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Abstract & Motivation

Problems of electrodynamics in rotating reference frames are of great importance
for studying the postulates of the General Relativity. The results of solving such problems
are necessary to explain experiments on electromagnetic fields in rotating interferometers
and gyroscopes [1], [2], [3]. Known solutions to such problems were obtained on the basis
of various kinds of assumptions that do not allow taking into account the effect of the
equivalent gravitational field on the electromagnetic field in rotating (non-inertial)
reference frames. This led to conclusions, that are equivalent to those in classical
electrodynamics [4], [5], [6], [7], [8], [9], [10], [11], [12], [13].

Rigorous electrodynamic theory of rotating interferometers and gyroscopes based
on the electrodynamics of General Relativity was described in [14], where it was shown
that the parameters of the electromagnetic field in inertial and non-inertial reference
frames are different. For internal electromagnetic problems, it was shown that due to
rotation, cutoff frequencies of the waveguide at rest w, are split into two new cutoff
frequencies w, = wy £ nf2, where n is the order of the mode propagating in the
waveguide (which allowed for obtaining a rigorous electrodynamic explanation of the
Sagnac effect [15]). And on the basis of a rigorous solution of the problem of the existence
of an electromagnetic field in a rotating cavity resonator, an expression was obtained for
the splitting of the eigenfrequency w, = wyxnfl, (which was also shown by
approximate methods in [6], [7] and coincides with the experimental results). However, in
reality, in the presence of an oscillation source, it is necessary to formulate and solve a
problem of excitation

In this paper, a rigorous formulation and solution of the problem of excitation of an
electromagnetic field in a rotating waveguide and resonator (which are mathematical
models of interferometers and gyroscopes) is solved using covariant form of Maxwell
equations independent of the space metric [14]. The electromagnetic field strength vectors
are represented as tensors and tensor densities of weight +1. The statement and solution of
the problem is carried out in a rotating frame of reference in which the cavities, the
dielectric filling, and the source located in them are at rest. The non-inertial frame of
reference itself rotates relative to inertial reference frame. Electromagnetic field in the
waveguide and resonator is represented as the sum of the primary electromagnetic field
excited by the oscillation sources and secondary electromagnetic field reflected from PEC
walls of the cavities. Components of the electromagnetic field vectors of TM and TE types
are represented via Debye potentials that satisfy wave equation in a rotating reference
frame. It i1s shown that during rotation, new terms appear in the components of
electromagnetic field vectors, which are proportional to the rotation rate of the cavity, and
the wave number depends on the rotation rate. The latter leads to the effects of splitting of
resonator eigenfrequencies and waveguide cutoff frequencies due to rotation under the
influence of the Coriolis force and centrifugal force.

Electromagnetic Equations in Rotating Reference Frames [14]

General principles for constructing a solution to the problems of excitation
of electromagnetic field in rotating cavities

Inertial reference frame Rotating (non-inertial) reference frame

K(x,y,z,t) =K(r,0,z,t)

K'(x,y', z,ivgt) = K'(r', ¢, 2, ivq)t)*

r=r,o'=p+0t,z =2z
vy = 1/Veu

Maxwell equations:

= 9D | a = -0B L= =
rotH = E-HE’ rotE = ?—jH, divD = pE, divB = pH,
E, = (Eq, E5, E3) = (Ey, TEy, E;) is covariant vector;
HeF = (ﬁ23, —H3, ﬁlz) = (Hy,TH, H;) is contravariant bivector density of weight +1;
D% = (El, D?,D3) = (rD",D?®,rD?) is contravariant vector density of weight +1;
Bap = (B23, —Bi3,B12) = (rByry , Brz, 7By;) is covariant bivector;

"

jE® = (rjBr, jE@, rjE%) — contravariant vector density; p~ is scalar density;
= jgﬂ = (rjfr, 1%, rjf?) is bivector density; pHis simple scalar density

[4], [5], [21]
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Constitutive equations:
D =eM?EL + Ey+ Wn?[HB]), B =uMm*HL +H + W n?[BE]),

E, B - tensors, D, H - tensor densities of weight +1 ;
n = (1 — B%)~Y2, symbols denote || and L components of electromagnetic field vectors,
that coincide and do not coincide on index with the components v = [27], f = vc™?!
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W = \/u/e is characteristic impedance; vg, = 1/+/€t is phase velocity in the medium

Wave equation in rotating reference frames:
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Debye potentials in rotating reference frames:

