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Abstract

Following a nonperturbative formulation of strong-field QED devel-
oped in our earlier works, we consider photon emission accompanying
vacuum instability under the action of a quasi-constant strong electric
field of finite duration T'. We construct closed formulas for the total prob-
abilities and study the photon emission by an electron and for the photon
emission accompanying an electron-positron pair creation from a vacuum.
We study angular and polarization distribution of the emission as well
as emission characteristics in a high-frequency approximations with re-
spect of 1/T. It is a further development of the locally constant field
approximation proposed in [Phys. Rev. D 95, 076013 (2017)].

1 Introduction

Then in 1951 Schwinger found the vacuum-to-vacuum transition probability
in a constant electric field. It became clear that the effect can actually be
observed as soon as the external field strength approaches the characteristic
value (critical field) E. = m?c3/|e|h ~ 1.3 x 10'® V/m, where —e is the charge
and m is the mass for an electron. Although a real possibility of creating such
fields under laboratory conditions does not exist now, these fields can play a
role in astrophysics, where the characteristic values of electromagnetic fields
can be enormous. We consider the 3 + 1 dimensional QED in the presence of
the T-constant uniform electric field that exists during a macroscopic large time
period T' comparing to a characteristic time scale Aty = (e |E] c/h)fl/Q. This
field turns on to F at —T/2 = t; and turns off to 0 at T/2 = t5. Switching on
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and off effects of in the latter field can be neglected if we suppose that the time
interval T is sufficiently large, namely

T/Atsy > max{1,E./E} . (1)

We have the characteristic frequency wy. = Ats_tl. The characteristic wavelength
scale is ls. = 2mew .t

Following a nonperturbative formulation of strong-field QED developed in
[1], we consider high-frequency photon emission, w > T~!, accompanying vac-
uum instability under the action of a quasi-constant strong electric field E of
finite duration 7', F = aFE,, where E. is the critical field and a is a dimensionless
parameter, 1 > a > 1073, It is a further development of the locally constant
field approximation proposed in [2]. In what follows, we use the relativistic units
fi=c =1 in which the fine structure constant is a = e2/ch = €.

2 Effective perturbation theory of the photon
emission

Radiative processes corresponding to the emission of a single photon might occur
either from an electron (a positron) or from the vacuum accompanied by the
creation of an electron-positron pair. The relative probability that a photon
with momentum k and polarization ¥ is emitted from the vacuum accompanied
by an electron-positron pair has the form :
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Here, the a’s, b’s, and ¢’s are annihilation operators of electrons, positrons,
and photons, respectively. Their adjoints are creation operators. The indices
n = (p,o) and n’ = (p’,0’) denote the complete set of particle’s and antipar-
ticle’s quantum numbers, where p is momentum and ¢ = +1 denotes the spin
polarizations. Here ¢, = (0, out|0,in) is the vacuum to vacuum transition am-
plitude. The external field in the model is directed along the axis = and can be
described by the vector potential with only one nonzero component,

AN (t) = —EBtif t; <t <t,.

It is assumed that for ¢ < ¢, and for ¢ > t9, the electric field is absent, therefore
initial |0,in) and final |0,out) are vacuum state of free in- and out- charged
particles, respectively. These vacua are different due to a difference of initial
and final values of external electromagnetic field potentials. During the time
interval to —t; = T, the Dirac field interacts with the external field. Moreover,



S(1) stands for the S-matrix truncated at first-order with respect to the radiative
interaction,

S ="Texp [—i/ju (x) AH (z) da:] ~1+8WM,

S = /jﬂ (x) A" (x)dx, drx=dtdr, dr=dz'de®ds®, (3)

wherein 7 denotes the time-ordering operator, j* (z) = — (e/2) [\iﬁ (2) A0y, W (z)
is the current density field operator, v* are Dirac’s matrices, and the Dirac field
operators W (z), W' (z), and the electromagnetic field operator A (z) are in
the interaction representation. The Dirac field operators obey both the Dirac
equation with the potential A®*(¢).

