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Abstract

Following a nonperturbative formulation of strong-field QED devel-
oped in our earlier works, we consider photon emission accompanying
vacuum instability under the action of a quasi-constant strong electric
field of finite duration T . We construct closed formulas for the total prob-
abilities and study the photon emission by an electron and for the photon
emission accompanying an electron-positron pair creation from a vacuum.
We study angular and polarization distribution of the emission as well
as emission characteristics in a high-frequency approximations with re-
spect of 1/T . It is a further development of the locally constant field
approximation proposed in [Phys. Rev. D 95, 076013 (2017)].

1 Introduction

Then in 1951 Schwinger found the vacuum-to-vacuum transition probability
in a constant electric field. It became clear that the effect can actually be
observed as soon as the external field strength approaches the characteristic
value (critical field) Ec = m2c3/|e|~ ' 1.3× 1018 V/m, where −e is the charge
and m is the mass for an electron. Although a real possibility of creating such
fields under laboratory conditions does not exist now, these fields can play a
role in astrophysics, where the characteristic values of electromagnetic fields
can be enormous. We consider the 3 + 1 dimensional QED in the presence of
the T -constant uniform electric field that exists during a macroscopic large time

period T comparing to a characteristic time scale ∆tst = (e |E| c/~)
−1/2

. This
field turns on to E at −T/2 = t1 and turns off to 0 at T/2 = t2. Switching on
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and off effects of in the latter field can be neglected if we suppose that the time
interval T is sufficiently large, namely

T/∆tst > max {1, Ec/E} . (1)

We have the characteristic frequency ωsc = ∆t−1st . The characteristic wavelength
scale is lsc = 2πcω−1sc .

Following a nonperturbative formulation of strong-field QED developed in
[1], we consider high-frequency photon emission, ω � T−1, accompanying vac-
uum instability under the action of a quasi-constant strong electric field E of
finite duration T , E = aEc, where Ec is the critical field and a is a dimensionless
parameter, 1 & a & 10−3. It is a further development of the locally constant
field approximation proposed in [2]. In what follows, we use the relativistic units
} = c = 1 in which the fine structure constant is α = e2/c} = e2.

2 Effective perturbation theory of the photon
emission

Radiative processes corresponding to the emission of a single photon might occur
either from an electron (a positron) or from the vacuum accompanied by the
creation of an electron-positron pair. The relative probability that a photon
with momentum k and polarization ϑ is emitted from the vacuum accompanied
by an electron-positron pair has the form :

P1 (kϑ|0) =
∑
n′,n

∣∣∣∣w(1)

(
+

n′
−
n;kϑ|0

)∣∣∣∣2 |cv|2 ,
w(1)

(
+

n′
−
n;kϑ|0

)
=
〈

0, out|an′ (out) bn (out) ckϑS
(1)|0, in

〉
c−1v . (2)

Here, the a’s, b’s, and c’s are annihilation operators of electrons, positrons,
and photons, respectively. Their adjoints are creation operators. The indices
n = (p, σ) and n′ = (p′, σ′) denote the complete set of particle’s and antipar-
ticle’s quantum numbers, where p is momentum and σ = ±1 denotes the spin
polarizations. Here cv = 〈0, out|0, in〉 is the vacuum to vacuum transition am-
plitude. The external field in the model is directed along the axis x and can be
described by the vector potential with only one nonzero component,

Aext
x (t) = −Et if t1 ≤ t ≤ t2.

It is assumed that for t < t1 and for t > t2, the electric field is absent, therefore
initial |0, in〉 and final |0, out〉 are vacuum state of free in- and out- charged
particles, respectively. These vacua are different due to a difference of initial
and final values of external electromagnetic field potentials. During the time
interval t2 −t1 = T , the Dirac field interacts with the external field. Moreover,
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S(1) stands for the S-matrix truncated at first-order with respect to the radiative
interaction,

S = T exp

[
−i
∫
̂µ (x) Âµ (x) dx

]
≈ 1 + S(1) ,

S(1) = −i
∫
̂µ (x) Âµ (x) dx , dx = dtdr , dr = dx1dx2dx3 , (3)

wherein T denotes the time-ordering operator, ̂µ (x) = − (e/2)
[
Ψ̂† (x) γ0γµ, Ψ̂ (x)

]
is the current density field operator, γµ are Dirac’s matrices, and the Dirac field
operators Ψ̂ (x), Ψ̂† (x), and the electromagnetic field operator Âµ (x) are in
the interaction representation. The Dirac field operators obey both the Dirac
equation with the potential Aext(t).