E _ Jiwgt J'oo ®© 1 F H _ jiwgt v © 1 .H
Ve = e!®o an_oof_oo;Undae, VY =e'®o an_oof_oogUndae

) . w, W+ nll ns
Wavenumber in rotating reference frame: k,=—=——=k;+—
Vg Vo Vo

*Ratios for the world time t and coordinate time 7 in reference frames K’ and K are expressed in non-inertial reference frame as 7 =
t\/=goo/Vy, Where gog is the component of the metric tensor gy, for time. gy relates coordinates in non-inertial reference frames as ds? =
Jixdxtdx¥ where ds? is the squared distance in metric space (the interval between events), dx‘dx¥ are the coordinate derivatives. goo is
represented goo = —c(1 — (2R)?/c?) = —c*(1 — B?), where B = 2R/vy in non-inertial reference frame K, and goo = 1 in inertial
reference frame K’ .

Rotating Waveguides

Abbott B.P., Abbott R., Abbott T.D., Abernathy M.R. et al. (LIGO E. Toldi, H. Lefévre, F. Guattari, A. Bigueur, A. Steib, D. Ponceau, C.
Scientific Collaboration and Virgo Collaboration), «Observation of = Molugon, E. Ducloux, J. Wassermann, U. Schreiber, "First steps for a
Gravitational Waves from a Binary Black Hole Merger,» Physical Giant FOG: Searching for the limits," Inertial Sensors and Systems
Review Letters, 1. 6, Ne 116, 2016. 2017, Karlsruhe, Germany.

Mathematical Model of Interferometer - Rotating Waveguide:

Waveguide Parameters:

radiusr = a,

walls conductivity oy,

e=¢gpg, =€ — i =¢gy(g —ig)))
W= Holy , Uy =1

measured in rotating reference frame K.

Y Total Exited EM field in rotating Waveguide:
HE — HE,i + HE,S

’ EE — EE,i + EE‘S,
/ 0t \\)f EH = gHi 4 EHS HH = gHP 4 yHS

EE,H,i HE,H,i
b

is the primary (incident) EM field, exited by the arbitrary sources and charges in the domain V;,

EEHS  HEHS id the secondary (scattered) EM field excited by equivalent surface currents and charges at the waveguide walls

Cylindrical Expansion for Rotating Waveguide Debye Potentials:

() (2)E.H
. ) / 2_p2 H er)E ® r>p,
UE,H — UE,H.l + UE.H.S — e—m(pei ®°—kpz S n ( ) n ( )+ aﬁ’H]n(aar) ’ p (1)

Rotating Resonators

S. Herrmann, A. Senger, K. Mdhle, M. Nagel, E. V. Kovalchuk, and A. M. Nagel, S. Parker, E. Kovalchuk et al., "Direct terrestrial test of
Peters, “Rotating optical cavity experiment testing Lorentz invariance at Lorentz symmetry in electrodynamics to 107(—18)," Nature
the 10 (-17) level” Physical Review D, vol. 80, N 10, 2009. Communications , vol. 6, 2015

Mathematical Model of Gyroscope - Rotating Cavity Resonator:

Cavity resonator parameters:

Radius a, length [ = 5a

Walls conductivity oy,

e =¢per =€ —ie" = gy(g — ig))
W= Holy, br =1

Measured in reference frame K.

Total Exited EM field in rotating Resonator:
EE — EE,i + EE,S HE — HE,i + HE,S
EH — EH,i + EH,S HH — HH,P + HH’S.

EEHE HEHRL s the primary (incident) EM field exited by the arbitrary sources and charges in the domain V;

s
EEHS HEHS id the secondary (scattered) EM field excited by equivalent surface currents and charges at the cavity walls

Cylindrical Expansion for Rotating Resonator Debye Potentials:

Analysis & Discussion

Expressions (2), (3) show that the EM field consists of an infinite spectrum of
inhomogeneous cylindrical waves propagating from the plane z'=(. According to (1), at
®?<kZ the waves are propagating, and at @*>k2 they are exponentially decaying. In

this case, all components of the field depend on the rotation frequency (2 through the
wotno

coefficient f = £IR /vy and the wave number k,, = % =—
d ¢

Consider an EM field of E-type (2). For 2 = 0, i.e. when the waveguide is

stationary, expressions (2) turn into known expressions. At 2 # 0,wy # 0 the

components HE and H g change significantly due to the appearance of terms determined
by f. The appearance of the longitudinal component HE, proportional to B is due only to

) : 0
the rotation of the waveguide (2). At wg = 0, 2 # 0 the wave number k,, = % = z—,

¢ ¢
that is, all three components of the vector E and vector H remain, but the latter are

proportional to the rotation frequency through the coefficient £.