The in- and out- operators of creation and annihilation of electrons and
positrons are defined by the two representations of the quantum Dirac field
U (z) as

>~ [an (in) 49 (2) +0f, (in) 4, (2)]

n

= 3 [an (out) *o, (@) + b}, (out) ~tn («)] - (4)

n

where ¢, (z) and 1, (¢, ) are normalized in- and out-solutions of the Dirac
equation with the potential A®**(¢) for well-defined sign of frequency ¢ (¢ = +
for electrons and ¢ = — for positrons) either before turning on or after turning
off of a field, respectively. They related by a linear transformation of the form:

“tn () In(+1%) +9n (@) + gn (=) ~¥on (2) ,
¢¥n (z) gn ("le) T0n (@) + 90 (Tle) “n (@) (5)

7 ! *
where the ¢'s are some complex coefficients, g ( e ) =g ( c|¢ ) . These

coefficients obey the unitarity relations. All the coefficients can be expressed in
terms of two of them, e.g. of g(4|*) and g(_|T). However, even the latter
coeflicients are not completely independent,

Jon (= )+ Lo (4 [9)[F =1. (6)

Then a linear canonical transformation (Bogolubov transformation) between in-
and out- operators which follows from Eq. (4) is defined by these coefficients

OUt) = 9gn (+‘+) an(in) + gn (+|7) b;rl(in)’
Out) = gn (_|+) an(in) + gn (_ ‘—) b;fl(in). (7)

Using relations (7), one finds that the differential mean number of the pairs
created is

an
b,

(
(

NE = lgn (D] (8)



The decomposition of the operator A (2) in terms of creation and annihila-
tion operators of free photons, CL& and cyy, reads:

A 27 (ke o
Az) = CZ \/;ekﬁ {Ckﬁ gilkr—wt) 4 C;f(ﬂ e—ilkr—wt) 7 9)
k,9

where ¢ = 1,2 denotes a polarization index and €y are mutual orthogonal unit
polarization vectors transversal to a wave vector k.

The relative probability (2) describes the emission of a photon accompa-
nied by a single electron-positron pair created from the vacuum. However, once
the background field violates vacuum stability, this process can be followed by
electron-positron pairs created from the vacuum. By summing these probabili-
ties for all the pairs we obtain the total probability of one photon emission from
the vacuum that can be represented as the following mean value of the photon
number operator

P (k9|0) = <0, in ’S_lciﬁckgS’ O,in> , (10)
where the S-matrix truncated at first-order, S ~ 1 4+ S(!). The unitary trans-
formation V relates the in and out- representations of the Fock space, |in) =

V]out). It means that we can pass from the basis of the final states to the basis
of the initial states and represent the total probabilty (10) as

P (ko]0) = Z‘wg) (ﬁ%;kmo)f,
o

_+ 2 . _+
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Jin (ﬁ;’m) = (0,in|b, (in) @, (in) : j(x) :|0,in) . (11)

Note that in the frequency range w > T~ the contribution due to the mean
current (0,in|7(x)| 0,in) is neglected.

The electric field acting during the time 7' creates a considerable number
of pairs only in a finite range in the momentum space where this number is
identical with that of the constant electric field, NS ~ e~™; see [3] for details.
We call it as the range of stabilization for a creation process. In this range
solutions of Dirac equation can be presented as
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where D’s are the linearly independent Weber parabolic cylinder functions
(WPCFs) [5], vy, is a set of constant orthonormalized spinors,

0.1 . 92 3
VY Vx,o = XUx,os X = E£L, 177 Uy 60 = 0Vy 0, ”;,a”x’,cr’ = 0y,x' 000" -

Using the parametrization by frequency w and solid angle dQ2, dk =w?dwdS),
one can write the probability of one photon emission with a given polarization ¢
per unit frequency and solid angle, which is accompanied by the pair production
from the vacuum, as

P (k9[0) awmgt S }
dwd$) (2m)? =, wn '=p-k
ta _ .
Y- / SO ()vers —tn(t)etdt (13)
Aty 4

where representation (4) is used and integral over the space volume V is fulfilled.

