schild WH cannot be traversable, we adopt such an approximation without taking 

into account the metric near the neck due to the fact that, based on the considera-

tion of real astrophysical systems, the object B is at a considerable distance from 

the WH and the asymptotic Schwarzschild approximation may be applicable. Two 

different systems containing a WH candidate are investigated.  

The supermassive BH Sgr A* in the center of the Galaxy and a number of stars 

(B objects) orbiting elliptically around it are considered as candidates for a WH. 

The following stars act as objects B: S2, S21, S23, S4711, S4, S62. Model stars in 

elliptical orbits act as object A on the other side of the WH neck. 

We consider candidates to WHs in the form of stellar-mass BHs. The role of 

object B is played by neutron stars, O-class (VFTS-243) or B-class stars, including 

GAIA objects. Model stars in elliptical orbits also play the role of object A on the 

other side of the WH neck. 

The authors [4] studied the additional perturbative acceleration created by ob-

ject A for object B, which depends on the parameters of the systems under consid-

eration: the mass of the WH candidate, the radius of its neck, the radial distance of 

the observed object from the neck, and the pericentric and apocentric distances of 

the perturbing object A. In the model under consideration, a significant advantage 

is the independence of the effect from the specific choice of the metric of the tra-

versable WH. It has been shown [4] that the magnitude of the perturbing accelera-

tion estimated for real objects varies from 10ï4 to 10ï2 cm/s2, which in the future, if 

the accuracy of observations is increased, will allow us to detect the desired effect.  

In this paper we present new results concerning possible ways of revealing 

characteristic periodic motions of objects B under the influence of objects A. The 

systems S2, GAIA BH1, GAIA BH3 are considered. It is shown that the identifica-

tion of the effect of perturbing acceleration on the basis of observations of the radi-

al velocity of object B and its comparison with the expected Keplerian velocity 

requires long observations (from 10 years), but can be improved by using filters 

from the sought signal of known profile. We also note that for stars in the galactic 

center, the effect of perturbing acceleration dominates over the main competing 

effects (perturbation from surrounding stars and from the dark matter halo), and the 

accuracy of determining the acceleration of a star in the pericenter of the orbit of a 

double system from GAIA data, estimated as a function of the errors in observing 

the parameters of the double system (masses of each component, orbital eccentrici-
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ty, and period), is already comparable to the model-predicted calculated value of 

the desired effect.  

In order to systematically analyze these effects, a catalog of stellar-mass ñBH ð 

starò pairs was constructed. Stars (objects B) should be selected according to the 

principle of velocity and acceleration values determined with the smallest errors, as 

well as those not subject to significant accretion effects. 

Conclusion. In this paper, we continue the search for observational manifesta-

tions of traversable WHs with stable necks, namely, studies of the effect of the per-

turbing acceleration of object A (located on the other side of the neck) on the 

known observable objects B (stars around the center of the Galaxy; stars in systems 

containing stellar mass BH as the second component). As of 2024, the accuracy of 

determining the acceleration of a star in the pericenter of the orbit of a double sys-

tem in the GAIA astrometric project is comparable to the model-predicted calculat-

ed magnitude of the desired effect, from 10ï4 to 10ï2 cm/s2. When considering syn-

thetic systems consisting of a traversable WH, object A and a neutron star as object 

B on the observer's side with a special selection of masses and orbital parameters, 

the effect of perturbative acceleration reaches values of the order of 1.5 cm/s2, 

which makes the studied gravitational effect critically important for the search for 

traversable WHs in our Galaxy. 

The further strategy of search for nontrivial structures in the Universe should 

include the following stages. 

1. Study of dynamical effects in selected astrophysical systems, namely:  

a number of objects in broad double systems from Gaia mission (2024) data con-

taining dark objects. As part of this task, it is planned to organize an observational 

program at the BTA telescope of SAO RAS, both in the optical range and in the 

spectroscopic measurement mode. Of the selected objects, the GAIA DR3 

4318465066420528000 (0.59 kpc) and GAIA DR3 4373465352415301632 (0.48 

kpc) systems are available for observations at the BTA and represent promising 

candidates for compiling an application, organizing, conducting an observational 

program, and processing the results. 

2. Calculation and modeling of stochastic gravitational fields in order to take 

into account their influence on the gravitational perturbations that object A will 

exert on object B. 
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ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʨʝʛʫʣʷʨʥʳʝ ʯʝʨʥʳʝ ʜʳʨʳ  

ɺʚʝʜʝʥʠʝ. ɺ ʢʣʘʩʩʠʯʝʩʢʦʡ ʪʝʦʨʠʠ ʯʝʨʥʳʭ ʜʳʨ (ʏɼ) ʩʫʱʝʩʪʚʫʝʪ ʨʷʜ ʧʨʦʙʣʝʤ, 

ʥʘʧʨʠʤʝʨ: ʥʘʣʠʯʠʝ ʩʠʥʛʫʣʷʨʥʦʩʪʝʡ ʠ ʛʝʦʜʝʟʠʯʝʩʢʘʷ ʥʝʧʦʣʥʦʪʘ ʥʝʢʦʪʦʨʳʭ 

ʨʝʰʝʥʠʡ. ʊʘʢʘʷ ʩʠʪʫʘʮʠʷ ʚʳʟʳʚʘʝʪ ʤʥʦʛʦʯʠʩʣʝʥʥʳʝ ʧʦʧʳʪʢʠ ʧʨʝʦʜʦʣʝʥʠʷ 

ʵʪʠʭ ʠ ʜʨʫʛʠʭ ʧʨʦʙʣʝʤ ʢʣʘʩʩʠʯʝʩʢʦʡ ʪʝʦʨʠʠ ʏɼ. ɺ ʯʘʩʪʥʦʩʪʠ, ʠʤʝʝʪʩʷ 

ʥʘʧʨʘʚʣʝʥʠʝ, ʛʜʝ ʩʪʨʦʷʪʩʷ ʫʧʨʦʱʝʥʥʳʝ ʢʚʘʥʪʦʚʳʝ ʦʙʲʝʢʪʳ, ʩʣʫʞʘʱʠʝ ʤʦʜʝ-

ʣʷʤʠ ʏɼ [1ï6]. 

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ʆʩʥʦʚʥʳʤʠ ʨʝʟʫʣʴʪʘʪʘʤʠ ʜʘʥʥʦʡ 

ʧʫʙʣʠʢʘʮʠʠ ʷʚʣʷʝʪʩʷ ʧʨʠʤʝʥʝʥʠʝ ʨʝʮʝʧʪʘ ʂʘʩʘʜʠʦ ʈ. ʜʣʷ ʧʦʣʫʯʝʥʠʷ ʨʝʛʫʣʷ-

ʨʠʟʦʚʘʥʥʦʡ ʤʝʪʨʠʢʠ ʥʘ ʦʩʥʦʚʝ ʧʨʝʜʩʪʘʚʣʝʥʠʷ ʦ ʢʦʛʝʨʝʥʪʥʳʭ ʩʦʩʪʦʷʥʠʷʭ ʚʠʨ-

ʪʫʘʣʴʥʳʭ ʥʴʶʪʦʥʦʚʩʢʠʭ ʛʨʘʚʠʪʦʥʦʚ [4, 5]. ʉʭʝʤʘ ʨʘʩʩʫʞʜʝʥʠʡ ʪʘʢʦʚʘ. ʂʚʘʥ-

ʪʦʚʳʡ ʧʦʜʭʦʜ ʢ ʛʨʘʚʠʪʘʮʠʦʥʥʦʛʦ ʚʟʘʠʤʦʜʝʡʩʪʚʠʶ ʧʨʠʚʦʜʠʪ ʢ ʦʧʠʩʘʥʠʶ 

ʛʨʘʚʠʪʦʥʦʚ ʥʘ ʦʩʥʦʚʝ ʢʦʛʝʨʝʥʪʥʳʭ ʩʦʩʪʦʷʥʠʡ, ʧʦʩʢʦʣʴʢʫ ʵʪʠ ʩʦʩʪʦʷʥʠʷ ʜʦ-

ʩʪʘʪʦʯʥʦ ʙʣʠʟʢʠ ʢ ʢʣʘʩʩʠʯʝʩʢʠʤ ʩʦʩʪʦʷʥʠʷʤ ʧʨʠ ʙʦʣʴʰʦʤ ʯʠʩʣʝ ʢʚʘʥʪʦʚ. ʇʦ-

ʩʢʦʣʴʢʫ ʩʨʝʜʥʝʝ ʯʠʩʣʦ ʢʚʘʥʪʦʚ ʚ ʢʦʛʝʨʝʥʪʥʦʤ ʩʦʩʪʦʷʥʠʠ ʜʦʣʞʥʦ ʙʳʪʴ ʢʦʥʝʯ-

ʥʦ, ʧʦʷʚʣʷʝʪʩʷ ʥʝʦʙʭʦʜʠʤʦʩʪʴ ʚ ʦʙʨʝʟʘʥʠʠ, ʢʦʪʦʨʦʝ ʚʚʦʜʠʪ ʥʦʚʳʡ ʧʘʨʘʤʝʪʨ  

ʚ ʤʝʪʨʠʢʫ ʏɼ. ʇʨʠ ʵʪʦʤ ʤʝʪʨʠʢʘ ʏɼ ʦʢʘʟʳʚʘʝʪʩʷ ʨʝʛʫʣʷʨʠʟʦʚʘʥʥʦʡ. 