As can be seen from (4), the rotation of a cylindrical resonator leads to the
dependence of each spatial harmonic of the EM field excited in it on the rotation

frequency {2 through the coefficient f = 0r/vg and the wave number arguments k,, =
Wn wo+ni
v v

Consider an EM field of E-type (4). For 2 = 0, i.e. when the waveguide is
stationary, expressions (2) turn into known expressions. At 2 # 0,wy # 0 the
components HE and H g change significantly due to the appearance of terms determined
by S The appearance of the longitudinal component HZ, proportional to B is due only to

the rotation of the waveguide (4). At wg = 0, 2 # 0 BonHOBOE yHcCIHO k) = :—, that is,
b

all three components of the vectors £ and H, remain, but the latter are proportional to the
rotation frequency through the coefficient 5. Analysis of the solution showed that in
rotating resonators, static electric field (wy, = 0) can produce a static (wy = 0) magnetic
field with field vectors proportional to rotation rate.

Rigorous solution of the problem of excitation of electromagnetic field in rotating
cylindrical cavity resonator and rotating cylindrical waveguide using covariant Maxwell
equations allows for further numerical investigation of excited electromagnetic field
parameters and cavities spectrum, influenced by relativistic effects.

The obtained solution can be used for setting up, performing and interpreting the
results of the experiments with rotating cavity resonators and waveguides [2], [18], [19]
and considering new methods for rotation rate measurement [20].
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Boundary Value Problem atr =a: 01 =
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n= Fn , a, = — T In ,» T'=4a.
Jn(2a) (Un(ea))
& — transverse propagation coefficient of the azimuthal harmonic of the EM field
n are the order of the Bessel function and the order of the excited mode,
F,Es)'E’H - coefficients determined by arbitrary currents and charges of the oscillation sources [14]
Xn =+ k% — @2 is the longitudinal propagation coefficient
Electromagnetic Field in Rotating Cylindrical Waveguide
TM-field: .
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Clockwise and counterclockwise rotating partial harmonics E,,, of EM field:
Ef = ¥r o e_ingoEfnl + Xn=—oo e_in¢E5n2 + o Xne—oo e_impEfnp =
_ —i E ] E
= Efor + Efop + Egoz + -+ e " (ESyy + Efp + Efyz + ) + e (Ej_qq + Ef_ip + Ef g3+ ) + -

n are the order of the Bessel function and the order of the excited mode,
p = 1,2,3 ... order of the root uz,, = eea of the dispersion equation J, (eea) = 0 for TM field

Sy : : Q
Longitudinal wave propagation coefficient: y,, = \/ (wovi)z—ae2
$

. + 2na - 2na
Cutoff wavelength:  Ag . i amlo)vy Ao, WE ralnia/vy

uﬁp = a are roots of order p = 1,2,3 ... of the dispersion equation J, (eea) = 0 for TM field (1),
ufh, are roots of order p = 1,2,3 ... of the dispersion equation (J,(sea))’ = 0 for TE field (1)

Cutoff frequency at rest [14]: Cutoff frequency under rotation [14]:
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Boundary Value Problem atz = 0,l: 04 =
ZE(z) = g1,2 cos (?z), ZH(z) = —i2gy, sin (g Z),
%are roots of sin( kZ — aezl) =0,9=0,1,2...
J1n are constant factors
H,(lz) (%), Jn(x), are Hankel and Bessel functions, respectively
Electromagnetic Field in Rotating Cylindrical Cavity Resonator
TM-field:
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Frequency Splitting Effect in Rotating Cavity resonator:
. . +nnN 0
Wavenumber in rotating reference frame: k, = % = % = ko + Z—
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Eigenfrequencies at rest [14]: Eigenfrequencies under rotation [14]:

Wy = Uy /aez + (?)2 wg =v¢\/r(q7n)2— nf, wo =U¢\/r(q7n)2+ ni.

Rotation Rate Measurement [20]
Aw = wg —wd =2n02  (6)

The result (6) coincides with analytical representation for special cases [6], [7] and experimental results [2],
[16], [17].
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