The in- and out- operators of creation and annihilation of electrons and
positrons are defined by the two representations of the quantum Dirac field
Ψ̂ (x) as

Ψ̂ (x) =
∑
n

[
an (in) +ψn (x) + b†n (in) −ψn (x)

]
,

=
∑
n

[
an (out) +ψn (x) + b†n (out) −ψn (x)

]
. (4)

where ζψn (x) and ζψn (t, r) are normalized in- and out-solutions of the Dirac
equation with the potential Aext(t) for well-defined sign of frequency ζ (ζ = +
for electrons and ζ = − for positrons) either before turning on or after turning
off of a field, respectively. They related by a linear transformation of the form:

ζψn (x) = gn(+|ζ) +ψn (x) + gn(−|ζ)−ψn (x) ,

ζψn (x) = gn
(
+|ζ
)

+ψn (x) + gn
(−|ζ) −ψn (x) , (5)

where the g′s are some complex coefficients, g
(
ζ′ |ζ

)
= g

(
ζ |ζ

′
)∗

. These

coefficients obey the unitarity relations. All the coefficients can be expressed in
terms of two of them, e.g. of g (+ |+ ) and g (− |+ ). However, even the latter
coefficients are not completely independent,∣∣gn (− ∣∣+ )∣∣2 +

∣∣gn (+ ∣∣+ )∣∣2 = 1. (6)

Then a linear canonical transformation (Bogolubov transformation) between in-
and out- operators which follows from Eq. (4) is defined by these coefficients

an (out) = gn
(
+|+

)
an(in) + gn

(
+|−

)
b†n(in),

b†n (out) = gn
(−|+) an(in) + gn

(−|−) b†n(in). (7)

Using relations (7), one finds that the differential mean number of the pairs
created is

N cr
n =

∣∣gn (−|+)∣∣2 . (8)
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The decomposition of the operator Â (x) in terms of creation and annihila-

tion operators of free photons, c†kϑ and ckϑ, reads:

Â(x) = c
∑
k,ϑ

√
2π

V ω
εkϑ

[
ckϑ e

i(kr−ωt) + c†kϑ e
−i(kr−ωt)

]
, (9)

where ϑ = 1, 2 denotes a polarization index and εkϑ are mutual orthogonal unit
polarization vectors transversal to a wave vector k.

The relative probability (2) describes the emission of a photon accompa-
nied by a single electron-positron pair created from the vacuum. However, once
the background field violates vacuum stability, this process can be followed by
electron-positron pairs created from the vacuum. By summing these probabili-
ties for all the pairs we obtain the total probability of one photon emission from
the vacuum that can be represented as the following mean value of the photon
number operator

P (kϑ|0) =
〈

0, in
∣∣∣S−1c†kϑckϑS∣∣∣ 0, in〉 , (10)

where the S-matrix truncated at first-order, S ≈ 1 + S(1). The unitary trans-
formation V relates the in and out- representations of the Fock space, |in〉 =
V|out〉. It means that we can pass from the basis of the final states to the basis
of the initial states and represent the total probabilty (10) as

P (kϑ|0) =
∑
m,n

∣∣∣w(1)
in

(
−
m

+
n;kϑ|0

)∣∣∣2 ,
w

(1)
in

(
−
n

+

n′;kϑ|0
)

= i

√
2π

V ω

∫
ei(ωt−kr)jin

(
−
n

+

n′|0
)
εkϑdx ,

jin

(
−
n

+

n′|0
)

= 〈0, in |bn (in) an′ (in) : j (x) :| 0, in〉 . (11)

Note that in the frequency range ω � T−1 the contribution due to the mean
current 〈0, in |̂(x)| 0, in〉 is neglected.