ɿʘʢʣʶʯʝʥʠʝ. ʄʳ ʧʨʝʜʣʦʞʠʣʠ ʚʘʨʠʘʥʪ ʫʣʴʪʨʘʬʠʦʣʝʪʦʚʦʛʦ ʦʙʨʝʟʘʥʠʷ ʠʥʪʝ-

ʛʨʘʣʘ ʜʣʷ ʧʦʜʩʯʝʪʘ ʯʠʩʣʘ ʢʦʛʝʨʝʥʪʥʳʭ ʩʦʩʪʦʷʥʠʡ ʛʨʘʚʠʪʦʥʦʚ ʠ ʨʝʛʫʣʷʨʠʟʘʮʠʠ 

ʤʝʪʨʠʢʠ ʏɼ, ʠ ʧʦʣʫʯʠʣʠ ʨʝʛʫʣʷʨʥʫʶ ʤʝʪʨʠʢʫ, ʢʦʪʦʨʘʷ ʠʤʝʝʪ ʩʚʷʟʴ ʩ ʤʝʪʨʠʢʦʡ 

[7]. ɺ ʜʦʢʣʘʜʝ ʧʨʠʚʝʜʝʥʘ ʤʦʜʠʬʠʢʘʮʠʷ ʨʝʰʝʥʠʷ ʈʝʡʩʩʥʝʨʘ ð ʅʦʨʜʩʪʨʝʤʘ ʜʣʷ 

ʟʘʨʷʞʝʥʥʦʡ ʏɼ, ʷʚʣʷʶʱʝʛʦʩʷ ʘʣʴʪʝʨʥʘʪʠʚʥʦʡ ʨʝʰʝʥʠʶ ʂʘʩʘʜʠʦ [5]. 
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Introduction.  In classical black hole theory (BH), there are a number of problems, 
for example: the presence of singularities and the geodesic incompleteness of some 
solutions. This situation causes numerous attempts to overcome these and other 
problems of the classical theory of BH. In particular, there is a direction where 
simplified quantum objects are built, which serve as BH models [1-6]. 

Methods and materials; results. The main results of this publication are the 
use of the Cascadio R. recipe to obtain a regularized metric based on the idea of 
coherent states of virtual Newtonian gravitons [4, 5]. The scheme of reasoning is as 
follows. A quantum approach to gravitational interaction leads to the description of 
gravitons based on coherent states, since these states are close enough to classical 
states for a large number of quanta. Since the average number of quanta in the co-
herent state must be finite, there is a need for a cut that introduces a new parameter 
into the BH metric. In this case, the BH metric is regularized. 

Conclusion. We proposed a variant of ultraviolet truncation of the integral for 
counting the number of coherent states of gravitons and regularization of the BH 
metric, and obtained a regular metric that has a connection with the metric [7]. The 
report provides a modification of the Reissner-Nordstrºm solution for a charged 
BH, which is an alternative to the Casadio solution [5]. 
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Abstract. The paper analyzes tidal behaviour to distinguish between a boson star and a 

fermion star. The authors assume two different stellar compositions of identical mass and 

radius: one composed of a self-interacting scalar field (boson star) and the other composed 

of fermions (quark star). The model parameters of the equation of state (EOS) describing 

the material composition of the two configurations are so chosen that the resultant stellar 

configurations take identical values of mass and radius. The tidal behaviour of the stellar 

compositions is then examined. In particular, the tidal Love Numbers are calculated for the 

two different configurations which show distinct behavior. The study highlights the signifi-

cance of tidal Love Number as a distinguishing feature between a boson star and a fermion 

star. 

Keywords: boson star, quark star, tidal love number 

Introduction.  A boson star is a self-bound system composed of self-interacting 

real or complex scalar field whose mass and radius can be made comparable to that 

of a neutron star or a quark star. The question then arises: how can we distinguish a 

boson star from that of a fermion star of equal compactness? In this paper, we pro-

pose a novel method to distinguish between a boson star and a fermion star by ana-

lyzing the tidal behaviour of two stars. It should be stressed that the current era of 

multi-messenger astronomy has opened up new windows of opportunity to con-

strain the EOS of a compact star. In particular, the gravitational waves data provide 

valuable insight into the structure and matter composition of a compact star. Esti-

mation of the tidal deformability of a star, characterized by the tidal Love Number 

(tLN), is one such avenue through which one may gain valuable information about 

the composition and structure of a compact star. Note that tLN increases from zero 

to higher values depending on the difficulty level in deforming a body subjected to 

an external gravitational field. 

Methods and materials; results. We consider the X-ray pulsar Her X-1 as a 

test body for our analysis. Her X-1 is estimated to be a highly compact star and 

consequently, many authors have suggested it to be composed of quarks [1ï4]. It 

has also been suggested that Her X-1 might be a di-quark star, i.e., a boson star de-

scribed by a self-interacting scalar field [5, 6]. Consequently, we consider two dif-

ferent EOS to describe the pulsar Her X-1: EOS corresponding to a self-interacting 

scalar field (boson star) and EOS corresponding to a fermionic matter (quark star). 
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In our calculation, we use the EOS developed in reference [7] for the bosonic con-

figuration and use the MIT bag model type linear EOS for the quark star configura-

tion. Using the EOS, we numerically integrate the Tolman-Oppenheimer-Volkoff 

(TOV) equations to calculate the mass and radius of the star. In this method, the 

model parameters are fixed so that in the both cases, identical masses and radii are 

obtained, which lie well within the estimated mass and radius of the pulsar Her X-1 

[8]. The data set is then used to calculate the tLN [9]. It is interesting to note that 

even though we have two different stellar compositions providing identical mass 

and radius, they show distinct tidal behavior. The tLN for the bosonic configuration 

is estimated to be 0.057 which is more than its fermionic counterpart which is 

0.035.  

Conclusion. Our analysis shows that tidal behaviour can be used to distinguish 

between a boson star and a fermion star. It is noteworthy that while the tLN is zero 

for a black hole, it is expected that a bosonic configuration should experience more 

tidal deformation than a fermion star which is confirmed by our numerical analysis.  
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˹ˮ̂ ˸̏ˮΣ ˸͍ͦͫ͊͟Σ ˾͙ͦͫͫΎ 

ɸʥʥʦʪʘʮʠʷ. ɺ ʜʦʢʣʘʜʝ ʦʙʩʫʞʜʘʝʪʩʷ ʚʳʚʦʜ ʪʝʨʤʦʜʠʥʘʤʠʯʝʩʢʠʭ ʚʝʣʠʯʠʥ ʜʣʷ ʙʣʠʟʢʠʤ 

ʢ ʵʢʩʪʨʝʤʘʣʴʥʳʤ ʯʝʨʥʳʤ ʜʳʨʘʤ ʩ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʡ ʧʦʩʪʦʷʥʥʦʡ ʚ ʣʶʙʦʡ ʨʘʟʤʝʨʥʦ-

ʩʪʠ ʧʨʦʩʪʨʘʥʩʪʚʘ-ʚʨʝʤʝʥʠ ʙʦʣʴʰʝʡ 2.  

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʢʦʩʤʦʣʦʛʠʯʝʩʢʘʷ ʧʦʩʪʦʷʥʥʘʷ, ʤʝʪʨʠʢʘ ɸʜʉ-ʐʚʘʨʮʰʠʣʴʜʘ, ʵʥʪʨʦ-

ʧʠʷ, ʪʝʤʧʝʨʘʪʫʨʘ, ʵʢʩʪʨʝʤʘʣʴʥʘʷ ʯʝʨʥʘʷ ʜʳʨʘ, ʵʥʪʘʣʴʧʠʷ 

ɺʚʝʜʝʥʠʝ. ʄʝʪʨʠʢʘ ʨʘʜʠʘʣʴʥʦ-ʩʠʤʤʝʪʨʠʯʥʦʡ ʯʝʨʥʦʡ ʜʳʨʳ (ʩʪʘʪʠʯʝʩʢʦʛʦ 

ʨʝʰʝʥʠʷ ʫʨʘʚʥʝʥʠʡ ʕʡʥʰʪʝʡʥʘ) ʟʘʜʘʝʪʩʷ ʚʳʨʘʞʝʥʠʝʤ (ʩʤ., ʥʘʧʨʠʤʝʨ [1]) 
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ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ʇʦʣʦʞʠʤ ʢʦʩʤʦʣʦʛʠʯʝʩʢʫʶ ʧʦʩʪʦ-

ʷʥʥʫʶ L ʦʪʨʠʮʘʪʝʣʴʥʦʡ. ʊʦʛʜʘ ʚ (3+1)-ʤʝʨʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ-ʚʨʝʤʝʥʠ ʜʣʷ 

ʤʝʪʨʠʢʠ ɸʜʉ-ʐʚʘʨʮʰʠʣʴʜʘ [2]  
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ʏʝʨʥʘʷ ʜʳʨʘ ʥʘʟʳʚʘʝʪʩʷ ʵʢʩʪʨʝʤʘʣʴʥʦʡ, ʝʩʣʠ ʜʣʷ ʥʝʝ ʚʳʧʦʣʥʷʶʪʩʷ ʩʦʦʪ-

ʥʦʰʝʥʠʷ ( ) ( ) 0.H Hf r f r¡= =  ʀʟ ʦʧʨʝʜʝʣʝʥʠʷ ʚʠʜʥʦ, ʯʪʦ ʪʝʤʧʝʨʘʪʫʨʘ ʵʢʩʪʨʝ-

ʤʘʣʴʥʦʡ ʯʝʨʥʦʡ ʜʳʨʳ ʨʘʚʥʘ ʥʫʣʶ. ɼʣʷ ʵʢʩʪʨʝʤʘʣʴʥʦʛʦ ʨʝʰʝʥʠʷ ɸʜʉ-

ʐʚʘʨʮʰʠʣʴʜʘ .HM b r= =  ɽʩʣʠ ʤʘʩʩʘ ʥʠʞʝ ʵʪʦʛʦ ʟʥʘʯʝʥʠʷ, ʪʦ ʧʨʦʠʩʭʦʜʠʪ 

ʬʘʟʦʚʳʡ ʧʝʨʝʭʦʜ ʍʦʢʠʥʛʘ-ʇʝʡʜʞʘ [2], ʢʦʛʜʘ ʯʝʨʥʘʷ ʜʳʨʘ ʥʝʩʪʘʙʠʣʴʥʘ ʠ ʨʘʩ-

ʧʘʜʘʝʪʩʷ ʥʘ ʧʨʦʩʪʨʘʥʩʪʚʦ ɸʥʪʠ-ʜʝïʉʠʪʪʝʨʘ. ʄʝʪʨʠʢʘ (4) ʠʤʝʝʪ ʦʙʦʙʱʝʥʠʝ, 

ʥʘʟʳʚʘʝʤʦʝ ʯʝʨʥʦʡ ʜʳʨʦʡ ɸʜʉ-ɹʘʨʜʠʥʘ [3] ʩ ʬʫʥʢʮʠʝʡ ( )f r , ʨʘʚʥʦʡ 
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ɿʜʝʩʴ g ð ʟʘʨʷʜ ʤʘʛʥʠʪʥʦʛʦ ʤʦʥʦʧʦʣʷ. ʄʝʪʨʠʢʘ (5) ʧʦʣʫʯʘʝʪʩʷ, ʝʩʣʠ ʢ ʜʝʡ-
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ʛʜʝ j ð ʧʦʪʝʥʮʠʘʣ ʯʝʨʥʦʡ ʜʳʨʳ. 

