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We study �ve-dimensional h-spaces of type {41}, de�ne their metrics, establishe necessary and

su�cient conditions for the existence of projective motions of the same type and the corresponding

�rst integrals of geodesic equations. The Eisenhart equations are integrated using the Aminova

method of the skewnormal frame. It is easy to verify that the �rst quadratic integral of the geodesic

equation is associated with each solution h of the Eisenhart equation

hij,k = 2gijϕ,k + gikϕ,j + gjkϕ,i.

By symmetrizing this equation over all three indices we have

q(ij,k) = 0

where

qij ≡ 4ϕgij − hij .

If γ is the geodesic in Mn, then the �eld of its tangent vectors γ̇ is parallel along γ. Accordingly,
the quantity q(γ̇, γ̇) remains constant along each geodesic γ in Mn, i.e. q(γ̇, γ̇) is the �rst integral
of the geodesic equations.

It should be noted that the quadratic �rst integral (4ϕg − h)(γ̇, γ̇) = const of the geodesic

equations in �ve-dimensional pseudo-Riemannian manifold de�nes the mechanical conservation law

in the 5-dimensional theory of gravity.
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Î ÌÅÕÀÍÈ×ÅÑÊÈÕ ÇÀÊÎÍÀÕ ÑÎÕÐÀÍÅÍÈß Â 5-ÌÅÐÍÎÉ ÒÅÎÐÈÈ
ÃÐÀÂÈÒÀÖÈÈ

Àìèíîâà À. Â., Õàêèìîâ Ä. Ð.

Èññëåäóþòñÿ ïÿòèìåðíûå ïñåâäîðèìàíîâû h-ïðîñòðàíñòâàM5 òèïà {41}, îïðåäåëÿþòñÿ èõ
ìåòðèêè, óñòàíàâëèâàþòñÿ íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ïðîåêòèâíûõ

äâèæåíèé òîãî æå òèïà è ñîîòâåòñòâóþùèå ïåðâûå èíòåãðàëû óðàâíåíèé ãåîäåçè÷åñêèõ.

Óðàâíåíèÿ Ýéçåíõàðòà èíòåãðèðóþòñÿ ñ ïîìîùüþ ìåòîäà êîñîíîðìàëüíîãî ðåïåðà Àìèíîâîé.

Êàæäîìó ðåøåíèþ h óðàâíåíèÿ Ýéçåíõàðòà ñîîòâåòñòâóåò ïåðâûé êâàäðàòè÷íûé èíòåãðàë

óðàâíåíèÿ ãåîäåçè÷åñêèõ

hij,k = 2gijϕ,k + gikϕ,j + gjkϕ,i.

Ñèììåòðèçóÿ ýòî óðàâíåíèå ïî âñåì òðåì èíäåêñàì, ïîëó÷àåì

q(ij,k) = 0,

ãäå

qij ≡ 4ϕgij − hij .
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Åñëè γ � ãåîäåçè÷åñêàÿ â M5, òî ïîëå åå êàñàòåëüíûõ âåêòîðîâ γ̇ ïàðàëëåëüíî âäîëü γ.
Ñîîòâåòñòâåííî âåëè÷èíà q(γ̇, γ̇) îñòàåòñÿ ïîñòîÿííîé âäîëü êàæäîé ãåîäåçè÷åñêîé γ â M5,

ò.å. ÿâëÿåòñÿ ïåðâûì èíòåãðàëîì óðàâíåíèé ãåîäåçè÷åñêèõ.

Âàæíî îòìåòèòü, ÷òî êâàäðàòè÷íûé ïåðâûé èíòåãðàë (4ϕg − h)(γ̇, γ̇) = const óðàâíåíèé
ãåîäåçè÷åñêèõ âM5 îïðåäåëÿåò ìåõàíè÷åñêèé çàêîí ñîõðàíåíèÿ â 5-ìåðíîé òåîðèè ãðàâèòàöèè.

Êëþ÷åâûå ñëîâà: óðàâíåíèå Ýéçåíõàðòà, ïÿòèìåðíîå ïñåâäîðèìàíîâî ìíîãîîáðàçèå, h-
ïðîñòðàíñòâî òèïà {41}.
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