The electric field acting during the time T creates a considerable number
of pairs only in a finite range in the momentum space where this number is
identical with that of the constant electric field, N cr

n ' e−πλ; see [3] for details.
We call it as the range of stabilization for a creation process. In this range
solutions of Dirac equation can be presented as

±ψn (x) = exp (ipr) ±ψn (t) , ±ψn (t) =
{√

eE (±1 + i) ±ϕn,∓1(t)

+γ0
(
γ2py + γ3pz +m

)
±ϕn,±1(t)

}
vχ,σ,

+ϕn,χ(t) = CDν−(1+χ)/2 [−(1− i)ξ] , −ϕn,χ(t) = CD−ν−(1−χ)/2 [−(1 + i)ξ] ,

ξ =
qEt− px√

eE
, ν = iλ/2, λ =

p2y + p2z +m2

eE
, C =

exp(−πλ/8)√
2eEV

. (12)
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where D’s are the linearly independent Weber parabolic cylinder functions
(WPCFs) [5], vχ,σ is a set of constant orthonormalized spinors,

γ0γ1vχ,σ = χvχ,σ, χ = ±1, iγ2γ3vχ,σ = σvχ,σ, v
†
χ,σvχ′,σ′ = δχ,χ′δσ,σ′ .

Using the parametrization by frequency ω and solid angle dΩ, dk =ω2dωdΩ,
one can write the probability of one photon emission with a given polarization ϑ
per unit frequency and solid angle, which is accompanied by the pair production
from the vacuum, as

dP (kϑ|0)

dωdΩ
= α

ω∆t2st

(2π)
2

∑
σ′=±1

∣∣M0
n′n

∣∣2∣∣∣
p′=p−k

,

M0
n′n = − V

∆tst

∫ t2

t1
+ψ̄n′(t)γεkϑ −ψn(t)eiωtdt , (13)

where representation (4) is used and integral over the space volume V is fulfilled.
Similarly to the previous process, the emission of a photon from an electron

(a positron) can occur together with electron-positron pairs created from the
vacuum. By summing these probabilities over the pairs we finally obtain the
total probability of one photon emission from an electron (a positron) per unit
frequency and solid angle that can be presented as

dP
(
kϑ|±n

)
dωdΩ

= α
ω∆t2st

(2π)
2

∑
σ′=±1

∣∣M±n′n

∣∣2∣∣∣
p′=p−k

,

M±n′n = ∓ V

∆tst

∫ t2

t1
±ψ̄n′(t)γεkϑ ±ψn(t)eiωtdt . (14)

In the range of stabilization, using the explicit representation (12) one can
see that both M0

n′n and M±n′n are linear combination of the following integrals

Yj′j = ∆t−1st

∫ ∞
−∞

D−ν′−j′ [−(1 + i)ξ′]Dν−j [−(1− i)ξ] eiωtdt ,

Ỹj′j = ∆t−1st

∫ ∞
−∞

D−ν′−j′ [−(1 + i)ξ′]Dν−j [−(1 + i)ξ] eiωtdt , (15)

where the limit T →∞ is used. It is taken into account that main contributions
to the integrals (15) are formed in the neighborhood of the saddle-point

[2eEt− (px + p′x)] = ω. (16)

In this neighborhood, the corresponding kernels have Gaussian forms with max-
ima at the time instant

tc =
1

2

(
∆t2stω +

px + p′x
eE

)
(17)
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and with the standard deviation ∆tsd = ∆tst/
√

2. The time tc corresponds to
the position of the center of the formation interval ∆t for given ω, px, and p′x.
The width of the formation interval ∆t must be large enough to accommodate
the points ξ′ and ξ. The formation interval must overlap the standard deviation,
∆tsd < ∆t. It is natural to assume that ∆t ∼ ∆tst. It implies that ∆tst |kx| < 1.