ʉʣʫʯʘʡ, ʢʦʛʜʘ ʟʘʨʷʜ ʨʘʚʝʥ ʤʘʩʩʝQ M= , ʦʧʠʩʳʚʘʝʪ ʵʢʩʪʨʝʤʘʣʴʥʫʶ ʯʝʨ-

ʥʫʶ ʜʳʨʫ. ʊʘʢʘʷ ʯʝʨʥʘʷ ʜʳʨʘ ʷʚʣʷʝʪʩʷ ɹʇʉ-ʨʝʰʝʥʠʝʤ ʚ N=2 ʩʫʧʝʨʛʨʘʚʠʪʘ-

ʮʠʠ ʠ ʧʨʠ ʙʦʣʴʰʠʭ r ʤʝʪʨʠʢʘ ʦʧʠʩʳʚʘʝʪ ʤʥʦʛʦʦʙʨʘʟʠʝ 2 2.AdS S³  ʆʪʤʝʪʠʤ, 

ʯʪʦ ʪʘʢʞʝ ʘʢʪʠʚʥʦ ʠʟʫʯʘʶʪʩʷ ʚʨʘʱʘʶʱʠʝʩʷ ʯʝʨʥʳʝ ʜʳʨʳ, ʢʦʪʦʨʳʝ ʪʦʞʝ ʤʦ-

ʛʫʪ ʙʳʪʴ ʵʢʩʪʨʝʤʘʣʴʥʳʤʠ. 

ʕʥʝʨʛʠʶ, ʵʥʪʨʦʧʠʶ ʠ ʧʦʪʝʥʮʠʘʣ ʯʝʨʥʦʡ ʜʳʨʳ ʩ ʟʘʨʷʜʦʤ Q ʤʦʞʥʦ ʥʘʭʦ-
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ʅʘʧʨʠʤʝʨ, ʜʣʷ ʵʥʪʨʦʧʠʠ ʵʪʘ ʬʦʨʤʫʣʘ ʠʤʝʝʪ ʧʨʝʠʤʫʱʝʩʪʚʦ ʧʦ ʩʨʘʚʥʝʥʠʶ 

ʩ (3) ʪʝʤ, ʯʪʦ ʦʥʘ ʧʦʟʚʦʣʷʝʪ ʚʳʯʠʩʣʷʪʴ ʢʚʘʥʪʦʚʳʝ ʧʦʧʨʘʚʢʠ ʯʝʨʝʟ ʩʪʘʪʠʩʪʠʯʝ-
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ɺ ʢʣʘʩʩʠʯʝʩʢʦʤ ʧʨʝʜʝʣʝ exp( )Z Iº -. ɼʣʷ ʨʝʰʝʥʠʷ ʐʚʘʨʰʠʣʴʜʘ ʠ ɸʜʉ-

ʐʚʘʨʮʰʠʣʴʜʘ (4) ʚʳʚʦʜ ʵʥʪʨʦʧʠʠ ʧʨʠʚʝʜʝʥ ʚ [5]. ʂʣʘʩʩʠʯʝʩʢʠʝ ʚʝʣʠʯʠʥʳ (6) 

ʙʳʣʠ ʚʳʯʠʩʣʝʥʳ ʚ ʣʶʙʦʡ ʨʘʟʤʝʨʥʦʩʪʠ ʚ [4]. 
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ʊʘʢʞʝ ʙʳʣʦ ʟʘʤʝʯʝʥʦ [6], [7], ʯʪʦ ʜʣʷ ʧʦʣʥʦʡ ʘʥʘʣʦʛʠʠ ʩ ʧʝʨʚʳʤ ʟʘʢʦʥʦʤ 

ʪʝʨʤʦʜʠʥʘʤʠʢʠ ʚ (2) ʥʝ ʭʚʘʪʘʝʪ ʩʣʘʛʘʝʤʦʛʦ ʩ ʜʘʚʣʝʥʠʝʤ. ɹʳʣʦ ʧʦʢʘʟʘʥʦ, ʯʪʦ, 

ʝʩʣʠ ʤʘʩʩʫ ʯʝʨʥʦʡ ʜʳʨʳ ʟʘʤʝʥʠʪʴ ʥʘ ʵʥʪʘʣʴʧʠʶH M PV= + , ʪʦ ʜʘʚʣʝʥʠʝ P 

ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʦ ʢʦʩʤʦʣʦʛʠʯʝʩʢʦʡ ʧʦʩʪʦʷʥʥʦʡ.  

ɿʘʢʣʶʯʝʥʠʝ. ɺ ʜʦʢʣʘʜʝ ʨʘʩʩʤʘʪʨʠʚʘʶʪʩʷ ʪʝʨʤʦʜʠʥʘʤʠʯʝʩʢʠʝ ʩʚʦʡʩʪʚʘ 

ʵʢʩʪʨʝʤʘʣʴʥʳʭ, ʘ ʪʘʢʞʝ ʙʣʠʟʢʠʭ ʢ ʵʢʩʪʨʝʤʘʣʴʥʳʤ ʯʝʨʥʳʤ ʜʳʨʘʤ ʩ ʢʦʩʤʦʣʦ-

ʛʠʯʝʩʢʦʡ ʧʦʩʪʦʷʥʥʦʡ. ɿʜʝʩʴ ʠʤʝʶʪʩʷ ʟʘʤʝʯʘʪʝʣʴʥʳʝ ʘʥʘʣʦʛʠʠ ʩ ʪʝʦʨʠʝʡ ʬʘ-

ʟʦʚʳʭ ʧʝʨʝʭʦʜʦʚ ʠ ʛʘʟʦʤ ɺʘʥ-ʜʝʨ-ɺʘʘʣʴʩʘ. ʊʘʢʞʝ ʙʫʜʝʪ ʦʙʩʫʞʜʘʪʴʩʷ ʯʝʨʥʘʷ 

ʜʳʨʘ ɹʘʨʜʠʥʘ-ʜʝ-ʉʠʪʪʝʨʘ. 
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Abstract. We discuss the derivation of thermodynamic quantities for near-extremal black 

holes with a cosmological constant in any spacetime dimension greater than 2.  

Keywords: cosmological constant, AdS-Schwarzschild metric, entropy, temperature, ex-

tremal black hole, enthalpy 

Introduction. The metric of a radially symmetric black hole (a static solution of 

Einstein's equations) is given by 

 
2

2 2 2 2( )d .
( )

dr
ds f r t r d

f r
=- + + W  (1) 

It is well known that the first law of thermodynamics of uncharged static black 

holes has the form 

https://doi.org/10.1142/S0218271817500717
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2

M S
k

p
d = d,  (2) 

where ʄ is the mass of black hole, kis the surface gravity
( )

4
H

f r

r r

¡
k=

p =
. The 

radius of the event horizon is calculated as the largest root of the equation 

( ) 0.f r =  S is the entropy, which is equal to a quarter of the area A of the event 

horizon 

 2 .
4

H

A
S r= =p  (3)  

Methods and materials; results. Let us set the cosmological constant Lto be 

negative. Then in (3+1)-dimensional space-time for the AdS-Schwarzschild metric [2] 

 
2

2

2
( ) 1

M r
f r

r b
= - +   (4) 

in the system of units 1c G k= = = =.Here 2 3
b ¹-

L
. 

A black hole is called extremal if it satisfies the following relations: 

( ) ( ) 0.H Hf r f r¡= =  From the definition it is clear that the temperature of an ex-

tremal black hole is zero. For the AdS-Schwarzschild extremal solution relation 

holds: .HM b r= =  If the mass is below this value, then the Hawking-Page phase 

transition occurs [2], when the black hole is unstable and decays into an Anti-de-

Sitter space. The metric (4) has a generalization called the AdS-Bardeen black hole 

[3] with a function equal to 

 
2 2

3 2

2 2 2

2
( ) 1 .

( )

Mr r
f r

b
r g

= - +

+

  (5) 

Here g is the charge of the magnetic monopole. The metric (5) is obtained if 

the action of some nonlinear electrodynamics is added to the Hilbert-Einstein ac-

tion with the cosmological constant. 

If a black hole c has an electric charge Q, then 
2

2

2
( ) 1

M Q
f r

r r
= - + . 

The first law of thermodynamics takes the form 

2
,M S Q

k

p
d = d +jd 

wherej is the potential of a black hole. 
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The case where the charge is equal to the massQ M=  describes an extremal 

black hole. Such a black hole is a BPS-solution in N = 2 supergravity and for large 

r the metric describes the manifold 2 2.AdS S³  Note that rotating black holes, 

which can also be extremal, are also actively studied. 