Similarly to the previous process, the emission of a photon from an electron
(a positron) can occur together with electron-positron pairs created from the
vacuum. By summing these probabilities over the pairs we finally obtain the
total probability of one photon emission from an electron (a positron) per unit
frequency and solid angle that can be presented as

ap (ki) WA,
dwd?  — “on)? 21| —pic
Voot ;
ME, = Fae [ edwnas cn®ed . (1)
st Jiy

In the range of stabilization, using the explicit representation (12) one can

see that both M?, and Mrjf,n are linear combination of the following integrals

Yi; = At;ll D_p,_j [_(1 4 Z)gl] D,_; [_(1 _ Z)ﬁ] Wt qt ’

Y

At} /Oo D_y_jr [=(L4+ )& Dy [—(1 +4)¢] e™tdt ,  (15)

where the limit 7' — oo is used. It is taken into account that main contributions
to the integrals (15) are formed in the neighborhood of the saddle-point

2eEt — (ps + p)] = w. (16)

In this neighborhood, the corresponding kernels have Gaussian forms with max-
ima at the time instant

1 P + 1,
te = = At? —z 1
9 ( Stw + eE > ( 7)



and with the standard deviation Atgy = Atst/\/i. The time t. corresponds to
the position of the center of the formation interval At for given w, p,, and p.
The width of the formation interval At must be large enough to accommodate
the points ¢’ and £. The formation interval must overlap the standard deviation,
Atgq < At. It is natural to assume that At ~ Atg. It implies that Aty |k, | < 1.

3 High frequency approximation

Fourier transformations (15) can be expressed via the confluent hypergeometric
function W; see [4]. In the general case, angular and polarization distributions of
the emitted photons have quite complicated form. Nevertheless, their analysis
is greatly simplified in the range of high frequencies

Atgyw > 1. (18)

In this case, w > |k,| and integrals (15) can be approximated as

j 2 . im (v 45 — : A
Y}/j ~ (—1)j \/;F (V —J + 1)6 ( RE 1)/2 sinh 7]j',1*j(p)7 (19)

Y-j/j — eiw(u+l/+j+j/)/2]j’,j(p), (20)

I j(p) = V/mexp [(ln\% - Z) v—v+j-j) +z% - %
p?
X‘I’<V+Ja1+v—'/’+j—j’;—i2), (21)

where p = Atgyw and I' is the gamma-function. Using an asymptotic behavior
of the function ¥ given by Eq. (6.13.1.(1)) in Ref. [5], we find:

2 2\ ~VI .
v (,, Fil4v—v +5—5" —z";) = <—ip2> [1 +0 (p—2<a+1>)} .

We apply this theory to the calculation of total probability for the photon
emissions in a constant electric field. We defined an orthonormal triple

k/k = (cos¢, sinfsin¢, cosfsin @),
ex1 = e; xk/ley xk|, exo=kxex/|kxex| (22)
then
ex1 = (0,sinf, —cosb),
inft
€2 = (sinn, —cosn, 0), sinn = sin 0 tan ¢ (23)
\/1 + (sin 6 tan ¢)*

for k in the upper spatial region, k, > 0. The leading contributions to the
amplitudes M2, and M, given by Eqs. (13) and (14) arise from the terms
with Ypo and Yj, respectively.

'n



We find the main contributions the probability densities (13) and (14) are

> [,
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We see that the emission accompanying the pair creation from vacuum is
distinguished by the fact that it is linearly polarized along the direction on the
external field. Its intensity is maximum for directions orthogonal to external

field.
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