3 High frequency approximation

Fourier transformations (15) can be expressed via the confluent hypergeometric
function Ψ; see [4]. In the general case, angular and polarization distributions of
the emitted photons have quite complicated form. Nevertheless, their analysis
is greatly simplified in the range of high frequencies

∆tstω � 1. (18)

In this case, ω � |kx| and integrals (15) can be approximated as

Yj′j ≈ (−1)
j

√
2

π
Γ (ν − j + 1) eiπ(ν′+j′−1)/2 sinh

πλ

2
Ij′,1−j(ρ), (19)

Ỹj′j = eiπ(ν+ν′+j+j′)/2Ij′,j(ρ), (20)

Ij′,j(ρ) =
√
π exp

[(
ln

ρ√
2
− iπ

4

)
(ν − ν′ + j − j′) + i

ρ2

4
− iπ

4

]
×Ψ

(
ν + j, 1 + ν − ν′ + j − j′;−iρ

2

2

)
, (21)

where ρ = ∆tstω and Γ is the gamma-function. Using an asymptotic behavior
of the function Ψ given by Eq. (6.13.1.(1)) in Ref. [5], we find:

Ψ

(
ν + j, 1 + ν − ν′ + j − j′;−iρ

2

2

)
=

(
−iρ

2

2

)−ν−j [
1 +O

(
ρ−2(j+1)

)]
.

We apply this theory to the calculation of total probability for the photon
emissions in a constant electric field. We defined an orthonormal triple

k/k = (cosφ, sin θ sinφ, cos θ sinφ) ,

εk1 = ex × k/ |ex × k| , εk2 = k×εk1/ |k×εk1| (22)

then

εk1 = (0, sin θ, − cos θ) ,

εk2 = (sin η, − cos η, 0) , sin η =
sin θ tanφ√

1 + (sin θ tanφ)
2

(23)

for k in the upper spatial region, kz ≥ 0. The leading contributions to the
amplitudes M0

n′n and M+
n′n given by Eqs. (13) and (14) arise from the terms

with Ỹ00 and Y01, respectively.

6



We find the main contributions the probability densities (13) and (14) are∑
σ′=±1

∣∣M0
n′n

∣∣2∣∣∣
p′=p−k

≈ f̃ (λ, λ′)
(
ε1kϑ
)2
, f̃ (λ, λ′) = 2π e−π(λ+λ′)

∣∣∣
p′=p−k

;

∑
σ′=±1

∣∣M+
n′n

∣∣2∣∣∣
p′=p−k

≈ f (λ, λ′)
[(
ε2kϑ
)2

+
(
ε3kϑ
)2]

,

f (λ, λ′) =
8πe−π(λ′+λ/2) sinh (πλ/2)

λ2
[
(λ/2)

2
+ 1
] . (24)

We see that the emission accompanying the pair creation from vacuum is
distinguished by the fact that it is linearly polarized along the direction on the
external field. Its intensity is maximum for directions orthogonal to external
field.

Acknowledgements

D.M.G. is grateful to the Brazilian foundation CNPq and FAPESP for perma-
nent support. The work of T. C. A. is funded by XJTLU Research Development
Funding, award no. RDF-21-02-056.

References

[1] E. S. Fradkin, D. M. Gitman and S. M. Shvartsman, Quantum Electrody-
namics with Unstable Vacuum (Springer-Verlag, Berlin, 1991).

[2] S.P. Gavrilov and D.M. Gitman, Phys. Rev. D 95, 076013 (2017)
[arXiv:1612.06297].

[3] S. P. Gavrilov and D. M. Gitman, Phys. Rev. D 53, 7162 (1996).

[4] S.P. Gavrilov and D.M. Gitman, Eur. Phys. J. Plus 138, 171 (2023)
[arXiv:2210.03223].

[5] Higher Transcendental functions, Bateman Manuscript Project, edited by
A. Erdelyi et al., Vol. 1 and Vol. 2 (McGraw-Hill, New York, 1953).

7