 The energy, entropy and potential of a black hole with charge Q can be found 

from the action I using the formulas 

 
1

, , .
Q Q

I I I I
E S I

Q
b b

å õå õ å õ å õµ j µ µ µ
= - =b - j=æ öæ ö æ ö æ ö
µb b µj µb b µç ÷ ç ÷ ç ÷ ç ÷

  (6) 

For example, for entropy this formula has an advantage over (3) in that it al-

lows one to calculate quantum corrections through the statistical sum Z  

1 log .
d

S Z
d

å õ
= -bæ ö

bç ÷
 

In the classical limit exp( )Z Iº -. For the Schwarzschild and AdS-

Schwarzschild solutions (4) the derivation of the entropy is given in [5]. The clas-

sical quantities (6) were calculated in any dimension in [4]. 

It was also noted [6], [7] that for complete analogy with the first law of ther-

modynamics in (2) the term with pressure is missing. It has been shown that if the 

mass of a black hole is replaced by enthalpy ,H M PV= +  then the pressure P is 

proportional to the cosmological constant. 

Conclusion. The paper discusses the thermodynamic properties of extreme 

and near-extreme black holes with a cosmological constant. There are remarkable 

analogies with the theory of phase transitions and the Van der Waals gas. The Bar-

deen-de Sitter black hole will also be discussed. 
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Abstract. We derive the Euclidean entropy of four-dimensional de Sitter spacetime by in-

tegrating the Kodama-observer anomalous entropy density over the compact Euclidean 

section, obtained through a covariant Wick rotation discussed in [2]. Starting from the 

comoving metric Ὠί Ὠὸ Ὡ Ὠὶ ὶὨɱ  and enforcing the Kodama trajecto-

ry ὶὩ ὅ[2], we evaluate the anomalous entropy density Ὓ σὌ ψ“Ὃϳ  

and show that the corresponding four-volume element reduces, after an exact coordinate 

transformation, to that of a round four-sphere of radius Ὄ . The resulting total entropy 

Ὓ “ ὋὌϳ  reproduces precisely the Bekenstein-Hawking entropy ὃτὋϳ  

associated with the cosmological horizon. This calculation demonstrates that the anomalous 

entropy approach [3], grounded in the Euclidean Quantum Gravity framework, yields cor-

rect and physically consistent results. 

Keywords: black hole entropy, wick rotation, dynamical spacetime, kodama observer 

Introduction.  Euclidean Quantum Gravity offers a non-perturbative route to gravi-

tational thermodynamics by relating the semiclassical partition function to Euclide-

an manifolds [4]. Conventional methods rely on static spacetimes with analytic 

continuations, however, these methods are inadequate for dynamical, non-

stationary geometries. The covariant Wick-rotation approach developed by  

R. Singh, D. Kothawala [1] addresses this gap by defining Euclidean metrics 

through a positive-definite combination Ὣ Ὣ ɡόόȟ where ό  is a no-

where vanishing timelike vector field and ɡ is the interpolating function between 

two regimes generate Euclidean metric for ɡ ς in covariant way. We apply this 

technique specifically to the Kodama observer in de Sitter spacetime, enabling a 

robust calculation of horizon entropy. 

Methods and materials; results. We apply the covariant Wick-rotation for-

malism to the de Sitter spacetime metric, employing Kodama observers character-

ized by trajectories defined by ὶὩ ὧέὲίὸὥὲὸ. The resulting Euclideanized met-

ric contains cross-terms which are eliminated via the transformation ύ ὌὶὩ , 

revealing explicitly the geometry of a four-sphere. The anomalous entropy density, 

defined by ρφ“ὋὛ ςὋ όό Ὑ, evaluates to Ὓ  
σὌ ψ“Ὃϳ . Integration over the Euclidean manifold yields the total entropy 

“ ὋὌϳ ȟ exactly matching the standard Bekenstein ð Hawking formula [5]. 

Conclusion. In conclusion, anchoring the covariant Wick rotation to a general, 

nowhere-vanishing timelike observer field ð exemplified here by the Kodama 
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congruence ð offers a powerful, self-consistent framework for computing horizon 

entropy in dynamical spacetimes, as explicitly demonstrated for de Sitter space. 

This approach underscores the universality and robustness of gravitational entropy 

calculations within the Euclidean formalism, extending its applicability well be-

yond stationary solutions. 
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Abstract. The paper comprises a generalized solution to non-linear PDEs, mainly interpre-

tated in the gravitation field equation [1]. The author shows that gamma matrices (Spinors) 

are embedded within Christoffel symbols. This approach is usable for calculating geodesic 

as: ɜÃ ςʌÍÃ )ȾЍ ρÈ, for a weak quantum gravitation field. Hence, it con-

cludes the followings: (a) 24 mathematical terms of second-order, as an integral part of 

Ricci tensor; and (b) unification of all space-time geometries [3, 4].  

Keywords: quantum gravity, general relativity, clifford algebra, ricci tensor, ricci flow, 

geodesic 

Introduction.  Absolute Unified Mathematics of Quantum Gravitation, ñAUMò, is 

developed to offer a complete solution to the following existing problems. These 

includes: (I) quantum gravity and general relativity; (II) singularity and dark ener-

gy; and (III) many more. Its key objective is to incorporate Spin (gamma matrices) 

within Christoffel Symbols, as discussed in the next section. This is of uttermost 

relevance for analyzing the Spin-Dynamics of the gravitational field. Scientifically, 

it discloses 24 second-order partial derivative terms (Quantum Gravitational 

Waves), as an integral part of Ricci tensor. 

Methods and materials; results. To derive the embedded quantum fields 

within Christoffel, ñɜȟò, I started with a covariant differentiation, ñᶯò, of a fun-

damental tensor, ñÇ ò, as shown in equation (2) [1]. These equations are acquaint-

ed with first order covariant derivatives of gamma matrices, ñɾò and ñɾò. Ac-

cording to the Clifford Algebra, these matrices are also referred as the basis vectors 

of fundamental tensor, ñÇ ò. These basis vectors, ñɾò and ñɾò, are fundamental-

ly known by equation; Ç  [2]. 

  ᶯɾɾ ɾᶯɾ  ᶯɾ ɾ ɾ ᶯɾ  Ç ɜ Çɜ   (1) 

The first order covariant derivatives, ñ,ɳ ,ɳ ᶯ ò, of these fundamental ten-

sors, ñ Ç , Ç , Ç,ò, are derived like equation (1). Further, I derived a torsion-free 

Christoffel symbols of second kind, ñɜò. This was pursued by substituting the 

partial derivatives of fundamental tensors, ñ, , ò, into the well-known 

equation of ñɜ  Ç   ò [1]. With further simplification, I 

have discovered equation (2) [3, 4].  
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 ɜ Ç  
ɾ ɾ ɾ

ɾ ɾ ɾ
; (2) 

ɜ Ã   

 ɾ ɾ ɾ ɾ ɾ ɾ ɾ ɾ

ɾ ɾ ɾ ɾ ᶯɾ ɾ ɾ ɾ ᶯɾ ɾ
Ã   

  
Ѝ

0 0 0 )Ã; (3) 

2 ɜȟ Ç
ȟ

ɜȟ Ç ȟ ɜɜ ɜ ɜ   (4) 

Using equations (3), I calculated geodesic for a weak quantum gravity, as 

shown by equation (3). As a result, it illustrates ñenergy-momentum relationò with-

in geodesic. Hence, validating equation (2). Additionally, the Christoffel symbols: 

ɜȟ  , ɜȟ  , 
ȟ

 , 
ȟ

 , ɜɜ  , and ɜ ɜ; given in equation (4) are also de-

rived using equation (2), respectively [3, 4].  

Conclusion. In this framework, I have concluded the root characteristics of 

Quantum Gravitation. These are elucidated through quantum fields of skew-

symmetric, ñò and ñ ò, and symmetric, ñò, na-

ture. These fields are found embedded within Ricci curvature tensor, ñ2ò based 

on equations (2) and (4) [3, 4].  
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ɸʥʥʦʪʘʮʠʷ. ʈʘʩʩʤʘʪʨʠʚʘʶʪʩʷ ʨʝʰʝʥʠʷ ʚʦʟʤʫʱʝʥʥʳʭ ʫʨʘʚʥʝʥʠʡ ʕʡʥʰʪʝʡʥʘ ʚ ʧʨʦ-

ʩʪʨʘʥʩʪʚʝ ʐʚʘʨʮʰʠʣʴʜʘ ʜʣʷ ʩʣʫʯʘʷ ʨʘʩʧʨʦʩʪʨʘʥʝʥʠʷ ʩʬʝʨʠʯʝʩʢʠ ʩʠʤʤʝʪʨʠʯʥʳʭ 

ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʦʡ ʠ ʛʨʘʚʠʪʘʮʠʦʥʥʦʡ ʚʦʣʥ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʚʦʟʤʫʱʝʥʠʷʤ ʤʝʪʨʠʢʠ 

ʐʚʘʨʮʰʠʣʴʜʘ. ʇʦʢʘʟʘʥʦ, ʯʪʦ ʩʬʝʨʠʯʝʩʢʠʝ ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʳʝ ʚʦʣʥʳ ʠʤʝʶʪ ʩʚʷʟʘʥ-

ʥʳʝ ʩ ʥʠʤʠ ʧʨʦʜʦʣʴʥʳʝ ʛʨʘʚʠʪʘʮʠʦʥʥʦ-ʚʦʣʥʦʚʳʝ ʢʦʤʧʦʥʝʥʪʳ. ʇʨʝʜʣʦʞʝʥʦ ʦʧʠʩʘ-

ʥʠʝ ʦʩʥʦʚʥʳʭ ʩʚʦʡʩʪʚ ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʚʦʣʥ, ʩʚʷʟʘʥʥʳʭ ʩʦ ʩʬʝʨʠʯʝʩʢʠʤʠ ʵʣʝʢʪʨʦ-

ʤʘʛʥʠʪʥʳʤʠ ʚʦʣʥʘʤʠ.  

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʛʨʘʚʠʪʘʮʠʷ ʕʡʥʰʪʝʡʥʘ, ʧʨʦʩʪʨʘʥʩʪʚʦ ʐʚʘʨʮʰʠʣʴʜʘ, ʩʚʷʟʘʥʥʳʝ 

ʛʨʘʚʠʪʘʮʠʦʥʥʳʝ ʚʦʣʥʳ, ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʳʝ ʚʦʣʥʳ, ʤʝʪʨʠʯʝʩʢʠʡ ʪʝʥʟʦʨ 

ɺʚʝʜʝʥʠʝ. ʇʨʠ ʠʩʩʣʝʜʦʚʘʥʠʠ ʛʨʘʚʠʪʘʮʠʦʥʥʦʡ ʚʦʣʥʳ, ʨʘʩʧʨʦʩʪʨʘʥʷʶʱʝʡʩʷ  

ʚ ʠʩʢʨʠʚʣʝʥʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ-ʚʨʝʤʝʥʠ, ʯʘʩʪʦ ʠʩʧʦʣʴʟʫʶʪʩʷ ʤʝʪʦʜʳ ʪʝʦʨʠʠ 

ʚʦʟʤʫʱʝʥʠʡ [1]. ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʛʨʘʚʠʪʘʮʠʦʥʥʳʝ ʚʦʣʥʳ ʨʘʩʩʤʘʪʨʠʚʘʶʪʩʷ, ʢʘʢ 

ʤʘʣʳʝ ʚʦʟʤʫʱʝʥʠʷ ʬʦʥʦʚʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ-ʚʨʝʤʝʥʠ 
0h gmn mn=d .  

ɺ ʧʫʩʪʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ ʧʨʠ ʨʘʩʧʨʦʩʪʨʘʥʝʥʠʠ ʛʨʘʚʠʪʘʮʠʦʥʥʦʡ ʚʦʣʥʳ  

ʚ ʧʫʩʪʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ ʚʜʦʣʴ ʥʘʧʨʘʚʣʝʥʠʷ 1x x=  ʥʝʥʫʣʝʚʳʤʠ ʢʦʤʧʦʥʝʥʪʘʤʠ 

ʪʝʥʟʦʨʘ ʚʦʟʤʫʱʝʥʠʷ ʷʚʣʷʶʪʩʷ ʪʦʣʴʢʦ ʧʦʧʝʨʝʯʥʦ-ʧʦʧʝʨʝʯʥʳʝ (TT): yzh , yyh , 

zzh [2]. ʆʜʥʘʢʦ ʧʨʠ ʥʘʣʠʯʠʠ ʠʩʪʦʯʥʠʢʘ 0Tmņ  ʩʚʷʟʘʥʥʳʝ ʛʨʘʚʠʪʘʮʠʦʥʥʳʝ 

ʚʦʣʥʳ ʤʦʛʫʪ ʠʤʝʪʴ ʠ ʧʨʦʜʦʣʴʥʳʝ (LL): tth , txh , xxh , ʠ ʧʨʦʜʦʣʴʥʦ-ʧʦʧʝʨʝʯʥʳʝ 

(LT): tyh , tzh , xyh , xzh , ʢʦʤʧʦʥʝʥʪʳ [3]. 

ɺ ʨʘʙʦʪʘʭ [4, 5] ʙʳʣʠ ʧʦʣʫʯʝʥʳ LL ʢʦʤʧʦʥʝʥʪʳ ʛʨʘʚʠʪʘʮʠʦʥʥʦʡ ʚʦʣʥʳ, 

ʩʚʷʟʘʥʥʦʡ ʩ ʧʣʦʩʢʦʡ ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʦʡ ʚʦʣʥʦʡ, ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʄʠʥʢʦʚʩʢʦʛʦ. 

ʎʝʣʴʶ ʜʘʥʥʦʡ ʨʘʙʦʪʳ ʷʚʣʷʝʪʩʷ ʘʥʘʣʠʟ ʢʦʤʧʦʥʝʥʪ ʛʨʘʚʠʪʘʮʠʦʥʥʦʡ ʚʦʣʥʳ, 

ʩʚʷʟʘʥʥʦʡ ʩʦ ʩʬʝʨʠʯʝʩʢʦʡ ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʦʡ ʚʦʣʥʦʡ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ 

ʐʚʘʨʮʰʠʣʴʜʘ ʥʘ ʦʩʥʦʚʝ ʨʝʰʝʥʠʷ ʚʦʟʤʫʱʝʥʥʳʭ ʫʨʘʚʥʝʥʠʡ ʕʡʥʰʪʝʡʥʘ.  

ʄʝʪʦʜʳ ʠ ʤʘʪʝʨʠʘʣʳ; ʨʝʟʫʣʴʪʘʪʳ. ɼʣʷ ʜʦʩʪʠʞʝʥʠʷ ʧʦʩʪʘʚʣʝʥʥʦʡ ʮʝʣʠ 

ʙʳʣʠ ʨʝʰʝʥʳ ʚʦʟʤʫʱʝʥʥʳʝ ʫʨʘʚʥʝʥʠʷ ʕʡʥʰʪʝʡʥʘ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ 

ʐʚʘʨʮʰʠʣʴʜʘ ʜʣʷ ʩʣʫʯʘʷ ʨʘʩʧʨʦʩʪʨʘʥʝʥʠʷ ʩʬʝʨʠʯʝʩʢʠ ʩʠʤʤʝʪʨʠʯʥʦʡ ʵʣʝʢ-

ʪʨʦʤʘʛʥʠʪʥʦʡ ʚʦʣʥʳ ʚ ʨʘʜʠʘʣʴʥʦʤ ʥʘʧʨʘʚʣʝʥʠʠ. ʀʟ ʫʩʣʦʚʠʷ ʩʬʝʨʠʯʝʩʢʦʡ 

ʩʠʤʤʝʪʨʠʯʥʦʩʪʠ ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʳʭ ʚʦʣʥ ʠ ʠʟʦʪʨʦʧʥʦʩʪʠ ʧʨʦʩʪʨʘʥʩʪʚʘ-
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ʚʨʝʤʝʥʠ ʙʳʣʦ ʧʦʣʦʞʝʥʦ, ʯʪʦ ʜʠʘʛʦʥʘʣʴʥʳʝ ʧʦʧʝʨʝʯʥʳʝ ʢʦʤʧʦʥʝʥʪʳ ʤʝʪʨʠ-

ʯʝʩʢʠʭ ʚʦʟʤʫʱʝʥʠʡ ʨʘʚʥʳ ʤʝʞʜʫ ʩʦʙʦʡ.  

ʅʘ ʦʩʥʦʚʝ ʧʦʣʫʯʝʥʥʳʭ ʪʦʯʥʳʭ ʨʝʰʝʥʠʡ, ʙʳʣʦ ʧʦʢʘʟʘʥʦ, ʯʪʦ ʩʬʝʨʠʯʝʩʢʘʷ 

ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʘʷ ʚʦʣʥʘ ʠʤʝʝʪ ʯʠʩʪʦ ʧʨʦʜʦʣʴʥʳʝ ʛʨʘʚʠʪʘʮʠʦʥʥʦ-ʚʦʣʥʦʚʳʝ 

ʢʦʤʧʦʥʝʥʪʳ. ʕʪʠ ʨʝʰʝʥʠʷ ʧʨʝʜʩʪʘʚʣʷʶʪ ʩʦʙʦʡ ʯʝʪʥʳʝ ʚʦʟʤʫʱʝʥʠʷ ʤʝʪʨʠʢʠ 

ʐʚʘʨʮʰʠʣʴʜʘ. 

ʇʦʣʫʯʝʥʥʳʝ ʩʚʷʟʘʥʥʳʝ ʛʨʘʚʠʪʘʮʠʦʥʥʳʝ ʚʦʣʥʳ ʥʝʩʫʪ ʠʥʬʦʨʤʘʮʠʶ ʦ ʧʨʦ-

ʩʪʨʘʥʩʪʚʝ, ʘ ʠʤʝʥʥʦ ʦ ʤʘʩʩʝ ʯʝʨʥʦʡ ʜʳʨʳ, ʚ ʘʤʧʣʠʪʫʜʥʳʭ ʢʦʵʬʬʠʮʠʝʥʪʘʭ,  

ʘ ʪʘʢʞʝ ʚ ʬʘʟʦʚʳʭ ʤʥʦʞʠʪʝʣʷʭ. ʊʘʢʞʝ ʙʳʣʦ ʧʦʢʘʟʘʥʦ, ʯʪʦ ʘʤʧʣʠʪʫʜʳ ʩʚʷʟʘʥ-

ʥʳʭ ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʚʦʣʥ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʩ ʤʝʪʨʠʢʦʡ ʐʚʘʨʮʰʠʣʴʜʘ ʙʦʣʴʰʝ, 

ʯʝʤ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʄʠʥʢʦʚʩʢʦʛʦ, ʠʟ-ʟʘ ʥʘʣʠʯʠʷ ʛʨʘʚʠʪʠʨʫʶʱʝʡ ʤʘʩʩʳ. 

ɿʘʢʣʶʯʝʥʠʝ. ʇʨʝʜʩʪʘʚʣʝʥ ʘʥʘʣʠʟ ʩʚʷʟʘʥʥʳʭ ʛʨʘʚʠʪʘʮʠʦʥʥʳʭ ʠ ʵʣʝʢʪʨʦ-

ʤʘʛʥʠʪʥʳʭ ʚʦʣʥ ʩ ʫʯʝʪʦʤ ʚʦʟʤʫʱʝʥʠʡ ʤʝʪʨʠʢʠ ʧʨʦʩʪʨʘʥʩʪʚʘ-ʚʨʝʤʝʥʠ 

ʐʚʘʨʮʰʠʣʴʜʘ. ʇʦʣʫʯʝʥʥʳʝ ʨʝʟʫʣʴʪʘʪʳ ʧʦʟʚʦʣʷʶʪ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʚʣʠʷʥʠʝ 

ʛʨʘʚʠʪʘʮʠʦʥʥʦ-ʚʦʣʥʦʚʦʡ ʢʦʤʧʦʥʝʥʪʳ ʥʘ ʧʨʦʮʝʩʩʳ ʨʘʩʧʨʦʩʪʨʘʥʝʥʠʷ ʠ ʚʟʘʠ-

ʤʦʜʝʡʩʪʚʠʷ ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʳʭ ʚʦʣʥ ʚ ʦʙʣʘʩʪʠ ʢʦʤʧʘʢʪʥʳʭ ʛʨʘʚʠʪʠʨʫʶʱʠʭ 

ʦʙʲʝʢʪʦʚ.  
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Abstract. Solutions of perturbed Einstein equations in the Schwarzschild space-time are 

considered for the propagation of spherically symmetric electromagnetic and gravitational 

waves corresponding to perturbations of the Schwarzschild metric. It is shown that spheri-
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cal electromagnetic waves have longitudinal gravitational wave components coupled with 

them. A description of the basic properties of gravitational waves coupled with spherical 

electromagnetic waves is proposed. 

Keywords: Einstein gravity, Schwarzschild space-time, coupled gravitational waves, elec-

tromagnetic waves, metric tensor  

Introduction.  Methods of perturbation theory are often used in the study of a grav-

itational wave propagating in a curved space-time [1]. In this case, gravitational 

waves are considered as small perturbations of the background space-time. 
0h gmn mn=d .  

In Minkowski spacetime, when a gravitational wave propagates in empty 

space along the direction 1x x= , the nonzero components of the perturbation ten-

sor are only transverseïtransverse (TT): yzh , yyh , zzh  [2]. However, in the pres-

ence of a source 0Tmņ , coupled gravitational waves can have both longitudinal-

longitudinal (LL): tth , txh , xxh , and longitudinal-transverse (LT): tyh , tzh , xyh , xzh  

components [3]. 

In [4, 5], the LL components of a gravitational wave coupled with a plane 

electromagnetic wave in Minkowski space were obtained. The purpose of this work 

is to analyze the components of a gravitational wave coupled with a spherical elec-

tromagnetic wave in Schwarzschild spacetime based on the solution of perturbed 

Einstein equations. 

Methods and materials; results. To achieve this goal, the perturbed Einstein 

equations in Schwarzschild spacetime were solved for the case of propagation of a 

spherically symmetric electromagnetic wave in the radial direction. From the con-

dition of spherical symmetry of electromagnetic waves and isotropy of space-time, 

it was assumed that the diagonal transverse components of metric perturbations are 

equal to each other. 

Based on the exact solutions obtained, it was shown that a spherical electro-

magnetic wave has purely longitudinal gravitational wave components. These solu-

tions are even perturbations of the Schwarzschild metric.  

The resulting coupled gravitational waves carry information about space, 

namely, the mass of the black hole, in amplitude coefficients, as well as in phase 

multipliers. It was also shown that the amplitudes of coupled gravitational waves in 

the space with the Schwarzschild metric are greater than in the Minkowski space 

due to the presence of a gravitational mass. 

Conclusion. An analysis of coupled gravitational and electromagnetic waves 

is presented, taking into account perturbations of the Schwarzschild space-time 

metric. The results obtained allow us to consider the influence of the gravitational-

wave component on the propagation and interaction of electromagnetic waves in 

the field of compact gravitating objects. 
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ɸʥʥʦʪʘʮʠʷ. ʅʘʤʠ ʙʳʣ ʠʩʩʣʝʜʦʚʘʥ ʩʮʝʥʘʨʠʡ ʦʪʩʢʦʢʘ ʚ ʨʘʤʢʘʭ ʦʜʥʦʨʦʜʥʳʭ ʠ ʠʟʦ-

ʪʨʦʧʥʳʭ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʤʦʜʝʣʝʡ ʩ ʧʨʦʠʟʚʦʣʴʥʦʡ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦʡ ʢʨʠʚʠʟʥʦʡ ʚ 

ʪʝʦʨʠʠ ʛʨʘʚʠʪʘʮʠʠ ʩ ʥʝʤʠʥʠʤʘʣʴʥʦʡ ʢʠʥʝʪʠʯʝʩʢʦʡ ʩʚʷʟʴʶ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ ʩ ʢʨʠʚʠʟ-

ʥʦʡ, ʟʘʜʘʥʥʦʡ ʯʣʝʥʦʤ (ɕ / H0
2) Gɛɜ;ʟɛʟ;ɜ ʚ ʣʘʛʨʘʥʞʠʘʥʝ. ɺ ʦʙʱʝʤ ʩʣʫʯʘʝ ʤʦʜʝʣʴ ʦʧʨʝ-

ʜʝʣʷʝʪʩʷ ʰʝʩʪʴʶ ʙʝʟʨʘʟʤʝʨʥʳʤʠ ʧʘʨʘʤʝʪʨʘʤʠ: ʧʘʨʘʤʝʪʨʦʤ ʩʚʷʟʠ ɕ ʠ ʧʘʨʘʤʝʪʨʘʤʠ 

ʧʣʦʪʥʦʩʪʠ ɋ0 (ʢʦʩʤʦʣʦʛʠʯʝʩʢʘʷ ʧʦʩʪʦʷʥʥʘʷ), ɋ2 (ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʘʷ ʢʨʠʚʠʟʥʘ), ɋ3 

(ʥʝʨʝʣʷʪʠʚʠʩʪʩʢʘʷ ʤʘʪʝʨʠʷ), ɋ4 (ʠʟʣʫʯʝʥʠʝ), ɋ6 (ʩʢʘʣʷʨʥʦʝ ʧʦʣʝ). ʂʘʢ ʠ ʦʞʠʜʘʣʦʩʴ, 

ʤʳ ʦʙʥʘʨʫʞʠʣʠ, ʯʪʦ ʚ ʢʦʩʤʦʣʦʛʠʯʝʩʢʠʭ ʤʦʜʝʣʷʭ ʩ ʦʪʨʠʮʘʪʝʣʴʥʦʡ ʠʣʠ ʥʫʣʝʚʦʡ ʧʨʦ-

ʩʪʨʘʥʩʪʚʝʥʥʦʡ ʢʨʠʚʠʟʥʦʡ ʥʝʪ ʪʦʯʝʢ ʧʦʚʦʨʦʪʘ ʠ/ʠʣʠ ʦʪʩʢʦʢʦʚ. ɺ ʪʦ ʞʝ ʚʨʝʤʷ ʚ ʤʦʜʝʣʠ 

ʩ ʧʦʣʦʞʠʪʝʣʴʥʦʡ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦʡ ʢʨʠʚʠʟʥʦʡ ʤʦʛʫʪ ʩʫʱʝʩʪʚʦʚʘʪʴ ʢʘʢ ʪʦʯʢʘ ʧʦʚʦ-

ʨʦʪʘ, ʪʘʢ ʠ ʦʪʩʢʦʢ. ɺ ʯʘʩʪʥʦʩʪʠ, ʦʪʩʢʦʢ ð ʢʦʛʜʘ ʩʞʘʪʠʝ ɺʩʝʣʝʥʥʦʡ ʩʤʝʥʷʝʪʩʷ ʨʘʩʰʠ-

ʨʝʥʠʝʤ ð ʧʨʦʠʩʭʦʜʠʪ ʧʨʠ Ű = Ű*, ʢʦʛʜʘ a(Ű*) = amin = (3ɕɋ2)1/2, ʛʜʝ Ű = H0t ð ʙʝʟʨʘʟ-

ʤʝʨʥʦʝ ʢʦʩʤʠʯʝʩʢʦʝ ʚʨʝʤʷ, ʘ Ű* ð ʤʦʤʝʥʪ, ʢʦʛʜʘ ʧʨʦʠʩʭʦʜʠʪ ʦʪʩʢʦʢ. ɺʘʞʥʳʡ ʬʘʢʪ, 

ʯʪʦ ʟʥʘʯʝʥʠʝ amin ʟʘʚʠʩʠʪ ʪʦʣʴʢʦ ʦʪ ɕ ʠ ɋ2, ʠ ʥʝ ʟʘʚʠʩʠʪ ʦʪ ɋ0, ɋ3 ʠ ɋ4. ʊʘʢʠʤ ʦʙʨʘ-

ʟʦʤ, ʤʳ ʟʘʢʣʶʯʘʝʤ, ʯʪʦ ʢʦʩʤʦʣʦʛʠʯʝʩʢʘʷ ʧʦʩʪʦʷʥʥʘʷ ʠ ʦʙʳʯʥʘʷ ʤʘʪʝʨʠʷ (ʚ ʬʦʨʤʝ 

ʧʳʣʠ ʠ ʠʟʣʫʯʝʥʠʷ) ʦʢʘʟʳʚʘʶʪʩʷ çʟʘʵʢʨʘʥʠʨʦʚʘʥʥʳʤʠè ʚ ʦʢʨʝʩʪʥʦʩʪʠ ʦʪʩʢʦʢʘ. ʅʘʤʠ 

ʙʳʣʦ ʧʦʣʫʯʝʥʦ ʘʩʠʤʧʪʦʪʠʯʝʩʢʦʝ ʧʦʚʝʜʝʥʠʝ ʤʘʩʰʪʘʙʥʦʛʦ ʬʘʢʪʦʨʘ ʠ ʧʘʨʘʤʝʪʨʘ ʍʘʙʙ-

ʣʘ ʚʙʣʠʟʠ ʦʪʩʢʦʢʘ: a(Ű) º amin(1 + ȹŰ2/18ɕ) ʠ h(Ű) º ȹŰ/9ɕ, ʛʜʝ ȹŰ = Ű ⱷ Ű*. ʊʘʢʠʤ ʦʙʨʘ-

ʟʦʤ, ʙʳʣʦ ʧʦʢʘʟʘʥʦ, ʯʪʦ ʤʘʩʰʪʘʙʥʳʡ ʬʘʢʪʦʨ a(Ű), ʧʘʨʘʤʝʪʨ ʍʘʙʙʣʘ h(Ű) ʠ ʚʩʝ ʩʦʦʪ-

ʚʝʪʩʪʚʫʶʱʠʝ ʛʝʦʤʝʪʨʠʯʝʩʢʠʝ ʠʥʚʘʨʠʘʥʪʳ ʠʤʝʶʪ ʨʝʛʫʣʷʨʥʦʝ ʧʦʚʝʜʝʥʠʝ ʚʙʣʠʟʠ 

ʦʪʩʢʦʢʘ. ɺ ʯʘʩʪʥʦʩʪʠ, a(Ű) Ÿ amin, h(Ű) Ÿ 0 ʧʨʠ Ű Ÿ Ű*. ʊʘʢʞʝ ʨʝʛʫʣʷʨʥʳ ʚʙʣʠʟʠ ʦʪ-

ʩʢʦʢʘ ʟʥʘʯʝʥʠʷ, ʭʘʨʘʢʪʝʨʠʟʫʶʱʠʝ ʧʣʦʪʥʦʩʪʴ ʵʥʝʨʛʠʠ ʤʘʪʝʨʠʠ, ʪʘʢʠʝ ʢʘʢ ɟm ~ a 3 ʠ ɟr 

~ a 4. ɺ ʪʦ ʞʝ ʚʨʝʤʷ ʥʘʤʠ ʙʳʣʦ ʧʦʢʘʟʘʥʦ, ʯʪʦ, ʭʦʪʷ ʛʝʦʤʝʪʨʠʷ ʧʨʦʩʪʨʘʥʩʪʚʘ-ʚʨʝʤʝʥʠ 

ʠ ʧʣʦʪʥʦʩʪʴ ʵʥʝʨʛʠʠ ʤʘʪʝʨʠʠ ʦʩʪʘʶʪʩʷ ʨʝʛʫʣʷʨʥʳʤʠ ʚʙʣʠʟʠ ʦʪʩʢʦʢʘ, ʩʢʘʣʷʨʥʦʝ ʧʦʣʝ 

ʠʤʝʝʪ ʪʘʤ ʩʠʥʛʫʣʷʨʥʦʝ ʧʦʚʝʜʝʥʠʝ. ɸ ʠʤʝʥʥʦ, d◖/dŰ ~ 1/ȹŰ2 Ÿ Ð ʧʨʠ ȹŰ Ÿ 0. ɺ ʨʝ-

ʟʫʣʴʪʘʪʝ ʥʘʤʠ ʙʳʣ ʩʜʝʣʘʥ ʚʳʚʦʜ, ʯʪʦ ʧʦʣʥʘʷ ʜʠʥʘʤʠʯʝʩʢʘʷ ʩʠʩʪʝʤʘ, ʦʧʠʩʳʚʘʶʱʘʷ 

ʢʦʩʤʦʣʦʛʠʯʝʩʢʫʶ ʵʚʦʣʶʮʠʶ ʚ ʪʝʦʨʠʠ ʛʨʘʚʠʪʘʮʠʠ ʩ ʥʝʤʠʥʠʤʘʣʴʥʦʡ ʢʠʥʝʪʠʯʝʩʢʦʡ 

ʩʚʷʟʴʶ, ʷʚʣʷʝʪʩʷ ʩʠʥʛʫʣʷʨʥʦʡ ʚʙʣʠʟʠ ʦʪʩʢʦʢʘ. ʅʘʩʢʦʣʴʢʦ ʥʘʤ ʠʟʚʝʩʪʥʦ, ʪʘʢʦʡ ʩʮʝʥʘ-

ʨʠʡ, ʢʦʛʜʘ ʛʝʦʤʝʪʨʠʷ ʧʨʦʩʪʨʘʥʩʪʚʘ-ʚʨʝʤʝʥʠ ʠ ʧʣʦʪʥʦʩʪʠ ʵʥʝʨʛʠʠ ʤʘʪʝʨʠʠ ʦʩʪʘʶʪʩʷ 

ʨʝʛʫʣʷʨʥʳʤʠ ʧʨʠ ʧʨʠʙʣʠʞʝʥʠʠ ʵʚʦʣʶʮʠʠ ɺʩʝʣʝʥʥʦʡ ʢ ʤʦʤʝʥʪʫ ʦʪʩʢʦʢʘ, ʚ ʪʦ ʚʨʝʤʷ 

ʢʘʢ ʧʦʚʝʜʝʥʠʝ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ ʩʪʘʥʦʚʠʪʩʷ ʩʠʥʛʫʣʷʨʥʳʤ, ʨʘʥʝʝ ʙʳʣ ʥʝʠʟʚʝʩʪʝʥ. ʇʦ 

ʵʪʦʡ ʧʨʠʯʠʥʝ ʵʪʦʪ ʩʮʝʥʘʨʠʡ ʙʳʣ ʥʘʟʚʘʥ ʥʘʤʠ çʩʠʥʛʫʣʷʨʥʳʤè ʦʪʩʢʦʢʦʤ. 

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʢʨʦʪʦʚʘʷ ʥʦʨʘ, ʜʠʥʘʤʠʯʝʩʢʘʷ ʢʨʦʪʦʚʘʷ ʥʦʨʘ, ʚʩʝʣʝʥʥʘʷ ʌʨʠʜʤʘʥʘ 

ɼʘʥʥʘʷ ʨʘʙʦʪʘ ʙʳʣʘ ʧʦʜʜʝʨʞʘʥʘ ʛʨʘʥʪʦʤ ʌʦʥʜʘ ʨʘʟʚʠʪʠʷ  

ʪʝʦʨʝʪʠʯʝʩʢʦʡ ʬʠʟʠʢʠ ʠ ʤʘʪʝʤʘʪʠʢʠ çɹɸɿʀʉè ˉ 24-1-1-39-1. 
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Singular bounce in the theory of gravity with nonminimal  
derivative coupling 

Sushkov Sergey Vladimirovich  sergey_sushkov@mail.ru 

Kazan Federal University, Kazan, Russia 

Abstract. We explore bounce scenarios in the framework of homogeneous and isotropic 

cosmological models with arbitrary spatial curvature in the theory of gravity with non-

minimal derivative coupling of a scalar field to the curvature given by the term (ɕ / H0
2) 

Gɛɜ◖;ɛ◖;ɜ in the Lagrangian. In general, a cosmological model is determined by six dimen-

sionless parameters: the coupling parameter ɕ, and density parameters ɋ0 (cosmological 

constant), ɋ2 (spatial curvature term), ɋ3 (non-relativistic matter), ɋ4 (radiation), ɋ6 (scalar 

field term). As expected, we find that there are no turning points and/or bounces in cosmo-

logical models with negative or zero spatial curvature. At the same time, both a turning 

point and a bounce can exist in the model with positive spatial curvature. In particular, the 

bounce ð when the Universe's contraction is replaced by expansion ð is happened at Ű = 

Ű* when a(Ű*) = amin=(3ɕɋ2)1/2, where Ű = H0t is a dimensionless cosmic time and Ű* is  

a moment when the bounce happens. It is important fact that the value amin depends only on 

ɕ and ɋ2, and does not depend on ɋ0, ɋ3 and ɋ4. We find that near the bounce a(Ű) º 

º amin(1+ȹŰ2/18ɕ) and h(Ű) º ȹŰ/9ɕ, where ȹŰ = Ű  Ű*. Thus, the scale factor a(Ű), the Hub-

ble parameter h(Ű), and all corresponding geometrical invariants have a regular behavior 

near the bounce. In particular, a(Ű) Ÿ amin, h(Ű) Ÿ 0 as Ű Ÿ Ű*. As well the values character-

izing matter energy densities, such as ɟm ~ a 3 and ɟr ~ a 4, are regular near the bounce. 

Nevertheless, though the spacetime geometry and energy densities remain to be regular near 

the bounce, the scalar field has a singular behavior there. Namely, d◖/dŰ ~ 1/ȹŰ2 Ÿ Ð as ȹŰ 

Ÿ 0. As a result, we conclude that the complete dynamical system describing the cosmo-

logical evolution in theory of gravity with non-minimal derivative coupling is singular near 

the bounce. On our knowledge, such the scenario, when the spacetime geometry and matter 

energy densities remain to be regular at approaching the universe evolution to the moment 

of bounce, while the behavior of scalar field becomes singular, was unknown before. For 

this reason, we term this scenario as a singular bounce. 

Keywords: wormhole, dynamic wormhole, Friedmann universe 
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Original linear Lie algebra directly solves Standard Model  
and Periodic System  

Trell Erik erik.trell@gmail.com 

 Department of Health, Medicine and Caring Sciences, Linkºping University,  

Se 581 83 Linkºping, Sweden 

Abstract. The original geometric Lie algebra is linear, digital and differential, and in an 

internal part exactly and exhaustively realizes the Standard Model of the elementary parti-

cles by serial lattice transformations of its orthogonal versus spherical infinitesimal genera-

tors. In an external part by the line congruence extension and expansion of their reciprocal 

network through, primeval and astrophysical stages it further leads to an equally exact and 

exhaustive realization of the Periodic System of the atoms and molecules and their crystal 

structure, compositions and images as well as online interactive computer system bits and 

algorithms.  

Keywords: Alphabit, Aufbau, Betabit, computer program, crystallization, differential, digi-

tal, elementary particles, geometric, Lie algebra, linear, line congruence, Periodic System, 

Standard Model 

Introduction.  The Standard Model remains the ultimate analog equation system of 

the proliferating elementary particles, while the original Lie algebra applies its sole 

particle element: ñthe straight line of length equall to zeroò [1, 2] into a digital 

transformation lattice of the infinitesimal generators of its geometry. First disclosed 

in two dimensions as ñeine gestreifteéalgebraische Flªcheò [3] it was shown how 

this could be folded and connected in further planes and angles into the composi-

tion of a linear óvectorô space (Figure 1) but more fundamental since spanned by its 

infinitesimal generators themselves instead of their tail-of-the-dog resultants. 
 
 

 
 

a b 
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Fig. 1. Gestreifte Flŀֱchen of ordered linear algebra and plane geometry άLƳŀƎƛƴŀֱ r-Curvenέ by straight lines of 
length equaling zero (distance between adjacent coordinate points) (a). Note equivalent organization as in a 

present-day unordered linear vector space (b)  

Methods and materials; results. This ñImaginªr-Curvenò system [3] reaches 

beyond the Standard Model by extending its network over the crystallization of the 

Periodic Table [4]. Here lies the gamechanging nature of Lieôs linear algebra, not 

in relation to his time but to the present-day abstraction into an immaterial ôvectorô 

space. But to Lie the line was not a mathematical idea but a real òDingò [3] and 

thus a concrete construction element starting and acting from the infinitesimal level 

to build the Cartesian/Euclidean space, piece by piece òas a partial differential 

equation itselfò in the ñform f( x y z dx dy dz) = 0ò [1, 2]. This is thus the space 

formula for which, quoting Lie, òDescartes produces a quantity system x y zò...òhe 

has among the unlimited manifolds of possible co-ordinate systems chosen a defi-

nite oneò...òone realizes that the straight lines that meet a given condition may be 

used as the element of a geometry of the space, which gives a faithful representa-

tion of the algebra of three variablesò. However, by itself the space is static but òif 

here x y z are perceived as parametersòéòeach point in the space is associated 

with a cone, namely, the collection of tangents to those complex-curves that go 

through the point in questionòéòto the curves c of the space r, thus unambiguously 

correspond the curves C of a definite curve-complex in Ròéòthe two spaces are 

mapped into each otheròéòin such a way that to rôs points correspond in R the im-

aginary straight lines whose length equals zero.ò There is thus a òtransition from a 

point to a straight lineòéòof length equal to zero as elementò [1, 2], because points 

have no extension but a Lie algebra neighborhood of the dx, dy, and dz enclosing it 

as the distance in each direction between adjacent points. 

Lieôs discovery fhat ñthe Pl¿cker line-geometry can be transformed into a 

sphere geometryò then both founded spherical geometry and provided the mutual 

reciprocal space between them, and this ñparticularly remarkable transformationò, 

unfolds separately or together between the ñinfinitely small...sphereôs rectilinear 

generatricesò and those of the ñCartesian Geometry quantity systemò as mutually 

parameters and òcomplex-conesò of each other [1, 2]. Thus the linear algebra is 

made, digitally and differetially, by itself. òDie Streifenò in the visionary Darstel-

lung des Imaginªren in der Geometrie [3] are such infunitesimal straight lines in 

and between òalgebraische Flªchenò but in complex space where, however, any 

òcomplexe Gleichung lºst sich in zwei reelle aufò [3] which, ñarrange themselves 

pairwise as reciprocalsò [1, 2] òin der Geometrie der Liniencongruenzenò [3].  

Now, we have what we need to start working. We know that we have the dx, 

dy, and dz infinitesimal generators (and their tangential spherical geometry coun-

terparts) to apply digitally step by step by themselves as partial derivatives in their 

own differential equations. It is thus not a secondary linear ñvectorò space of what-

ever but a primary linear infinitesimal generator space, of themelves, which is a 

radical, indeed game-changing difference.  
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Focussing on the three-dimensiomal spacefilling in the two mutually recipro-

cal spaces both separately and in ñcomplex-coneò integration, ñFig. 2 surveys the 

line congruence clutions. 

 

  

a b 
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Fig. 2. Ñ(dz + dy τ dz τ dy + dx + dy τ dx + dy) formula of line congruence filling of a)  
ƻǊǘƘƻƎƻƴŀƭ /ŀǊǘŜǎƛŀƴ ΨǇŀŎƪŜǘ ǎǇŀŎŜΩΣ ōύ ƘŜȄŀƎƻƴŀƭ ǎǇƘŜǊƛŎŀƭ ΨǿŀǾŜ ǎǇŀŎŜΩ ŀƴŘ Ŏύ ǊŜŎƛǇǊƻŎŀƭ ΨǿŀǾŜ-ǇŀŎƪŜǘΩ ǎǇŀŎŜΩ 

 

 

The lines are infinitely thin and in reality ñtouchò [1, 2] both internally and ex-

ternally but still donËt overcross since geometrically separate. The ópacketsô touch 

along their whole sides, while the ówavesô touch only in their corners with a corre-

spondingly more concentrated intensity. May this explain the difference between 

gravity and electromagnetism? Among other interesting things to reflect on is 

whether the óquarksô could simply comprise the dx, dy, dz infinitesimal coordinate 

system?  

Figure 3 then outlines the further natural history of the line congruences ac-

cording to Figure 2 introduced mainly by halves in early Universe in almost iso-

tropic microwave background form.  

Now this was a most rudimentary and also arguable summary of an entire 

cosmological History, but in Figure 4 we just continue the bricklaying, judging 

validity and success by the objective results. 
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The above telegramstyle legend is admittedly a bit cryptic but it is hoped that a 

further figure exposition of period 2 and 3 may lead to a gradual comprehension of 

the stuff.  

 

   

 
Fig. 3 aςe) Different line congruence geodetic curves in early universe with examples of rare confrontations there 

and their outcomes in a) combined parameter/main-tangent hybrids, and b, c) separate parameter and d,e) 
cone-complex arrays. It is shown how ipsilateral confrontation causes annihilation to straight neutrino and zigzag 

photon linear sequences, while contralateral superposition generates congruent parallelepiped outlines of 
matching a) wave-packets, and b) spaceframe, and dςe) wavefunction vortices. f) There are small fluctuations in 
this blend leading under billions of years to stellar formations and ultimate cataclysms in the extreme condensa-
tion of which the synthetic processes virtually explode, too, to pile up in the exhaust and in order to avoid jam-
ming from the start must find the best space-filling further layering, which is the Bohr Aufbau system [4ς6] in a 

reciprocal line congruence top and here displayed bottom part. It is shown for a wave-packet crowd but likewise 
applies to the space and wave pieces 
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c 

Fig. 4. a) Frontal and horizontal cross-section views of Module with directly layerable flat-roofed upper half and flat-
bottomed lower half, each containing 153 wave-packet bricks with 12 lines in each = 1853 = p/e mass ratio. b) How-
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a,b)  A  sideways  stowable  module  is  found  by  a  diagonal wedging of the bottom plate which with a 
roof (c,d) sets up a two-storey Ψtranslation apparatusΩ that, resembling the ribosome machine in biology 
[35,40], fills  space  in  flat  sheets  as 1H and H2 or  with a  spatial  twist  in  all  directions as  2H  and  He
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ŜǾŜǊΣ ǘƘƛǎ ƳƻŘǳƭŜ ƛǎ ŎƻƴƎŜǎǘƛǾŜ ōǳǘ ŀƴ ŜǉǳƛǾŀƭŜƴǘ ƭŀǘŜǊŀƭ ǾŀǊƛŜǘȅ ƛǎ ŘȅƴŀƳƛŎ ŀƴŘ ƛƴ ƛǘǎ ŦƛǊǎǘ ǇŜǊƛƻŘΩǎ ǎǘŜǇǎ ǊŜǇǊƻŘǳŎŜǎ 
the Hydrogen τ Helium relations further explained in c) together with Peripheral Neutron/spacelattice τ (actually) 

Electron/wavenet atom composition.  

  
a B 

 

    
c 
 

Fig. 5. a) Second period. Note simplified space-filling square Lego-type representation with isotopes by Neutron 
excess indicated, and mid-symmetric form of Carbon, Nitrogen and Oxygen, b) which together with Hydrogen 
ŦƻǊƳ ƻǊƎŀƴƛŎ ŎƘŜƳƛǎǘǊȅΩǎ ōǳƛƭŘƛƴƎ ǎŜǘΣ ǿƘƛƭŜ Ŏύ ŦǊƻƳ ǘƘƛǊŘ ǇŜǊƛƻŘ ŀ ǎǉǳŀǊŜ ŦƻǊƳ ǿƛǘƘ ƘŜƭǇ ƻŦ bŜǳǘǊƻƴ ŜȄŎŜǎǎ ƛǎ 

applied by marginal accretion in successive layers.  

 

 

The modules are crystal seeds and to grow into atoms they first tile into up to 

10000 times wider integral surfaces, and then rise via origin shaft to new layers till 

billion times larger atom (Figure 6, left) and can start its interactions. Next some 

Carbon aggregates are shown followed by basic hydrides. 

So now we can continue by figures alone, first of a few organic states (Colors 

are those of the noble gas in respective period), where we also see examples of the 

present art of their chemical models. 
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Fig. 6. See text 

                
 
 

            
 
 

          

 

 

Then we can continue with some inorganic compounds. 

 

 

When tessellation of   module
membrane returns to Nucleon  
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These    are    C30 and  C36

When   arched   they   may 

form   Fullerenes   C60 and  

C72 by  iteration/ matching
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